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PREFACE

ODERN Geometry, Partt I (Matriculation Geometry)

coriprises Books I to IV, which form the Matriculation
Courfe, Part IT containing Book V (Solid Geometry)
only. Each Book has been treated on the lines of the
syllabus prescribed under the new regulations of the Calcutta
University, and I have spared no pains to keep a steady eye
on simplicity and clearness at every stage of the students’
progress. Books I, IT, ITI, with the exception of Sections
IIT and IV of Book ITI, may be generally taken to include
the Compulsory Course for the Matriculation Examination,
whilst Books I to IV may be taken to include the Optional
{or Additional) Course.

The order in which Propositions are numbered is not the
same in every treatise on modern Geometry. Hence, in all
answers meant for the Examiner, the student, while giving
a reference, should never quote the number of the Proposi-
tion referred to, but simply point outits application with
clearness and precision. For instance, in proving Theorem
14, Book IIL Theorem 10 of the same Book has to be refer-
red to, but all that the student need do is to write out the
steps, as given in this treatise, taking care to omit “(Th. 10)”
at the end of “ .. the £ ADC=half the £ AOC".

Model Papers have been inserted at the end of the trea-
tise. The student is strongly recommended to attempt to
answer each Paper within the time allotted, and measure his
progress by the amount of success attained in such endea-
vours. Itis also advisable that each of these Papers should
be answered oftener than once, for a gradually increasing
speed and facility may be acquired only by frequent trials.

Any suggestions for the improvement of the work will be
thankfully received.

DAGCA: January, 1911. K. P. BASU



PREFACE TO THE REVISED EDITION

IN this edition, the book has been revised according to the
syllabus prescribed by the Government of Bengal (Ministry
of Education) for secondary schools. '

The sequence of propositions has, for this purpose,®been
chapged so far as it has been found necessary in following
the syllabus, and care has always been taken to present the
‘subject-matter in a simple and attractive form, and in a
logical order.

The subject has been divided into five sections, the first
one dealing with the “lines and angles in rectilineal figures,”
the second with the “areas of rectilineal figures”, the third
with the properties of circles”, the fourth with the “areas of
rectilineal figures connected to circles and the geometrical
theorems corresponding to algebraical identities”, and the
fifth with the “ratio and proportion”. As the last one (viz.
‘ratio and proportion’) is prescribed, exclusively for Addi-
tional Course, by the Calcutta University, it has been
written in a separate book, the present volume containing
Books I—IV.

Numerous exercises (both theoretical and prgctical) have
been added, at intervals, to facilitate a thorough grasp ofsthe
subject.

Every beginner in Geometry should, first of all, be familiar
with the Geometrical instruments and should learn to use
them in drawing and measuring geometrical figures without
entering into the comparatively abstract theoretical proofs
thereof ; and because that part of the work is included in the
syllabus of Class VI, it has been left out of the present
work, which is meant for Classes VII to X.

It is hoped that this edition will be found more useful
and attractive than its predecessors.

N. N. SEN
CALCUTTA : March, 1933. M. DASGUPTA
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MODERN GEOMETRY

BOOK I
CHAPTER I
FUNDAMENTAL IDEAS AND DEFINITIONS

1. Geometry deals with the position, shape and size
of the space occupicd by bodies.

2. The space occupied by any body is called a solid.

[

Il

Consider the portion of space cut off by a brick. Clearly, it has
a certain length, a certain breadth aund a certain thickness ; hikewise,
any other solid also has length, breadth and thickness for even if
it be not of the form of a brick, it may be easily conceived to be
mostly made up of parts, large and small, which are all brick-shaped.

Thus, a solid has length, breadth and thickness.

BALL

SURFACE, LINE AND PointT

8. That which has length and breadih only, but no thick-
ness, is called a surface,

Obs. A solid is bounded by a swrface or surfaces.

For instance, consider a  brick-shaped piece of wood. It may be
said to have six boundaries, every one of which separates the space
occupied by the wood from the rest of space. Elzwh boundary
evidently posscsses length and breadth, but it has no thickness ; for,
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if it had any. it would undoubtedly include a slice of the wood or a
thin layer of the surrounding air, or both, which it does not. Simi-
larly, the boundary of a ball-shaped body has w0 thickness, hecause
the boundary forms a part of neither the body nor that of the sur-
rounding air; but it /as length and breadth. in the sense that it may
be supposed to be divided into small portions, each of which is similar
in shape to onc or other of the boundaries of a brick-shaped body.

.
The houndary hetween two portions of the same solid,is also
a surface.
Note. It is evident therefore that a surface oceupies wo space.

4. That which has length only, but ncither breadil nor
thickness. is called a line.

A line is traced out by moving the sharp end of a peneil on
a sheet of paper, But such a trace also has some breadth and
some thickness, however small these may be, and will not,
therefore, be a line according to our definition. The finer there-
fore the mark is, the more nearly does it resemble a line.

Example. The boundary between two portions of a surface
1s a line.

For, such a bhoundary can have length only but neither
breadth nor thickness, It cannot have thickness, as it lies
on the surface ; nor can it have breadth, as in that case it
would form a portion of the surface and would not he its
boundary.

Likewise, any given surface may he seen tq he bounded
by a line or lines.

Also, surfaces meet in lines. Thus, the edges of a brick or
a hox are lines.

5. That which has position only, but neither length nor
breadth, nor thickness, is called a point.

Thus, a point has position only but no size, ecither as to
length, breadth or thickness.
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The picture of a point is a dot (.); but it has still some
size and is therefore nof a point according to our definition.
The smaller, however, the dot ig, the more nearly does it
resemble a point.

Example. The boundary hetween two parts of a given line

“is a poiht; because, if thi- houndary had any length, the two

parts Would be two distinet lines instead of being parts of the
same given line.

It is also clear that the extermitics of a line sre points,

6. Thus, points, lines, surfaces and solids are related to
cach other as follows :
(1) Boundaries of solids are surfaces.

(i) Boundaries of surfaces are lines ; two surfaces inter-

sect in lines.
*

(iii) Boundaries (ie. extremities) of lines are points:
two lines intersect in poinZs.

Also, if a point moves from one position to another, a line
is gencrated, of which the two positions of the point are the
extremities. For example, (see § 4) a line is traced by moving
a sharp pencil point on a sheet of paper. Similarly, a moving
line traces a surface and a moving surface traces a solid.

7. Of the three things —vix. length, breadth and thickness,
each is called a dimension. That which possesses one or more
of these dimensions is called a magnitude.

Hence, (i) o solid is a magnitude of three dimensions ;
(%) e surface is a magnitude of two dimensions ; (i) a
line is a magnitude of one dimension ; (iv) a point is not
a magnitude, and it has no dimension.

StrAIGHT LLINES

8. Tf two lines be such that in whatever manner they coin-
cide in two points they invariably become indistinguishable
from one another, cach of them is called a straight line or
a right line.
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Example. Let AB, CD be two lines, as in the following
diagram,
A =]

C D
Suppose the line CD to he taken up *and placed in such
a way that the points C and D fall upon the linc AB; on what-
ever points on the line AB and in whatever manner, the points
C and D may fall, if in every case the two lines hecome
indistinguishable one from the other, then cach of the
lines AB and CD is a straight line.

In the following diagram the two lines AB and CD are
quite distinguishable from one another, cven though they
coineide in two points.

1

In this case, therefore, the lines
AB and CD are not straight lines,

A

ProrurTiES OF STRAIGHT LINES

From the above definition the following conclusions are
evident :—

(1) Two straight lines cannot have more than one point
common,

For, if they had two points common, they would completely
become one and the same straight line. This is otherwise
expressed by saying that two straight lines cannot infersect cach
other in more poinis than one. ,

(2) Two straight lines cammot have @ common segment
(a part of a line is called its segment).

For, if they coincide partly, they certainly coincide in two
points, and therefore they must be indistinguishable throughout.



FUNDAMENTAL IDEAS AND DEFINITIONS 5

(3) Through one given point an unlimited number of
straight lines may pass; but only . me straight line can pass
through two given points. ]

9, A straight line whose extremities are given is called a
finite or limited straight line, whilst onc which may be
supposed*to be extended to uny length either-way, is called an
unlimited straight line.,

10. The mid-point of a yiven straight line is the point
which divides it into two equal parts.

11. One finite straight line is equal to another when either
of them may be made to coincide with the other.

12. A line which is neither straight, nor made up of straight
lines, is called a curved line, or, more
simply, a curve.

The accompanying diagram is the
picture of a curved line.

‘When a point moves along a straight line its direction of
motion  remains
unchanged, whilst
if a point is mov- M  m
ing along a curve
its  direction of
motion constantly
changes. In the accompanying pictures the arrow-heads shew
the directions of motion.

13. The distance hetween two points is the length of the
straight line joining them,

PLANE

14, If a surface be such that the straight line passing
through any two points in it lies wholly in that surface, it is
called a plane surface, or, more simply, a plane.

If the surface be unlimited all round, the straight line
passing through the two points should also be considered as
unlimited in both the directions. This unlimited straight line
then, for all position of the points, will be completely in contact
with the surfuce, if ¢ is a plane.
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If two points he taken on the surface of a ball-shaped hody,
the straight line passing through them does not at all lie in
that surface. Clearly therefore such a surface is not a plane
surface.

N. B. Henceforth, unless the contrary is stated, all ppints and
lines shall be supposed to be existing in one and the same plang.

ANGLES

15. Two straight lines drawn from a point are said to form
an angle at that point.

The straight lines dre called the arms of the angle and the
point at which they meet is called the vertex of the angle.

The angle contained by the straight lines OA and OB is briefly
expressed as “the angle AOB”, or “the angle BOA”, the letter O
being always put in the middle.

The size of the angle may be thus explained :

If two straight lines OA and OB he drawn from O, the
straight line OB may be supposed to have originally coincided
in direction with OA, and then to bhave moved from that
position into its present one by rola- B
tion about the point O ; it is this amount
of rotation which is called the angle
contained by the straight lines OA and
OB. o

Nore. C(learly, the size of an
angle does not at all depend upon
the lengths of its arms. Thus, in g
the accompanying diagram, the
angle AOB is the same as the angle
A'OB'.

o A A

16. Two angles are said to be equal when the arms of the
one may he made to coincide with those of the other, each to
each, :
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17. The bisector of an angle is the straight line which
divides the angle into two equal parts.

18. Two angles are said to
be adjacent when they have a c
common vertex and lie -on oppo- * B
site sides’of 2 common arm.

Thus, the angles AOB and BOC
which are on opposite sides of the
common arm OB are adjacent. o A

RigHT ANGLE

19. If a straight line OC standing upon another straight line
AOB make the adjacent angles
AOC, COB equal to one another, Cc
each of these angles is called a
right angle ; and cither of the
two straight lines is said to be
perpendicular to the other, or, _—
at right angles to the other. 8 o A

If a right angle be supposed to be divided into 90 equal
parts, each part is called a degree ; a sixtieth part of a degree
is called a minute, and a sixtieth part of a minute is called a
second ; 7.e.,

1 right angle =90 degrees (90°)
1 degree =60 minutes (60)
1 minute =60 seconds (60”).
20, At any given point in a straight line there can be
only one perpendicular to it.

For, let AOB be any straight line,
and OC another which starting from
the position OA rotates ahout O in
the direction of the arrow-head, as
shewn in the accompanying diagram. 8 o A

c

As OC goes on rotating, it is evident that the angle AOC
gradually increases whilst the angle COB gradually decreases.
Clearly therefore there is one position of OC, and one only, for
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which the angle AOC is equal to the right angle coB ; and it is
in this position that OC is perpendicular to AB.

Note. As OC rotates about the point O from the position OA
into the position OB, it turns through two right angles. Hence,
when the straight lines OA and OB are in the same straight line but
in oppostte directions, the angle AOB is equal to o right dngles.

21. When OA and OB are in the same straight line but in
opposite directions, the angle AOB is called a straight angle.
Therefore, a straight angle=2 right angles=180".

22, When two straight lines cross each other, the two pairs
of opposite angles are called vertically opposite.

Thus, the angles AOC and C
BOD are vertically opposite ; and ;
so are the angles COB and DOA. A
23. An angle which is less
than a right angle is called an
acute angle.
o
An angle which is greater than

B
(@)
D
B
L A
B
one right angle but less than two
right angles, is called an obtuse
angle.
o A
; ;0 A
B

An angle which is' greater
than two right angles but less
than four right angles, is called a
reflex or re-entrant angle.

24. Any portion of a plane surface hounded by one or
more lines, is called a plane figure.
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The amount of surface enclosed by the boundaries of a

plane figure is called its area. ; )

NoTE. In a more extended sense, any combination of points and
lines is called a figure. The pigture of a figure is called a. diagram.
Real points and lines can never be constructed ; so whatever is drawn
on paper is,only a picture of the real thing. From this it is clear that
when a figure is drawn on paper it is the diagram that is really
drawn, and the siner -the diagram the more nearly does it represent
the figure intended.

25. A circle is a plane figure
bounded by one line which 1s such
that all straight lines drawn to it
from a certain point ‘within the figure
are equal to one another.

P

o
O

The bounding line of a circle is called its circumference.

The point within a circle from which all straight lines drawn
to the circumference are equal, is called the eentre of the circle.

Any straight line drawn from the centre of a circle to the
circumference is called a radius of the circle.

Hence, all radii of the same circle are equal to one another.

Any straight line drawn through the centre of a cirele and
terminated both ways by the circumference is called a diameter
of the circle.

Thus, in the above figure, O is the centre, AOB is a diameter,

each of OP, OA, OB is a radius. Evidently. a diameter =
2 x radius.

26. A semi-cirele is the figure
bounded by a diameter of a circle and
the part of the circumference which it
cuts off.

Every diameter divides a circle into two semi-circles.



CHAPTER 1T

EXPLANATIONS OF TERMS: P()STULATES.
AND AXIOMS

27. Plane geometry deals with the properties of lines,
angles and figures drawn on a plane surface.

28. A complete discussion of a geometrical truth, or of a
geometrical construction. is called a Proposition.

29, Propositions are of two kinds :—Theorems and Problems.

80. A proposition in which a geometrical truth is stated
and proved is called a Theorem,

31. A proposition in which a geometrical construction is
proposed and effected is called a Problem.

82. A proposition consists of four parts :—(i) the General
Enunciation ; (ii) the Particidar Enunciation ; (iii) the Cons-
truction and (iv) the Proof.

(i) The General Enunciation is the statement in general
terms of what is to be proved, or of what is to he done,

It consists of two parts :-—
(1) What is assumed to be true—called Hypothesis,
and (2) what is required to be proved—called Conclusion.

(ii) The Particular Enunciation is the statement of
what is to be proved, or of what is to be done, with special refer-
ence to a particular diagram.

(iii) The Construction directs the drawing of such straight
lines and circles as may be required to prove the truth of a
theoren, or to accomplish the object of a problem.

(iv) The Proof shows that the truth of a theorem has heen
established or the object of a problem has been attained.
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Nore. Inthe caseof a theorem, the construction may be
regarded as forming a part of the Proof,

33. A geometrical truth which can be easily deduced from
a theorem i3 called a corollary to the theorem.

PosTULATES AND HYPOTHETICAT.
CONSTRUCTIONS

34. For the purpose of effecting geometrical constructions
certain constructions that may be easily admitted as possible
ate made the foundation of others which are not so ohvious.
These simple and easily admissible constructions are called
postulates. They are three in number :—

(1) A straight line may be drawn from any one point to any
other point.

(2) 4 finite (or termanated) straight line may be produced to
any length along that straight line.

(8) A circle may be drawn with any point as cenire and
with o radius equal to any finite straight line.

Nore. The first two constructions may be practically carried out
with the help of a flat ruler, whilst the third requires the use of a
pair of compasses which may be so adjusted as to transfer a distance
fronmi one position to another.

35. Some constructions which are not so ohvious as the
postulates, and which, in fact, may have to be performed with
the help of one or more of them, may as well be taken for gran-
fed for the purpose of establishing. a geometrical truth. A
construction, which is thus assumed before it is shewn how it
can be performed, is called a hypothetical construction. It
is clear therefore that a construction which is hypothetical in
one place is not necessarily so in another. The following cons-
tructions will be assumed hefore they are formally proved :—

(1y 4 pcrpendwular may be drown to a given straight lme
from any given point in that straight line.

(2) A straight line may be drawn to bisect any given angle.

(3) A fintte straight line may be bisected at a point.

N.B. For another such hypothetical construction see Art. 60.
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AXTOMS
36. An axiom is a self-evident truth. The following axioms
are useful in geometrical proofs.
1. Things which are equal to the same thing are equal to
one another,

2. If equals he added to equals the sums are equal.
8. If equals he taken from equals the remainders are
equal.
4. ' If equals be added to unequals tho sums are unequal.

5. 1If equals be taken from unequals the remainders are
unequal. '

6. Things which are doubles of the same thing, or of
equal things, are equal to one another.

—

7. Things which are halves of the same thing, or of equal
things, are equal to one another.

8. Magnitudes (lines, angles or figures) which can be made
to coincide with one another are equal.
Notg. The process of taking up one magnitude from its posi-

tion and placing it upon another is called saperposition ; and the
former magnitude is said to be applied to the latter.

9. The whole is greater than its part,

N.B. Tt is also obvious that the whole is equal to the sum of its
parts.

10. Two straight lines which coincide in their extremities
coincide completely.

N.B. 'This is equivalent to saying that “two straight lines can-
not enclose a surface”.

This follows from Art. 8.
11, All right angles are equal.

This follows from Art. 19.
N.B. For Axiom 12, see Art. 59.



AXTIOMS 13

~ EXERCISE 1

1. Define a point, a line, a surface dnd a solid. How are they
related to one another ¢ What are their dimensions ?

2. Isa very small ink-spi)t on paper a poant 7 If not, why ?

3. Is asstraight line drawn on paper really a gcometrical straight
line? 1f not, why ?

4. If a finite straight line be supposed to be divided inte a very
large number of equal parts, has any of thesc parts any démension ¥
If 80, what ?

5. What kind of magnitude is the boundary between the calm
water of a tank and the air above ? and why ?

6. Decfine a straight line. Show that two straight lines cannet
meet in more points than one. .

7. Define a plane. On a plane surface how many straight lines
can be drawn through (i) one point ; (ii) through two points ?

8. If two planc surfaces have two points A and B in commen,
prove that the straight line drawn from A to B is also common te
the two planes.

9. If the extremitics of onc finite straight line fall upon those
of another, two lines are equal. Why ?

10. If the paper on which a straight line AB is drawn be so folded
that the point A comes upon the point B, and if C be the point on AB
through which the ¢rease passes, then C is the middle point of AB.
Why ? '

11. Define an angle. Does the size of an angle depend on the
length of its arms ? )
When does one angle coincide with another ?
12. Define a right angle, a reflex angle and adjacent angles.

If the paper on which a straight line AB is drawn be so folded that.
one portion of the linc falls upon another, andif O be the point on
AB through which the crease passes, and if C be any other point.on
the crease, prove that OC is perpendicular to AB.

13. Define a straight angle. Show that a straight angle is equal
to 180°.
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4. fa straight line starting from the pesition OA continually
rotates about O in the same direction until it comes back to its old
position, it turns through four right angles. How ¢

15. AB and CD are two finite straightlines of which AB is greater
than CD. Show how the third postulate can beapplied in cutting off
from AB a part equal to CD.

16. Show how the postulates can be applied in drawing from a
given point A a straight line equal to a given straight line BC.

17. Two finite straight lines AB and CD are equal to one another.
If E be a point on AB and: F be a point on CD such that AE is equal
to CF, then EB is also equal to FD. Quote the axiom by which this
is proved.

18. If one angle ABC be applied to another angle PQR so that
B coincides with Qand BC falls upon QR, itis found that BA
occupies an intermediate position between QR and QP. Quote the
axiom by which it is proved that the angle ABC isless than the
angle PQR.

19. AOBis an angle. If the paper be folded sv that OA falls
on OB and if the straight line OC marks the crease, then OC is the
bisector of the angle AOB. IHow ?

A

20. What are the four parts of a proposition? Explain theobject
of each part. :

21. Define Hypothesis, Concinsion, Corollary, Postulates and
Axtoms.

22. Distinguish between a theorem and a problem.
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SYMBOLS AND ABBREVIATIONS UskD
IN GEOMETRY

87. The following symbols and abbreviations may he
used in writing out propositions :—

for therefore.

.+  because.

equal to ;

= , {i~, or are,
equal to.

/ ,  angle,

Rt. 2 ., right angle.

A »  triangle.

Par’ (or ii),  parallel.

Perp.or, L., perpendicular.

O] , circle,

o" » circumference
gieater than ;

> , 418, or are.
Lgreater than.
( }ess than ;

< , 1ls, Or are,
\ess than.

Pt. »  Point.

Str. »  Straight line.

Par™ »  Parallelogram,

Sq. »  Square.

Rect »  Rectangle.

Reectil
Diff. .
Opp.
Adj. "
Diag. »
Def. )
PO“t. 2
Ax. "
Conx, "
Hyp.
Equilat. |
Tcos,

Quadl.

Reqd.
Int. "
Ext. ,
Prop.
Th. "
Cor. "
Join AB ,,

for Reectilineal.

Different.
Opposite,
Adjacent.
Diagonal.
Definition.
Postulate,
Axiom.
Construction.
Hypothesis.
Equilateral.
Isosceles.
Quadrilateral.
Required.
Interior,
Exterior.
Proposition.
Theorem.
Corollary.
Draw the
straight line
from A to B.



CHAPTER 1II
THEOREMS ON ANGLES AT A POINT
THEORENM 1.

If a strawght line stands on another straight line, the
sum of the two adjacent angles, so formed, is equal to two
right angles.

Q\"'"’O
o

>

B

Let the straight line OC stand on the straight line AB and
form the adjacent angles AOC, COB.
1t is required to prove that
£ AOC+ £ cOB=2right angles.

Construction. Suppose OD is drawn perpendicular to the
straight line AB.

Proof.” /AOC+ /COB=/AOC+ /COD+ /DOB..
Also, 2 AOD+ £ DOB=/AOC+ /ZCOD+ £ DOB,
£/ AOC+ £ COB= / AOD+ £ DOB.
But, by construction, £ AOD and £ DOB are right angles.
/. AOC+ £ COB=2 right angles. Q. E. D*

Another Proof.
/ AOC + /£ COB=the straight angle AOB
=two right angles, (§ 21
Q.E. D.

*The letters Q E. D. which arc found at the énd of a ihc;)_r;m
stand ' for the Latin words Quod Erat Demonsfrandum, meaning
“ewhichwas to be proved’’,
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COROLLARY 1. If two straight lines cut one'tmother, the
fowr angles thus formed are ftogether egual to four right angles.

—° *

Thus, £ AOC+ £ COB+ £ BOD+ £ DOA=4 right angles.

COR. 2. Ifany number of straight lines diverge ‘ from a
gtven point, the sum of the consecutive angles so formed is equal
to four right angles.

In this case, ZAOB+/BOC
+/COD+ /DOE+ / EOA=4right
angles.

Ior, it any one of the lines be
produced, the sum of the angles on
cach side of this line=two rt. /s ;

and .. LAOB+/BOC+/COD
+ /DOE+ ZEOA=the sum of the
Zs on both sides=four right angles. D

38. When two angles are together equal to two right
angles, egch of them is _called the supplement of the other,
and the two angles are said to be supplementary to each other.

Thus, in the diagram of Theorem 1, each of the angles AoC
and COB is the supplement of the other. Likewise, 50" is
supplementary to 130°, because 50°+ 130°=180°.
39, When two angles are together equal to onc right angle,
each of them is called the complement of the other, and the
two angles are said to be complementary to each other.

Thus, in the diagram of Theorem 1, each of the angles A0OC
and COD is the complement of the other. In like manner,
80° is complementary to 60",

COR. 3. (1) Supplements of the same angle or of equal

angles are equal,
(ii)y Complements of the same angle or of equal
angles are equal,

Ex. Show that supplement of an acute angle is obtuse and that
of an obtuse angle is acute.

D

-




18 MODERN GEOMETRY
THEOREM 2.

If two adjacent angles are supplementary, their cxterior
arms are tn the same straight line.

C

B 3) A

Let the adjacent angies AOC and coB be supplementary.

It vs required fo prove that OB is tn the same straight line
with AO.

Proof. Now, OB may be either in the same str. line with
AO, or %ot so.

Suppose OB is 7ot in the same str. line with AO, and that
OD, which is different from OB, is the produced part of AO.

Now, since OA and OD are in the same str. line,
£ AOC+ /£ COD=two right angles.

But, by hypothesis, 2 AOC+ £ COB=two right angles,
/L AOC+ £ COD=/ AOC+ £ COB.

From these equals, take away the common /£ AOC;
/. COD=/COB;

i.c., & part is equal to the whole, which is émwossible.

Thus, it is absurd to suppose that OB is nol in the same
straight line with AO, )
OB is in the same str. line with AO.
Q. E.D.
If two theorems be so related that the hypothesis of each ts
the conclusion of the other, then cither of them is said to be the
converse of the other.

40. Now, in Theorem 1, the hypothesis is that the arms, OA
and OB of the adjacent angles AOC and COB are in the same
strarght line and the conclusion is that the angles AOC and COB
are supplementary,
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But, in Theorem 2, the hypothesis is that the anmgles AOC
and COB are supplementary; and ths concluston is that the
arms, OA and OB, are in the sane straight line. Clearly there-
fore the hypothesis and conc'usion of Theorem 2 are respective-
ly the conclusion and hypothesis of Theorem 1. Hence,
Theorem 2 ig the converse of Theorem 1.

41. The method of proof used in this proposition is called
the Indirect Method or reductio ad absurdum.

It is quite clear that the straight line OB must either be in
the same straight line with AO, or %ot ; hence when the second
supposition is proved to be absurd, the inevitable conclusion
is that the first is correct. Thus, the indirect method consists
in proving the truth of a theorem by proving the absurdity of
the supposition that the theorem s not true. 1t is generally
employed in proving the converse of an established theorem.

EXERCISE 2

1. Write down the supplements of (i) 30-; (i) 45°; (iii) 67°‘;
(iv) 120°; (v) 3iofart.angle; (vi) 115°23'; (vi)) 25°50° 35" ;
(viii) 13531’ 47" ; (ix) % of a str. angle.

2. Write down the complements of (i) 30°; (ii) 45°; (iii) 60°;
(iv) 4 of art.angle; (v) 32 ofart. angle; (vi) 1% of a str. angle ;
(vii) 35° 50" ; (viit) 61° 32’ 15" ; (ix) 81% 17’ 47",

3. I, in the figure of Theorem 1, Z AOC be (i) 45+, (ii) 60°, or
(iii) 85° 3%, tind £ BOC in each case.

4. 1, in the figure of Theorem 1, ZCOD is (i) 30°, (ii) 15° or
(i) 45°, find Z AOCyin each case.

5. If, in the ﬁglﬁfe of Theorem 1, £ BOC is (i) 120°, (ii) 135°, or
(iii) 150¢, find £ COD in each case.

6. 1f each of the straight lines OC, OD, OE meet the straight

line AB, on the same side of it, at O,
find the sum of the angles AOC,

€ o}
COD, DOE und EOB. c
. 1f £AOC=%°, [DOE=3" \/
and Z EOB=30°, find £ZCOD. 5 .
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7. If two straight lines cut one another and if one of the four
angles so formed be a right angle prove that each of the other three
angles is also a right angle.

8. Prove that the internal and external bisectors of an angle are
at right angles to each other.

Nore. The bisector of an angle and that of it$ supplement
obtained by producing one of its arms are called the internal and
external bisectors of the angle.

Thus, in the figurc, OD and OE are C
the internal and external bisectors of 3
the ZAOC. b
B o A

9. Show that in the above diagram (i) / AOD and £ BOE are
complementary ; (i) ZAOE and LCOE are supplementary ;
(iii) £~ BOD and £ COD are supplementary.

10. In the diagram of Coxr. 2 (Th. 1), if LAOB=30°, £BOC
=60°, LDOE=135°and £ZEOA=75°, find ZCOD.

11. If four straight lines OA, OB, OC, OD diverge in order, from
a point O, so that each of the /s AOB, BOC, COD, DOA is a right
angle, prove that AO, OC are in the same straight line, and so
are BO, OD.

12. Prove that the bisectors of the four angles made by two
intersecting straight lines form twe perpendicular straight lines.

13. If two straight lines OC, OD diverge on opposite sides of the
straight line AOB, so that the Z AOC=the /£ BOD, prove that OD
is in the same straight line with CO.

14. 1f four straight lines OA, OB, OC, OD diverge from a
point O, so that the L AOB=the ZCOD and the £ BOC=the
£LDOA, prove that AO, OC are in the same straight line, and
80 are BO, OD.
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THEOREM 8.

If two straight lines intcrsect, the vertically opposite
angles ore equal,

C ' B
>
A D
Let the straight lines AB, CD intersect at the point O,
1t is required to prove that
(1) 2AoC=/BOD
and (2) LcoB= /£DOA.

Proof. Because OC stands on the straight line AB
£ AOC+ £ COB=two rt. angles ;
and because OB stands on the straight line CD
/ COB+ /£ BOD=two rt. angles.
LAOC+ /COB=/COB+ /£BOD.
From these equals, take away the common / cOB.
R £ AOC=/BOD.
Similarly, / COB= / DOA. Q. E. D.

EXERCISE 3
(D the dingram of Theorem 3.)

1. If £LAOC=30° find each of the remaining angles by calcula-
tion.

2. If £COB=120°, write down the values of cach of the remain-
ing angles.

3. 1f LZAOC+ £ BOD=90° find all the angles by calculation.
4. 1f LAOC+ £ BOC+ £ AOD=270°, find £ BOC and £ BOD.:

5. Two straight lines AB, CD cut one another at O. Prove that
the bisector of the £ AOC, when produced through O, also biscets
the £ BOD.

6. Prove that the bisectors of two vertically opposite angles are
in one and the same straight line.
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O~ TRrRiIANGLES
42. A plane figure which is bounded by straight lines only
is called a plane rectilineal figure.
The bounding straight lines are called the sides of the figure.
The sum of the sides of a planec rectilineal figure is called its
perimeter ; and the portion of the surface cnclosed by the
sides is called its area.

A
48. A plane figure, hounded by three
straight lines is called a triangle.

B Cc

Any angular point of a triangle is called a vertex of the
triangle, so that a triangle has three vertices.

But when a particular side is spoken of as the base of the
triangle, it is then the opposite angular point alone that is called
the vertes. Thusg, in the ahove diagram, when the side BC is
regarded as the base of the triangle, the angular point A is
called the vertex.

In any triangle the straight line drawn from a vertex to the
middle point of the opposite side is called a median.

44. A triangle whose three sides
are equal is called an equilateral
triangle.

45, A triangle which
has two sides cqual is
called an isosceles

triangle. /\

In an isosceles triangle the point of intersection of the equal
sides is generally spoken of as its vertex and the opposite side
as the base. The angle contained by the equal sides is called
the vertical angle of the triangle.
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46, A triangle, which has three
unecqual sides is called a scalene
triangle.

47. A ‘triangle one of whose
angles is a right angle, is called a

C
right-angled triangle. [\
A B

In a right-angled triangle, the side opposite to the right
angle is called the hypotenuse.

Thus, in the above diagram, the side BC is the hypotenuse
of the triangle ABC which is right-angled at A.

48. A triangle oneof whose
angles is an obtuse angle,
is called an obtuse-angled
triangle.

49. A triangle of which all
the angles are acute is called an
acute-angled triangle.

50. A plane figure hounded
by fouwr straight lines is called a 8
quadrilateral.

>

c D
A straight line joining two opposite angular points of a
quadrilateral is called a diagonal of the quadrilateral.

Thus, in the above diagram, the straight lines AC and 8D
are diagonals.
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51. A plane figure bounded by more than four straight lines
is called & polygon.

52. A polygon of five sides
is called & pentagon.

A polygon of six sides is
called a hexagon.

53. A rectilineal figure is called equiangular, when all
its angles are equal, and equilateral, when all its sides are
equal ; and regular, when it is both equilateral and equi-
angular.

O~ THE CONGRUENCE OF TRIANGLES

54. Every triangle has six parfs, namely the three sides and
the three angles. Each triangle has an area al=o.

Two triangles are said to be equal in all respecls when all
the six parts of the one are respectively ecqual to all the six
parts of the other.

If a triangle can he so placed on another as to exactly
coincide with it, clearly they are equal in all respects and their
areas are also equal. Two such triangles are said to he identi-
cally equal or congruent.

Iu congruent triangles, sides opposite to equal angles are
called corresponding sides and angles opposite to equal
sides are called corresponding angles.
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THEOREM 4.

If two triangles be sueh that two sides and the
included angle of one are respecticely equal to two sides
and the included angle of tie other, then these two
triangles are equal in all respects.

D
B C E F
Let ABC, DEF he two triangles such that
AB=DE,
AC=DF,

and the included /BAC=the included £ EDF.

It is required to prove that the A ACB=the ADEF, i all
respects.

Proof. Apply the AABC to the ADEF. so that A falls on
D and AB on DE. Then. hecause the £ BAC=the / EDF, Hyp.
AC must fall upon DF.

Now, since AB falls on DE, and AB=DE,
B falls on E;
and, since AC falls on DF, and AC=DF,
c falls on F.
BC coincides with EF.

Thus, the sides AB, AC, BC coincide respectively with DE.
DF, EF ;
and ... the A ABC coincides with the ADEF.
Hence the AABC=the ADEF, in all respect=.
Q.E. D.
Nore. When we say that the triangles are equal in  all respects,
this certainly includes the three equalities which form the
hypothesis AB=DE, AC=DF, LA=/D. Hence, to make a clear
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distinction between hypothesis and conclusion, we should say that
the conclusion is that BC=EF, /B=/E, £LC=/F, and the area of
AABC=the area of ADEF. That is, of the seven equalities possible,
if the above three hold good, the other four necessarily follow.

N. B. Notice that in two congruent triangles, angles opposite
. - . ., .
to equal sides (7. e., corresponding angles) are equal, as is evident
from the above diagram.

EXERCISE 4

1. Prove that the bisector of the vertical angle of an isosceles
triangle birects the base and is also perpendicular to it.

2. AB is a given straight line. Another straight line CD passes
through the middle point of AB and is also perpendicular to it.
1f P be any point on CD prove that PA=PB.

3. Two lines AB, CD hisect each other at O. Prove that the
triangles BOD and AOC are equal in all respects ; and the triangles
BOC, AOD are equal in all respects.

4. Through D, the middle point of the side BC of the triangle
ABC, AD is drawn and produced to E such that DE=AD. Prove
that

(i) the triangles BDE and ADC are congruent ;
(ii) the triangles CDE and ADB arec congruent.
5. The diagonals AB, CD of the quadrilateral ACBD biscct each

other at right angles. Prove that the sides of the quadrilateral are
equal.

6. In the triangle ABC, the sides AB, AC are bisected at D
and E. If DO and EO are drawn perpendiculars to AB, AC res-
pectively, mecting each other at O, prove that OA=0B=0C.

7. In the quadrilateral ABCD, the sides AB, CD arc equal and
£ ABC=/BCD. Prove that its diagonals are equal.

8. Tf ABCDE bea regular pentagon, prove that the triangle
ACD is isosceles.
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THEOREM 5.
If two sides of a triangle die cqual, the angles opposite
to these twwo sides aic equal.
A

B D C

Lot ABC he a A, having the side AC =the side AB.

Tt is required to prove that the 1 ABC=the / ACB.

Construction. Let AD bisect the £ BAC, and let it meet
BC in D.

Proof. In the A+ BAD, CAD,
AB=AC
AD is common to both triangles,
and the included £ BAD=the included / CAD.

the A* are equal in all respects, Th. 4.
0 that, the £ ABD= / ACD
e, the / ABC= /ACB. Q.E.D.
JOR.  If a triangle is equilateral, it is also equiangular.
EXERCISE 5

1. If the equal sides AB, AC of the isosceles triangle ABC be
produced to D and E respectively, prove that £/ BCE=/CBD.

2. 'Fhe isosceles triangles ABC, DBC stand on the same base
BC, show that ZABD=/ZACD.

3. ABCD is a quadrilateral with all its sides equal. Prove that
/ BAD=/BCD and LABC=/ ADC.

4. On the base BC of the isosceles triangle ABC, two pionts P
and Q are taken such that BP=CQ. Prove that the triangle APQ
is isosceles.

5. Prove that the triangle formed by joining the middle points
of the sides of an isosceles triangle is also isosceles.

6. Prove that the triangle formed by joining middle points of
the sides of an equilateral triangle is also equilateral.
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THEOREM 6.

[CoNVERsE OF THEOREM 5]

If two angles of a triangle are equal, the sides vpposite
to these two angles are equal,

A

8 c

Let ABC be a A, having the £ ABC=the £ ACB.
It is required to prove that the side AC=the side AB.

Proof. Suppose, AC is not equal to AB. Then one of them
must be greater; let AB > AC, and from BA cut off
BD=AC.

Join DC.
Then in the A* DBC, ACB,
because DB=AC,
BC is common to bhoth,
and the included 2 DBC=the included £ ACB; Iyp.
the ADBC=the A ACB; Th. 4,
i.6., a part is equal to the whole, which is impossible.

Thus it is absurd to suppose that AC is not equal to AB.
AC=AB.
Q. E. D.

COR. If a triangle is equiangular, it is also equilateral.
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EXERCISE 5A

1. The base BC of a triangle ABC is produced both ways. If
the exterior angles at B and C are equal, prove that the triangle is
isosceles.

2. Prove that the angles opposite 10 u.cqual sides of a triangle
are also vmequal.

3. Bisectors of the base angles ZABC, ZACB of an isosceles
triangle meet at O. Prove that OB=0C, and AO bisects BC at
right angles.

4. In Ex. 1, of Exercise 5, if the bisectors of the angles BCE
and CBD meet at O, prove that the triangle BOC is isosceles and
that AO bisects BC at right angles.

5. ABCD is a gquadrilateral such that the sides AB, AD are equal
and the angles ABC and ADC are cqual. Prove that the triangle
BCD is isosceles.

6. The biscctors of the angles ABC, ACB of a triangle ABC
meet at O. [If BO and CO ure equal, prove that the triangle ABC
is isosceles.

7. In Ex. 6, if the external hisectors of the angles ABC, ACB
meet at O such that BO and CO are equal, prove that the triangle
ABC is isosceles.

8. The equal sides AB, AC of an isosceles triangle are produced
to D and E respectively, such that BD=CE ; if the bisectors of the
angles CBD, BCE meet at O, prove that OD=OE.
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THEOREM 7.
If two triangles be such that the three sides of one are
respectively equal 1o the three sides of the other, the two
triangles are equal in all respects.

A D
i
'
1
i
c \ : R F
\ 0 l’
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Let ABC and DEF be two A”, having
AB=DE,
AC=DF,
and BC=EF.
It is required lo prove lhat the two A*are equal in all

respects.
Proof. Of the sides of the ADEF, let EF be that which is
not less than either of the other two.
Apply the A ABC tothe ADEF, so that BC, which =EF,
may coincide with EF, and o that A may fall on that side of

EF which is remote from D.

Let the A GEF be the new position of the A ABC.
Join DG.

Then since, EG=ED, Hyp.
the LEDG=the LEGD; Th. 5.
and since FG=FD, Hyp.
. the LFDG=the £FGD. Th. 5.
A=z, 2

Hence, the whole /£ EDF=the whole £ EGF;
1.e. the /EDF=the /£ BAC.
Now in the A* ABC, DEF, we have
AB=DE,
AC= DF; . .
and the included £ BAC=the included / EDF;
. the AABC=the ADEF in all respects. Q. E.D.
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Note. In Theorem 7, it i proved that in the two As ABC and
DEF, if it be given that AB=DE, AC=DF, and BC=EF, then it
necessarily follows that LA=/D, AB=/E, £C=/F, and the
area of the AABC=the area of the ADEF.

N. B. It must be remembered that those angles are equal which
are opposite, to equal sides.

EXERCISE 6

1. Prove that the straight line drawn from the vertex of an
isosceles triangle to the mid-point of the base bisects the vertical
angle and is also perpendicular to the base.

2. If P be a point equidistant from the ends of a straight line
AB, and O, the middle point of AB, prove that PO is at right angles
to AB.

3. ABC and DBC are two isos. As on the same base BC and on
the same side of it. Prove that if AD be joined, and produced to
meet the base, it will biscct the vertical angles of the As and be
also perpendicular to the base.

4. ABC is anisos. A on the buse BC ; if the bisectors of the
base angles meet at D, andif AD be joined, prove that AD bisects
the £ BAC.

5. TIm the quadrilateral ABCD, AB=CD and AD=BC. Prove
that / ABC=/ADC and £ BAD=/BCD.

6. The sides of a quadrilateral ABCD arc equal. Prove that the
diagonal AC bisects the angles at A and C and the diagonal BD
bisects the angles at B and D.

7. On the circumference of a circle, points A, B, C are taken
such that AB and BC are equal. 1f O be the ‘centre of the circle,
prove that OB bisects the Z AOC.

8. Two circles with centres A and B meet at the points C and D.
Prove that AB bisects CD at right angles.



P MODERN GEOMETRY

THEOREM 8.

If one side of a triangle be produced, then the exterior
angle is qreater than either of the interior opposite angles.

Let one side BC of the A ABC he produced to D.

It is required to prove that the exterior £ ACD s grealer than
either of the interior opposite [* BAC, ABC.

Let E be the middle point of AC.

Join BE ; and produce it to F. making EF=BE.
Join CF.

Proof. In the A* AEB, CEF, we have
AE=CE,
EB=EF, .
and the / AEB=the vertically opp. £ CEF.
the two A* are congruent.

Hence, the / BAE =the / ECF, heing opp. to the equal sides
BE, EF.

But the £ ECD is greater than the £ ECF;
the £ ECD is greater than the £ BAE ;
.., the £ ACD is > the £ BAC.

In the same way, producing AC to G and joining A to the
middle point of BC, it may be proved that the £BCG is greater
than the /£ ABC.

But the /£ BCG=the vertically opp. £ ACD;
the / ACD is > the £ ABC. Q. E. D.
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COR. 1. Adny two angles of atmmgle are together less than
two right angles.

For,in the above dlagram, the / ABC is less than the
LACD; .. the £ABC+the £LACB 18 less than the. ZACD
+ the LACB, andis .. < twort. 2% *

COR. 2. Oxly one perpendicular can be drown to a given
straight line from a given point ontside it.

For, if PN, PX be two perpen- P
diculars from P upon AB, each of
the £*PXB, PNX isart. /. .
But the ext. ~PxB of the
APNX :
> £ PNX A N X 8

i.e. a rt. £ > art. £, which is impossible.
COR. 3. In every triangle, there must be at least tio acute
angles.
This casily follows from Cor. 1.

EXERCISE 7

1. Theé two £s of any A arc together less than two right angles.
T'rove this by jeining any point of a side to the opposite vertex.

2. Prove that in a triangle one angle of which is either right or
obtuse, cach of the other two angles is acwde.

3. Ifina AABC, the ZBAC be greater than the Z ABC. prove
that the angle ABC is acute.

4. D is any point within a AABC; if BD and CD are joined,
prove that the angle BDC is greater than the angle BAC.

5. Prove#hat from a given point outside a given straight line
there can be drawn to it two and only two straight lines that are
equal to onc another.

6. The £/ BAC of the AABC is bisected by AD meeting BC
at D. Prove that ZADC > £/ DAC and LADB > /DAB.

7. Prove that the sum of any two exterior angles of a triangle
is greater than two right angles.

8. Prdve that the base angles of an isosceles triangle must be
acute.

3
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THEOREM 9.

If one sude of a triangle be greater than another, then
the angle opposite to the greater side is greater than the
angle opposite to the less,

C

Let ABC be a A, having the side AC > the side AB.

It is required to prove that the / ABC is > the / ACB.
From AC cut off AD=AB.
Join BD.

Proof. Because AB= AD,
the £ ADB=the £ ABD.

But the ext. £ ADB of the ABDC is greater than the int.
opp. £/ DCB, t.e., greater than the /£ ACB.
the £ ABD is > the / ACB.

Much more, then, is the £ ABC greater than the £ ACB.
Q.E. D.
EXERCISE 8

1. If ABCD is a quadrilateral such that AB is the greatest
and CD is the least of its sides, prove that LBCD > £ BAD and
L ADC > L ABC.

2. 1If the sides of a triangle are uncqual, 80 are its angles.

3. The angles at the extremities of the greatest side of a triangle
are acute.

4. 1In atriangle, the angle opposite to the greatest side is the
greatest.

5. AB, AD are the equal sides of an isosceles triangle ABD. The

side AD is produced to any pomt Cand BC is joined. Prove that
/ ABC > L ACB.
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THEOREM 10.
[CoxvErsE oF THEOREM 9]

If one angle of a iriangle be areater than another,
then the side opposite to the greater angle s greater
than the Side opposite to the less

A

B8 c
Let ABC be a A, having the £ ABC greater than the /2 ACB.
1t is required to prove that the side AC > the side AB.

Proof. If ACis not greater than AB, then it must be
either = AB, or less than AB,
(1) If ACc=a8,
then the £ ABC=the £ ACB;
which is impossible, by hypothesis.
(2) If AC be < AB,
then the £ ABC is less than the £ ACB,
which is also impossible, by hypothesis.

Thus, AC is neither equal to, nor less than AB ;
AC > AB. Q.E.D.

EXERCISE 8A

1. ABCisa A, AD bisects the/Z BAC and meets BC at D. Prove
that AB > BD, and CA > CD. Hence show that AB+AC > BC.

2. Prove that in a right-angled triangle the hypotenuse is the
greatest side.

3. Prove that in a triangle, the side opposite to the greatest
angle is the greatest.

4. T1f the angles of a triangle are unequal, so are the sides.

5. AB, AD are two equal sides of a AABD ; if AD is produced
to any point C and BCis joined, prove that DC is < BC. Hence
deduce a construction for proving that the difference of a.ny two sides
of a triangle is less than the third side.
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THEOREM 11.

Any two sides of a triangle are together greater tha
the third side.

Let ABC be a triangle.
It is required to prove that any two of its sides, AB and AC.,
are together greater than the third side BC.

Produce BA to D, making AD= AC.
Join DC.

Proof. Because AD=AC.
the £ ACD=the / ADC.

But the £BCD is > the L ADC;
the £ BCD is also > the £ ADC,
that is, the £ BCD i= > the £BDC.

Hence, from the ABDC, we have
BD greater than BC.

But BA and AC are together=BD ;
BA and AC arc together > BC.
Q. E.D.
COR. The difference of any {wo sides of a (riangle s less
than the third side. *
For, AB-ACis < BC.if AB < AC+BC, and this latter ix
true.

[For a dircet proof of the Corollary, sce Ex. 1 of Exercise (9).]

NoTE. A straight line may be regarded as the shortest distance
between its cxtreme points. From this point of view, the above
theorem is self-evident.
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EXERCISE 9

1. The difference of any two sides of a triangle 1s less than the
third side.

[It can be proved directly as follows.

Make a construction as in the figure of Th. 9; and prove
DC < BC, 7., AC-AB < BC.]

2. D is any point within a AABC ; if BD and CD are joined,
prove that AB+AC > BD+DC.

3. If O is any point within a AABC, prove that the sum of the
lines OA, OB, OC is less than the sum, but greater than half the
guny, of the sides of the triangle.

4. Pisany point within the cquilateral triangle ABC. Prove
that the sum of any two of the straight lines PA, PB, PC is greater
than the third.

5. Tf A is the greatest angle of the AABC, show that AB+AC
is > BC but < 2BC, and deduce that it is not pessible to construct
a triangle with sides equal to 2BC, CA and AB.

6. If D is the middle point of the side BC of the AABC, prove
that AB+ AC > 2AD.

[Hint. Produce AD to E such that AD=DE and join EC. Then
EC=AB. But EC+AC > AE, /.. AB+AC > 2AD.]

Deduce that ¢n any triangle the swm of the medigns is less than
the perimeter.

7. Show that any threc sides of a quadrilateral are together
greater than the fourth side.

8. Prove that the sum of the diagonals of any quadrilateral is
less than the sum, but greater than half the sum, of the sides of the
quadrilateral.

0. If any point be taken within a quadrilateral, prove that the
sum of its distances from the vertices is greater than half the sum
of the sides of the quadrilateral. :

10. Find the point within a quadrilateral such that the sum of
its distances from the vertices is the least. [The pt. of intersection
of the diagonals is the reqd. pt.}
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THEOREM 12.

Of all the straight lines that can be drawn to a given
straight line from a given point outside e, the perpendi-
enldar s the shortest.

Let OC be the perpendicular from the given point O to the
given str. line AB.

Let OP be any other str, line from O meeting the given str.
line at P.

It 4s required to prove that OC < OP.

Proof. Because the side PC of the AOCP is produced to B,
the int. opp. £ OPC < the ext. £OCB.

But the £ 0CcB=the £/ OCP, each being a right angle.
the L OPC < the £OCP.
Hence 0C < OP.
Q. E.D.

‘ COR. 1. Two straight lines OP, 0Q which meet AB af equal
distances from the foot of the perpendicular are equal.

For, let OP, 0Q meet AB at P and Q such that cQ=_CP.
Now, in the A* OCP and 0cCQ,
CP=CQ,
CO common,
and the £ OCP=the £0CQ;
the two triangles are congruent,
Hence 0oQ=0P.
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COR. 2. Of the two straight lines 0Q, OR, if OR cuts AB
at a greater distance from the foot of the perpendicular, then
OR 18 greater than OQ.

For, let CR > CC.

Then, i’ the A0CQ, the ext. L OQR is > the int. opp.
£ 0CQ;
the £ OQR is obluse.
Also in the AOCR, the ext. £0QC is > the int. opp. LORC;
.. the £ ORC is acute.
Hence the £ OQR is > the ORQ;
OR < OQ.
Q. E.D.
The slanting lines OP, 0Q, OR are called obliques from O
to AB.

DiriNrrionN

55. ‘The length of the perpendicular from a given point
upon a given straight line is called the distance of the point
from that line.

EXERCISE 10

1. Of all straight lines drawn from a given point O to a given
straight line AB, the straight linc OC is thc shortest. Prove that
OC is perpendicular to AB.

2. AC is the hypotenuse of the right-angled triangle ABC. If
points D and E be taken on BC and BC produced respectively. prove
that AC > AD hut < AE.

3. Prove that the median is the shortest of all lines that can be
drawn from the vertex to the base of an isosceles triangle.

4. ABC is an cquilateral triangle. Show that the shortest line
that can be drawn from A to BC bisects the /Z BAC.

5. In a triangle ABC, the ZACB is the greatest. If N be the
foot of the perpendicular from A on BC, prove that BN > CN.

6. BC is the greatest side of the AABC. If AN is drawn per-
pendicular on BC prove that AB > BN and AC > CN.

Hence deduce Theorem 11.



CHAPTER 1V
PARALLEL LINES

56. Straight lines which are in the same plane -and which
do not meet, however far they may
be produced either way, are called
parallel straight lines.

Nore. It should be noted that parallel lines st {ic in the same
planc and must not meet even when produced both ways. Two straight
lines which do not mcet are not necessarily parallel.” For example, a
horizontal line and a vértical line at some_distance from it would
never mect ; but since they cannot be made to lie 7w the same plane,
they are not parallel.

Two straight lines which cannot be made to lie in the same planc
are called skew lines.

57. Any straight line which cuts two or more given lines is
called a transversal.

Thus, EF is a transverzal. E

When a transversal /B
meets two straight lines, 2! 7:
altogether eight angles are A’/f’

formed. Of these
(i) the angles 1,2, 7,8

are called exterior angles ; 7 - =D
(if) the angles3, 4, 5,6 {
are called interior angles ; F

(iii) angles 3and 5 are called alternate angles. Also
4 and 6 are alternate angles ;

(iv) angles 4 and 5 are called interior angles on the
same side of the transversal EF. So also angles 3 and 6
are interior angles on the same side of EF ;

(v) angles 1 and b are said to be corresponding angles.
f these 1 is called the exterior angle and 5, the interior
opposite angle on the same side of EF.

So also 2 and 6,7 and 3, 8 and 4 arc pairs of corresponding
angles.
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THEOREM 13.
If a straight line, cviting two other stm'ight‘ lines
nakes,

(i) . the alternate «ngles equal ;
or (i) an exterior angle equal to the interior opposite
angle on the same side of it ;
or (/i) the interior angles on the samc side equal fo
two right angles ;
then. those tiwo straight lines are parallel.

Let the str. line EF cut the two str. lines AB, CD at G
and H.

(I) Let the alternate /£ * AGH, GHD be equal to one another.
1t is required to prove that AB and CD are parallel.

Proof. If AB and CD are not parallel, they will meet
when produced cither towards B and D, or towards A and C.

Suppose, when produced towards B and D, they meet at the
point K.,

Then KGH is a A, of which the side KG has been produced
to A,
the ext. £ AGH is > the int. opp. /£ GHK.
But this is contrary to the hypothesis ;
AB and CD cannot meet when produced towards B
and D.

Similarly they c¢an neither meet towards A and C.
Hence AB and CD are parallel.
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(i) Let the ext. Z EGB be=the int. opp. 2 GHD.

It &s required to prove that AB and CD are parallel.

Proof. Because the ZLEGB=the £ GHD,
and the /£ EGB=the vertically opp. £ AGH ;
the £ AGH=the £ GHD ;
and these are alternate angles.
AB and CD are parallel.

(iii) Let the two int. £ BGH, GHD, on the same side of
EF, be together=two rt. /.

1t is required to prove that AB and CD are parallel.

Proof. Because the £ BGH+the £ GHD
=twort. 2"
and also the £ BGH+the £ AGH
=twort. L}
the / BGH+the / GHD
=the £ZBGH+the / AGH.

Hence, the £ GHD=the /£ AGH ;
and these are alternate angles.
AB and CD are parallel. Q. E.D.

COR. If two straight lines are perpendicular to the same
straight line, they are parallel to one another.
Nore. There are three different hypothesis, and in each case the

conclusion is one and the same. Hence the proposition might
very well be split up into threc separate propesitions.
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58, Parallel lines have same direction.
P

If any fixed and un-
limited str. line PQRS cuts B Q
any two str. lines AB, CD '
at Q and R,ABis || to CD
when the /* AQP and R
CRP are equal. Hence if o} / o

S

AB and CD he both sup-

posed to he initially on

the fixed line PS, and then to turn in the waich-hand way,
AB ahout the point @ and CD about the point R. they will
hecome parallel when they have undergone the same amount
of turning. Hence, two str. lines are parallel when they have
the same direclion.

Notg. In ordinary language we would say that the lines AB
and BA have opposite directions ; but in (teometry they are said to
have the same dircetion but opposite senses in that direction.

Since, CD is parallel to AB as well as to BA, it follows
that two parallel lines must have the same direction ; but some
cr opposite sense.

59. Playfair’s Axiom.

Let a str. line EF cut a str. E
line AB at G. Let another str.
line OD rotate about the pt. H
on EF, in the direction of the
arrow-head, starting from a
position of coincidence with
EF. Then it is evident that
the £ EHD gradually increases,
whilst the /DHF gradually
decreases. Hence there is one
position of CD vix., ed, and one only in which the /EHD=the
£LEGB, and in this position CD is parallel to AB.

' Consequently, through a point H one and only one straight
line vix., ¢d can be parallel to AB 7. e.,
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Through a given point one and only one straight line can be
drawn parallel to a given straight line.

Henee, follows the Playfair’s Axiom vix.,

Two intersecting strasght lincs cannot both be parallel to the
same straight line.

For, if two intersecting lines, CD and cd say be parallel to

the same straight line AB, then through the point H we shall
have two straight lines parallel to AB which is impossible.

60. Hypothetical Construction.
From the ahove, it follows that the following geometrical

construction also may be assumed for establishing a geometrical
truth, vix,

Through any given point a straight line may be drawn

parallel to a given straight line.
See Arl. 9.
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THEOREM 14.
[CoxvERse oF THEOREM 13]

If « sirasght line cuts 1o paradlel str. lines, ©t makes,
" (i) the alternate engies equal to one another ;
.

{ii) the exterior angle equal to the interior oppo-
site angle on the same side of it ;
and (1) the two interior angles on the same side to-
gether equal to tiwo right angles.

-

Let the str. line EF cut the || str. lines AB, CD at the pts.
G and H.

(2) 1Lt is required to prove that the [ AGH=the alternate
£ .GHD.,

Proof. Ifthe £AGH be not cqual to the £ GHD, let the
£ KGH be equal to it.

Now since the £* KGH and GHD arc alt. /", and equal
to ane another.

KG is parallel to CD.
But, by hypothesis, AB is parallel to CD ;
the two intersecting str. lines AG, KG, are both || to CD,
which is impossible. C Playfair's Aziom.

Thus, the 2 AGH cannot be unequal to the / GHD ;
L AGH=the 7/ GHD.
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() It is required to prove that
) the ext. L EGB=the inl. opp. /£ GHD.
Proof. Because the / AGH=the £ GHD,
already proved.
and also the / AGH =the vertically opp. LEGB ;
the LEGB=the / GHD.
(#42) It is required to prove that the two interior /* BGH,
GHD are together =two rt. 2.
Proof. Because the L EGB=the L GHD,
. proved above.
the L EGB+the ~ BGH =the / GHD+the £/ BGH.

But the 2° EGB, BGH are together=two rt. /£,

the £* BGH, GHD are together=two rt. 2*. »
Q. E. D.

COR. Two angles having parallel arms are either equal or
supplementary.

=] B
D D
X N x N
o x/F A0 x[F > A
X . . .
Fig. 1. Fig, 2.

The arms OA, OB of the / AOB are parallel respectively to
the arms PC, PD of the angle 2/ CPD.

It is easy to prove that in fig. 1, the £ AOB=the L CPD;
whilst in fig. 2, the 2 AOB is supplementary to the £ CPD.

Note. Notice that in fig. 1, arms OA and PC have the same
sense, but in fig. 2, their senses are opposite.
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THEOREM 15.

Straight lines which are parallel to the same straight
{ine are parallel to one another.

* Let the straight lines AB, CD be each parallel to EF.
It is required to prove tha! AB 4s parallel to CD.

First Method : Draw any straight line PT cutting AB,
CD and EF in the points Q, R and S respectively.

Proof. Since AB is || to EF, and PT cuts them,
the £ AQS=the alt. / QSF.

Again, since CD is || to EF, and PT cuts them,
the ext. £ QRD=the int. opp. Z QSF.

Hence the £ AQR=the / QRD.
But these are alternate /" ;
ABis Il to CD. | Q.E.D.

Second Method : 1f ABisnot || to CD, they will meet
when produced ; and then we have two intersecting str. lines
hoth parallel to a third straight line, which is impossible. -

Playfair’s Aziom.

Hence AB and CD cannot meet, and .". they are parallel.

Q. E.D.

NotE. If EF lies betueen AB and CD, the truth of the theorem
becomes obvious. For, if AB and CD were to meet, one of them
would cut EF, which is impossible. Hence AB and CD cannot
meet, and .. they are parallel.
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EXERCISE 11
(On Theorems 13-15)

1. If a straight line intersecting two other straight lines make
two exterior angles on the same side of the line together equal
to two right angles, prove that the two straight lines arc parallel.

2. Two straight lines which are perpendicular to a third straight
line are parallel to each other.

. 3. In the triangle ABC, AB=AC. A straight line DE mects AB
‘and AC at D and E such that Z/ADE=/ACB. Prove that DE is
parallel to BC.

4. If a quadrilateral ABCD be such that the diagonals AC, BD
bisect each other, prove that the opposite sides of the quadrilaterals
are parallel. :

5. If in the diagram of Th. 15, Z AQP =120, find the remaining
eleven angles.

6. If a str. line cuts two parallel str. linés, prove that the bisectors
of any pair of alt. angles are parallel.

7. ABC is an isosceles triangle. DE is drawn parallel to the base
BC cutting the sides AB, AC at D and E. Prove that thc AADE is
also isosceles.

8. DE is drawn parallel to the side BC of any AABC and meets
the sides AB, AC at D and E. Prove that the As ABC, ADE ure
equiangular.

9. Through cach angular point of a triangle a str. line is drawn
parallel to the opposite side ; prove that the triangle formed by thesc
three str. lines is equiangular to the given triangle.

10. If through the vertex of an isosceles triangle a straight line
be drawn parallel to the hase, prove that it bisects the exterior
vertical angle.

11. If the side BC of a triangle ABC he produced to D, show
that the bisectors of the angles BAC, ACD cannot be parallel.

12. If two straight lines be such that one of them is perpendicular
to a given straight line while the other is not, prove that they must
intersect each other.

13. If a straight linc is perpendicular to one of two parallel str.
lines it is also perpendicular to the other.

14. If any two straight lines be drawn perperdicular to two
given intersccting straight lines, prove that they must intersect.

15. The opposite sides of a quadrilateral are parallel. Prove that

(i) if one of its angles be a right ‘angle, the other three
angles also are right angles ;

(ii) its opposite angles are equal ;
(iii) the sum of its angles=360°.



CHAPTER V

PROBLEMS

The preceding theorems can be applied to solve some easy
problems, to which we shall now pass on.

61. A problem is a proposition in which certain geometri-
cal construction is proposed and performed. The construction
is to be actually traced out in each case by the student and
the only geometrical instruments to be used for the purpose are
(i) a flat ruler and (ii) a pawr of compasses.

Figures drawn must be strictly accurate and all lines
necessary for the construction mnst be shewn clearly.

A formal proof is appended to every problem to indicate
that the proposed construction has been correctly effected.
But the accuracy of the drawing should also be tested by actual

Mmeasurement.

Any additional lines, which may be necessary for supplying
the proof, should be dotted to distinguish them from the lines
required for the construction.

- For numerical applications of the problems and also for
verifying the constructions mentioned above, the student should,
however, provide himself with the following instruments :

(1) Diwviders.
(2) Pencil Compasses.

(8) Two Set-Squares; one with angles of 45° and the -
other with angles of 60° and 30°.

(4) A Graduated Flat Ruler ; shewing inches and tenths
of an inch on one side, gnd centimeires and tenths of a centi-
metre on the other. ) '

(5) A semi-circular protractor.
4
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PROBLEM 1.

To bisect a given angle.
A

Let BAC be the given angle.
It 1s requared to divide it into two equal parts.

Construction., With centre A, and any radius, describe an
arc of a circle cutting AB, AC at D and E respectively.

With centre D, and radius DE, describe an arc of a circle,
on the side of DE remote from A ; also with centre E, and radius
ED, describe another arc cutting the former at F.

Join AF.
Then AF is the bisector of the / BAC.

Proof. Join DF, EF.
In the A’ DAF, EAF, we have
AD = AE, (radii of the same circle)
DF =EF, (each being=DE).
and AF common ;
the two A” are equal in all respects.

Hence the £ DAF=the L EAF;
that is, the £ BAC is bisected by AF. Q.E. F*

*The letter Q. E. F. at the end of a problem stand for the Lati-n—
words Quod Erat Faciendwm, that is, which was to be done.
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PROBLEM - 2..

To bisect a given finite straight line.

Let AB be the given finite str. line.
1t 45 required to dwide it into two equal parts.

Construction. With centre A, and radius AB, describe two
_arcs, one on each side of AB.

With centre B, and radius BA, describe two other ares cutting
the former at ¢ and D.

Join CD, cutting AB at E.
Then E is the middle point of AB.

Proof. Join AC, BC, AD, BD.
In the A* ACD, BCD, we have
AC=BC, (each being= AB)
CD common,
and AD=BD, (each being= AB)
the two A* are equal in all respects.
Hence the £ ACD=the £BCD.
Again, in the A* ACE, BCE, we have
AC=BC,
CE common,
and the / ACE=the /BCE ; proved above.
.. thetwo A*are equal in all respects.
Hence AE=EB;,
t.e., AB is bisected at E. Q.E.F.
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Note. This proposition furnishes a method of drawing astraight
line bisecting a given straight line at right angles. Thus, in
the above figure the straight line CD is the perpendicular bisector

of AB.

EXERCISE 12

1. Draw angles on a sheet of paper and bisect them. Test the
-accuracy of the constructions with a protractor.

2. 1 Divide an angle into four equal parts. Hence, divide an
angle into two parts one of which is three times the other. Check
your result with a protractor.

3. Divide an angle into two parts one of which is seven times
the other. Verify the result by measurement.

4. Draw an acute angle and construct its internal and cxter-
nal bisectors. Find the angle between the two bisectors with a

protractor.

5. Draw a triangle on a sheet of paper and bisect its angles. Do
these bisectors meet ?

6. Draw straight lines and bisect theni. Check the result in
each case by measurement.

7. Divide a straight line into4 equal parts. Hence divide a
straight line into two parts one of which is 3 times the other. Verify
the result with the dividers.

8. Divide a straight line into 2 parts such that one is 7 times
the other.

9. Draw a triangle. Trace the perpendicular bisector of its sides.
Do they meet ?

10. Trace the medians of a triangle. Do you find them con-
current ?
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PROBLEM 3.

To draw a straight line perﬁendimlar to a given
straight line from a given point in .

Let AB be the given str. line. and € the given point in it.
It is requared to draw through C a str. line L to AB.

Construction. With ccntre C, and any convenient radius,
describe a circle cutting AB at D and E.

With centres D and E, and radius DE, describe two arcs
cutting each other at F.
Join CF.

Then CF is perpendicular to AB.

Proof. Join FD, FE,
In the A- FDE, FEC, we have
FD = FE, (each being = DE)
DC=EC, Cons.
and FC common ;
the two A*® are equal in all respects,
Hence the /. FCD=the £ FCE.
But these are adjacent angles; hence each of them is a
right angle.
CF is L to AB. -
Q. E. F.
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Note. If C is close to an extremity of AB, the line AB may be
preduced as in the figure below.

X

|
N. B. For other methods of construction, see Ex. 14 and 15 of
Exercise (14).

PROBLEM 4.

To draw a straight line perpendicular to a given
straight line from a given point outside it.

[
. r\
e N,
s \\
’ N
~
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A . H ~ B
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Let AB be the given str. line and C the given pt. outside it.
It is required to draw from C a straight line 1 o AB.

Construction. Take any point D on the side of AB remote
from C.

With centre C, and radius CD, describe a circle cutting
AB at E and F.

With centres E and F, and radius EF, describe two arcs,
on the side of AB remote from C, cutting each other at G.
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Join CG cutting AB at H.
Then CH is L to AB.

Proof. Join CE, CF, GE, GF.
In the A® CEG, CFG, we have
CE=CF,
EG=FG, (each being=EF)
and CG common ;
the two A’ are equal in all respects.
Hence the / ECG=the £ FCG.
Again in the A¢ CEH, CFH, we have
CE=CF,
CH is common,
and the Z ECH=the £ FCH;
the two A‘ are equal in all respects.
Hence the 7 CHE =the 2 CHF ; and these are adjacent angles,

each of them is a rt. angle.
CH is .L to AB. Q. E F.

Nore. If the point C is nearly opposite to one end of YAB, the
line AB may be produced as in the diagram below.

o]

N. B. For another method, see Ex. 16 of Exercise {(14).
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PROBLEM b.

At a given poinl in a given straight line to make an
angle equal to a given angle.

Let A be the given pt. in the given str. line AB, and CDE the
given angle.

1t is required to make at the pt. A in the sir. line AB an angle
equal to the / CDE.

Construction. With centre D, and any radius, describe a
circle cutting DC and DE at F and G respectively.

With centre A, and radius DG, deseribe an arc cutting AB
at H; with centre H, and radius GF, describe an arc cutting the
former at K. ‘

Join AK.
Then KAH will be the reqd. angle.

Proof. Join FG, KH.
In the A* KAH, FDG, we have
AH=DG, Cons.
AK=DF, Cons.
and HK=GF; Cons.

the two A* are equal in all respects,

Hence the / KAH=the /FDG.
. Q. E. F.
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PROBLEM 6.

Through a given point to draw a straight line parallel
to o given straight live,

A D .F B
Let C be the given point, and AB the given straight line.
1t is required to draw through C a straight line parallel to AB.
Construction. Take any point D in AB, and join CD.

With centre D, and any radius, describe a circle cutting CD
at € and DB at F.

With centre C, and radius DE, describe an are, on the side
of CD remote from B, cutting CD at G.

With centre G, and radius FE, describe an arc cutting the
-former at H.
Join CH.
Then CH is parallel to AB.

Proof. Join EF, HG.
In the A* CHG, DFE, we have
CH=DF, Cons.
CG=DE, Couns.
and GH=FE; Cons.
.. the two A’ are equal in all respects,
Hence, the £ GCH=the ZEDF and these are alternate

angles ; .
. CH is parallel to AB. Q.E. F.
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EXERCISE 13

1. Take any point on a sheet of paper and at it construct an
angle of (i) 90°, (ii) 45° and (iii) 135° without using a protractor.
Check the results with a protractor.

2. Draw a right-angled isosceles triangle, one of the equal sides
being 2 inches. Find the angles of the triangle by measurement.

3. Bisect an angle AOB by OC and draw OD at right angles to
OC. Show by measurement that OD bisects the angle AOB
externally.

4. Construct a triangle whose base is 3 ems. long and whose
base angles are each 45°. Measure its vertical angle with a pro-
tractor. )

5. Draw a circle and take two points A and B on it. Construct
the perpendicular from the centre on AB and show by measurement
that AB is bisected by this perpendicular.

6. Construct any triangle and draw perpendiculars from the
vertices to the opposite sides. Do they meet in a point ?

7. From any two points P and Q outside a given a straight line
AB, draw lines equally inclined to AB.

8. The angle ABC is a rt. angle. Through any point D within
the angle draw a str. line parallel to AB and BC. Show by measure-
nment that opposite sides of the quadrilateral thus constructed are
equal,

(On Problems 5 and 6)

9. Construct angles equal to given angles and check your result
by measurement. _

10. Construct the supplement of the angle AOB (i) at O and
(ii) at some other point P.

11. Given an acute angle AOB. Construct its complement (i) at
O and (ii) at another point P.

12. Find the two angles whose sum and difference are the two
given angles ABC and PQR.

13. Draw a triangle whose base is 5 ems. and angles at the hase
equal te two given angles.

14. Threungh given points draw lines parallel to a given line.

15. From a given point outside a given straight line, draw a line
making an angle with the given line equal to a given angle.

16. Coustruct a triantg}lle of which the base angles shall be equal

to two given angles and the perpendicular from the vertex to the base
equal t0 a given straight line.



CHAPTER VI
TFEOREMS
1. Angles in a rectilineal figure
THEOREM 16.

The sum of the angles of a triangle s equal to two
right angles.

Let ABC be a triangle.

It is required to prove that /BCA+ /. CAB+ £ ABC=2 right
angles.

Produce BC to any point D and suppose CE is drawn
parallel to BA.

Proof. Because CE is par’ to BA

and AC meets them ;

the / ACE =the alternate / CAB.
Again, hecause CE and BA are par’ and BD meets them ;

the ext, £ ECD=the int. opp. ZBAC

the whole £ ACD= £ CAB+ £ ABC............... (a)
To cach of these equals add the 2~ BCA

/BCA+ L ACD=/BCA+ £ CAB+ £ ABC.
But since BCD is a str. line.

£ BCA+ £ACD=2 rt. angles.
LBCA+ /£ CAB+ £ ABC=2 rt. angles,

COR. 1. If any side of a triangle is produced, the esierior
angle is equal to the sum of the two interior apposite angles.
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This important property has bheen directly deduced in the
course of the above proof.

Thus, from (a), the exterior ~ ACD= /Z CAB+ /£ ABC.

COR. 2. Iftwo angles of one iriangle are ms‘peotively equol
to two angles of another, the third angle of the one s pqual to the
third angle of the other.

COR. 8. The sum of any two angles of a triangle is less
than two right angles.

COR. 4. If one angle of a triangle is equal to the sum of
the other two, the triangle is right-angled.

COR. 5. In any right-angled triangle the two acule angles
are complementary.

Note. If A. B, C be the angles of a triangle in degrees,
A+B+C=180°

Fx. 1. Each angle of an equilateral triangle =6(°.

For, the angles of an equilateral triangles are equal to one
another.

If A denote any angle, we have

A+A+A=180"
or, 3A=180"
e, A= 60°,
Ex. 2. Each of the acute angles of a right-angled isosceles
triangle is 45°,

The triangle being isosceles, the two acute angles are equal;
also, their sum =90°, Th. 16, Cor. 5.

Each of them=45".

Ex. 3. Two angles of atriangle are 55° and 102°. Find
the third angle,

If A=the third angle, we have A +55"+102°=180°".
or,, A+157°=180°; .. A=180"-157"=23".

EXERCISE 14

1. In an isosceles triangle, the vertical angle is 72°. Find the
base angles. .

2. Find the magnitude of the vertical angle of an isosceles tri-
angle each of the base angles of which is double of the vertical angle.
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3. Two angles of a triangle are 50° and 70°. ‘Find the third
angle.

4. If one angle of a triangle is double the sum of the other two,
find it. ,

5. Of the three angles A, B. C of a triangle, B is the double of A
and C is thtee times B. Find each.

6. In the figure of Th. 16,

(i) if LCAB=45° and L ABC=50°, find LACD ;
(ii) if LACD=125° and / ABC=48°, find /. CAB;
(i) if LACD=130°and £CAB=81", find ZABC.

7. Prove that the sum of the angles of a quadrilateral is equal
to four right angles.

8. If one angle of a triangle be greater than the sum of the other
two, prove that the triangle is obtuse-angled.

9. If the exterior angles formed by producing one side of a tri-
angle both ways bhe 106° and 125°, find all the angles of the triangle.

10. The three exterior angles formed by producing the sides of a
triangle 1n order are together equal to four right angles.
11. Prove that the sum of the angles at A, B, C, D and E in the

figure formed by the str. lines AB, BC, CD, DE and EA is twc
right angles. Apply Cor. 1of Th. 16.

(o]

\/ ®
D
12. Prove that the straight line bisecting any of the angles

exterior to the vertical angle of an isesceles triangle is par! to the
base. :

13. If A is the vertex of an isosceles triangle ABC and BA is
produced to D, so that AD=AB and if DC is joined, prove that
BCD is a right angle. '
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14. Explain the following method of constructing a perpendi-
cular to a given straight line AB from any point C in it.

F

Construction. Take any point
D outside AB. With centre D,
and radius, DC, describe a circle
cutting AB at E. Join ED, and
produce it to meet the circle at F.
Join CF. A
Then CF is _L to AB.

[ Proof. Join DC.

Since DE=DC, . the Z/DCE=the ZDEC.
Also *. DF=DC, > the Z/DCF=the ZDFC.
the whole / ECF=the / FEC+the LEFC
=the ext. / BCF.

Th. 16, Cor. 1.

But /s ECF, BCF are adjacent angles, .". each of them=art. /.
e, CFis L to AB.]

N. B. This method is applicable when C is near or at one end
of AB.

15. Explain the following method of constructing a perpen-
dicular to a given straight line AB from any pt. C on it.

Construction. With centre C and any radius, draw an arc of a
circle cutting CB in D. With centre D and the same radius draw an
arc cutting the first arc at E. With centre E and the same radius
draw an arc cutting the first arc at F. With centre F and the
same radius, describe an arc cutting the preceding arc at G. Join CF.

Then CG is L to AB. >GF

[ Proof. It is easy to see that
/s DCE, ECF are angles of
equilateral triangles DCE, ECF.

.. LDCE=/ECF=60°.
Also, CG bisects the £ ECF,
Prob. 1.

. LEC@=30°,
.. LDCG=/DCE+ /£ ECG=00°
ie. CQ L AB.]
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16. Explain the following method of constructing a perpendi-
cular to a given line AB from any external point C.

Construction. Take any point . [o]
Din AB. Join DC and bisect it “+
at E. With centre E, and radius “\E
EC, describe a circle cutting AB ‘ A
at D and F. “:‘\\
Join CF. A\ I N/
Then CF is L to AB. D\ F
[ Proof. Join EF.
Since ED=EF, ~. the LEFD=the / EDF.
Also since EC=EF, .. the £LEFC=the £ ECF,
the whole Z DFC=the /. CDF+the /. DCF )
=the ext. / BCF. Th. 16, Cor. 1.

But the /s DFC, BFC are adjacent /s, and .". cach of them is a
right angle. Hence CF is _L to AB.]

17. ABC, ABD, ACE are equilateral triangles. Prove that the
points D, A, E are in the same straight line.

18. BC is the hypotenuse of a right-angled triangle ABC. If AD
be drawn to meet BC, so that the /Z BAD is equal to the £ ABD.
Prove that D is the middle point of BC and that AD is half of BC.

19. If two straight lines are perpendicular to two other straight
lines, each to each, the acute angle between the first pair is equal
to the acute angle between the second pair.

20. The angles ABC, ACB of AABC are bisected by BO and
CO. Prove that / BOC=90°+} x /. CAB.

21. The sides AB, AC of the AABC are produced and the
ext. s at B and C are bisected by BO and CO. Prove that
£ BOC=90°-1 LCAB.

62. A rectilineal figure is said to be convex when it
has no re-entrant angle.

The first is a convex polygon but not tho second.

63. A regular polygon is one with all its sides equal and
all its angles equal.
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THEOREM 17.°

If the sides of a convex rectilineal figure are produced
in order, then the sum of the exterior angles so formed s
equal to four right angles.

Let the sides of the rectilineal figure ABCDE be respectively
produced in the directions shown by the arrow-heads.

It is required to prove that the exterior /" A, B, C,D.E are
together = four right £ °.

Take any point O, and suppose the str. lines OA’, OB/, OC/,
oD’, OE’ are drawn par' respectively to the sides EA, AB, BC,
CD, DE ; each being drawn in the semse in which the corres-
ponding side is produced.

Proof. Since OA’ is par’ to EA produced, and OB’ is
par! to AB,
the ext. £ A=the £ A'OB'".

{ the ext. /B=the 2/ B/OC/,
. ) the ext. £ C=the £~ C’OD/,
Similarly, the ext. 7/ D=the / D'OE’.

the ext. £ E=the £ E’OA’.

Hence, the sum of the ext. /* A, B, C, D, E
=the sum of the »*at O

=four right angles,
. Q. E.D.
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THEOREM 17A.
il.

The sum of the interior angles of any rectilineal figure,
together with four right angles is equal to twice as many
right angles as the figure has scies.

Let ABCDE be a rectilineal figure of #» sides.
It is required to prove that
the angles of the figure+4 rt, /*=2n1t. /°.

Take any point O within the figure and join O to each of
its vertices.

Proof. The figure has been divided into n triangles, and
the sum of the three angles of each triangle=2 rt. /2.

the sum of all the angles of the » triangles=2n rt. ~ .

Bat the sum of all the angles of the n triangles=the angles

of the figure +the angles at O ;
and the angles at O=4rt. /°.
.. the angles of the figure+4 rt. £*=2nrt. £
Q. E. D.
64. Inferences from Theorems 17 and 17A.

1. Whatever be the number of sides of a convex rectilineal
figure, the sum of its ext. £ is always=4rt. £, i.e. 360",

2. If n be the number of sides of a regular rectilineal figure,

each of its ext, £ = % rt. L*= 3_67?:.

5
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3. The sum of the interior angles of any rectilineal figure
of n sides=(2m—4) rt. £°.
4. An interior angle of a regular rectilineal figure of n sides

2n -4 ,‘27?—4. o
== rt. /£ — 90°.

Ex. 1. Find the sum of the interior angles of a heptagon
(a rect. figure of 7 sides).

) The sum of the int. £* of a fig. of » sides=(2n—-4)1t. £ "
Putting, =7, the sum of the int. £* of a heptagon
=(2%x7-4)rt. £L°=10r1t. £*=900°.
Ex. 2. 1If the sum of the angles of a- rect. figure=8 rt. /°,
find the number of its sides.
Let »=no. of sides reqd.
The sum of the int, £*=(2n—-4) rt. £*=81rt. 2°
or, 2n—4=8
or, 2n=8+4=12,
n=6.
Ex. 3. Find, in degrees, an interior angle of a regular
pentagon.
A regular pentagon has got five equal int. /*.
All the fiveext. £*=4r1t. £*=360",
each ext. £ = 3%9— =72°,
Hence, each int. £ =supplement of the ext. / =180°-72°
=108".
Otherwise thus :

An int. £ of aregular polygon of n sides::g%zlé-f)(l‘.

Putting 7 =5, we have an int. £ of a regular pentagon

_2%5-4 o 6x90 .
F=e 00" =220 108",
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Ex. 4. An exterior angle of agregular polygon is 30°.
Find the number of its sides. oo

If n=number of sides reyd. ¢ach ext. / =‘60 =30°.
The number of sides reqd,=n=322=12, ,

Ex. 5. An interior £of a regular polygon is 120°, find the
number of its sides.

Evidently, an ext. 2 of the fig.=180"-120°=60".

If n=no. of sides reqd., an ext. £ = ;%Q =60°

—360_¢@
n=252=6.

EXERCISE 15

1. Find the sum of the interior angles of a polygon of (i) 5 sides;
(ii) 9 sides ; (iii) 8 sides ; (iv) 11 sides ; (v) 15 sides.

2. Given the sum of the interior angles of a rect. figure to be
(i) 180° ; (ii) 360° ; (iii) 540° ; (iv) 720°; (v) 20 rt. /s, find the num-
ber of the sides of the figure in each case.

3. Find an ext. £ of a regular polygon of (i) 9 sides; (ii) 12
sides ; (iii) 15 sides ; (iv) 14 sides.

4. Given an ext. Z of a regular rect. figure to be (i) 20°; (ii) 36°;
(iii) 40°; (iv) 90°; (v) 120°, find the number of its sides.

5. Given an int. Z of a regular rect. figure to be (i) 60° ; (ii) 90¢ ;
(iii) 108¢ ; (iv) 144°; (v) 150°, find the number of its sides.

6. Four angles of a pentagen are equal and are each double of
the fifth angle. Find the angles.

7. Anext. Z of aregular rect. figure is double of an int. /.
Find the number of its sides. :

8. The sum of the interior angles of a rect. figure is equal to the
sum of its ext. /s. Find the number of its sides.
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II. Congruence of Triangles—(Conid.)
THEOREM 18.

If two angles and a side of one triangle arerespectively
‘equal to two angles and the corresponding side of another,
then these two triangles are congruent.

A
X
v v
B8 C E - F
Let ABC, DEF be two triangles in which
LA=/D
/B=/LE

and the side BC =the corresponding side EF.
It is required to prove that the two A* are congruent.

Proof. Because the sum of the angles of a A =21t. £*
LA+/B+/LC=/LD+LE+ LF.
But LA=/Dand £B=LE.
T LC=/LF

Apply the A ABC to the ADEF so that B may he on E and
BC on EF.

Then, because BC=EF,
.. C must coincide with F.
Now, since the £ B=the LE,
BA must fall on ED ;
and since the £ C=the £F,

CA must fall on FD.

Thus the point A falls both on ED and FD;

*. A falls on D which is the point in which ED and FD
intersect,

Hence the two A°* coincide, and are... congruent.

Q. E. D.
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THEOREM 19.
4
Two right-angled triangles which have their hypo-
lenuses equal, and one sde of the one equal to one side of
the other, are equal in all respects.

8 c a E F

Let ABC and DEF be two right-angled A*, in which the
hypotenuse AC=the hypotenuse DF, and the side AB=the
side DE.

It is required to prove that the two A° are equal in all
respects.

Proof. Apply the A ABC to the ADEF so that AB may
coincide with DE to which it is equal, and C may fall on that
side of DE which is remote from F.

Thus, let DEG be the new position of the A ABC.
Now, since each of the ~* DEF, DEG,isart. £,
.. EG is in the same str. line with FE.
Hence, DGF is a A, and since DF=DG, Hyp.
the £ DGF=the / DFG.
Hence, in the A° DEG, DEF, we have
the /L DEG=the £ DEF, being rt. £*;

the £/ DGE =the £ DFE, proved above.
and DE common ;

. thesetwo A’ are equal in all respects,
That is, the A" ABC, DEF are equal in all respects.
Q. E. D.
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EXERCISE 16
(On Theorem 18)

1. If the bisector of the vertical angle of a triangle is also
perpendicular to the base, prove that the triangle is isosceles.

2. Prove that any point on the bisector of an angle is equidistant
from the arms of the angle.

3. If a straight line AB is bisected at O, prove that the perpendi-
culars from A and B upon any other straight line through O are
equal.

4. Prove that perpendiculars drawn from the extremities of the
base of an isosceles triangle upon the opposite sides are equal.

5. ABCD is a quadrilateral such that the diagonal AC bisects
each of the angles BAD, BCD. Prove that AC bisects BD at right
angles.

(On Theorene 19)

6. Prove that the perpendicular from the vertex to the base of
an isosceles triangle bisects the vertical angle and the base.

7. The distance of any point P from two lines AB, AC are equal.
Prove that the str. line AP bisects the Z BAC.

8. If the perpendiculars from the vertices B and C of the
AABC upon opposite sides are equal, prove that the triangle is
isosceles.

9. If A and B be two points taken on a circle, prove that the
perpendicular from the centre on AB bisects AB.

10. If A, B, C, D be four points on a circle such that the perpendi-
culars from the centre on the str. lines AB and CD are equal, prove
that AB=CD.

11. The bisectors of the angles at B and C of the AABC meet
at O. Prove that AO bisects the Z BAC.
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THEOREM 20.*

If two treangles have two s"edgﬂ“(/f the one respectively
equal to two sides of the other, and have also the angles
opposite to one pair of equal sides equnl, then the angles

opposite to the other pair. of equal sides are either equal
or supplementary

A

D

B

C E F
Let the A® ABC, DEF he such that AB=DE, AC=DF, and
the ~ ABC=the / DEF

It is required 1o prove that the £ * ACB, DEF are either equal
or supplementary.

Proof.
or not,

The angle BAC must be either equal to the £ EDF
(Case . When the £ BAC=the / EDF

In the A® ABC, DEF, we have
AB=DE,

AC=DF,
and the /BAC=the LEDF;

the two A® are congruent
Hence the Z ACB=the /£ DFE,

Case II., When the £/ BAC is not équal to the £ EDF
A

‘\
5 ¢ & -3
On the same side of DE as F, suppose the £ EDG is made
equal to the /BAC. and let EF, produced if necessary, meet
DG in G. ,
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Then in the A* ABC, DEG, we have
the 2~ ABC=the 2/ DEG,
the £ BAC=the L EDG, Cons.
and AB=DE ;
the two A*® are congruent.
Hence, DG=AC=DF;
and also the /£ DGE=the £ ACB,
the £/ DFG=the /DGE [.° DG=DF
=the / ACB.
But the / DFG is supplementary to the / DFE ;

the £ ACB is supplementary to the / DFE.
Q.E.D

NotE 1. 1t is possible for the angle ACB and DFE {0 be supple-
mentary only when one of them <s acute and the other obtuse.

NotE 2. Clearly, the two triangles ABC, DEF are equal in all
respects if /8 ACB and DFE are equal but they are not so when
/s ACB and DFE are supplementary. In the construction of
triangles this is called the Ambiguous Case. The ambiguity
disappears if Z ABC or £ DEF is a rt. Z(See Th. 19) or an obtuse Z.
in which cases the triangles are clearly congruent.

EXERCISE 16A

1. If the perpendiculars from the middle point of the base of a
triangle to the other two sides be equal, the triangle is isosceles.

2. ABC is a triangle and D is the middle point of the base BC;
if DE and DF are perpendiculars drawn from D to the sides
AB and AC respectively and if BE=CF, prove that the triangle is
irosceles.

3. The straight line drawn from the centre of a circle at right
angles to a chord bisects that chord.

4. Any two equal chords of a circle are equidistant from its
centre.

5. 1In a quadrilateral, ABCD, if the angles ABC, BCD be two
equal obtuse angles and the diagonals AC, BD cqual, prove that
AB=CD.

6. Perpendiculars drawn from a point to the arms of an angle
are equal. Show that the point is on the bisector of the angle.
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NotE ox THE COXGRUENCE OF TRIANGLES

65. Every triangle has six parts viz., three sides and three
angles.

It has been shewn that triangles are equal in all respects

if the following three parts of the one are equal to the corres-
ponding three parts of the other.

1. Two sides and the included angle. (Theorem 4).
2. Three sides. (Theorem 7).
3. Two angles and a corresponding side. (Theorem 18).

4. Two sides and an angle not included and mot acule.
(Theorems 19 and 20)),

[We have noticed in Th. 20 that if the angle is acute, the
triangles may or may not be congruent—which is the ambi-
guous case. ]

Two triangles are not necessarily congruent when three angles

of the one are equal to the
three angles of the other.

As for instance, if DE
is par! to BC, the A" ADE,
ABC are equiangular but
not congruent,

: c
For the congruence of two triangles, we must have three
parts of the one equal to the three parts of the other, and these
must be chosen in one of the four ways mentioned ahove.
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THEOREM 21.*

If two triangles be such that two sides of the one are
respectively equal to two sides of the other, but the angle
contained by the two sides of the one is greater than the
angle contained by the two sides of the other ; then the
base of that which has the greater angle is greater than the
base of the other.

A

o
‘\
\
\
‘\
\ ‘\
B C 3 =R a
A
B c

Let ABC. DEF be two A* such that
AB=DE,
AC=DF,

but the / BAC is greater than the / EDF.

It is required to prove that the base BC 1is greater than the
base EF.

Proof. Apply the A ABC to the ADEF so that A may fall
on D and AB on DE.

Then since AB=DE, .. B coincides with E.
Lei DG, EG be the new positions of AC, BC.
Since, / BAC > £ EDF, DF must be within the /. EDG.
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Case I 1f EG passes through F as in fig. (1), then
EGis > EF; te,BCis > EF. ¢

Case II. If £G does not pass through F, as infig. (2), sup-
pose the 2 FDG is bisected by DH which meets EG at E.
Join FH.

Then in the A* FDH, GDH, we have
FD=GD,
DH common,
and the / FDH=the / GDH ;
the two triangles are congruent.
Hence, FH=GH,

and .. EG=EH+GH=EH-+FH.
But the two sides EH, HF of the AEHF are together > EF ;
EG > EF,

that is, BC > EF.
Q. E. D.

COR. If two triangles ABC, DEF be such that AB is equal
to DE, AC i4s equal to DF, but the base BC is greater than the
base EF then the angle BAC 1s greater than the angle EDF.

For, the £BAC cannot be less than the £EDF; for then
BC would be less than EF, which is impossible.

Nor can the /BAC be equal to the £EDF; for then BC
would be equal to EF, which also is impossible.
the /£ BAC must be > the / EDF.



CHAPTER VII

PROBLEMS
CONSTRUCTION OF TRIANGLES

'

66. We have noticed that two triangles are equal in all
respects (¢.e., exactly same in shape and size) if three parts of
one triangle are equal to the corresponding three parts of the
other, provided these parts are chosen as described in § 65.

Hence it follows that a triangle of a definite size and shape
can be constructed with any one of the following combinations
of three parts or with any three data equivalent to any one of
these combinations :

(1) The three sides ;
(2) Two sides and the contained angle ;
(3) Two angles and a side ;

(4) Two sides and an angle opposite one of these sides,
provided that the angle is not acute, (If the angle be acute, two
triangles can be constructed with such given parts as shown
in Prob. 10 ; hence, the shape and size of the triangle are not
definite. This is called the Ambiguous Case),
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PROBLEM 7.

1o construct a triangle having its sides equal to three
given straight lines, any two of which are together greater
thaw the third.

a c

Ibc

A 's D

Let a, b, ¢ be three given str. lines, of which @ is the greatest,
and any two of which are together greater than the third.

It is required to construct a triangle having its sides equal to
the straight lines a, b, c.

Construction. Take any str. line AD, and from it cut off
AB equal to a.

With centre A, and radius b, describe a circle.

With centre B, and radius ¢ deseribe another circle cutting
the former at C.

Join AC, BC.

Then ABC is the reqd. A ; because, by construction,
’ AB=a, ‘
AC=b,
and BC=c. Q.E.F.

Norte 1. If b and ¢ were together not greater than a, then the
two circles would not cut each other, and the construction would
fail, which is also evident from Th. 11.

Notk 2. The circles would also cut at a point on the other side
of DF. Hence, with the given parts, fwo triangles can be constructed
one on either side of DF.



8 MODERN GEOMETRY
PROBLEM 8.
To construct a triangle having given two sides and the

_includcd angle.
£

A ,

C T . A 1

a
b

B E
Let @, b be two given str. lines, and C a given angle.

It ¢s required to construct a triangle having two of s sides
equal to a and b, and having the angle included between these
two sides equal to the / C. '

Construction. Take any str. line AE. "

At the point A in the str.line AE make the £ EAF=the £ C.

From AE cut off AB=a and from AF cut off AD=b.

Join BD.
Then ABD is the A required,
for, AB=a0,
AD=b,
and the ZBAD=the £C.
Q. E. F.

EXERCISES (Numerical)

1. Construct a triangle twe of whose sides are 5 cms. and
4 ems. and the included angle is 45°.

2. Construct a triangle two of whose sides are 6 and 3" and the
included angle is 60°.

Verify that it is a rt. Zed triangle.
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PROBLEM 9.

To construct a triangle having given two angles and
the side adjacent to them.” *

H G
X K
AV. Sb,
C— v X
’ e F E

Let A and B be iwo given /°, and C, a given str. line.

1t is required to comstruct a A having two of s £° equal
tothe £* A and B, and the side adjacent to -these amgles=the
strasght line C.

Construction. Take any str. line DE, and from it cut off
DF=C.

At the pt. D in the str. line DF, make the / FDG=the £ A.
At the pt. F in the str. line FD, make the /£ DFH=the /B.

Let FH cut DG at K.
Then evidently, KDF is the A reqd.
Q.E. F.

EXERCISES (Numerical)

1. Construct an equiangular triangle.
2. Coustruct a triangle ABC having given,
(i) AB=3", LCAB=/CBA=45°;
(i) BC=b rms.,, LABC=60° LACB=30°
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PROBLEM 9A.

To construct a triangle having given tuwo angles and a
side opposite to one of them.

Let A and B be the two given angles and C, a given str. line.

It is required to construct o triangle having two of s angles
equal to the angles A and B, and the side apposite to one of these
angles, say, the angle which is equal to the given angle B, equal

to the given line C.

Construction. Take any str. line DE and from it cut off’
DF=C.

At the points D, F in DE make /*EDG and EFG’ each
equal to the £ A.

At Fon FG/, make £ G'FH equal to the / B.

Let FH cut DG at K.
Then, KDF is the A reqd.
Proof. Because, the ext. £/ EFG’ =the int. opposite / EDG.

Cons.
. FG’ is par' to DG. .
Hence, £ DKF=the alt. / KFG'=/B. Cons.
Hence, in the A KDF,
LFDK= /LA,
/L DKF= /B,

and the side DF=C.

KDF is the A reqd.
Q.E.F.
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PROBLEM 10.

To construct a triangle having giyen two sides and the
angle opposite fo one of them.

Let @, b be two given str. lines, and C the given angle.
It is required to construct @ A having two of s sides equal
to o and b. and having the / opposite to the latier side=the /£ C.
Construction. Take any str. line DE.
At the pt. D in the str. line DE, make the / EDF=the £ C.
From DF cut off DG=a.
With centre G, and radius b, describe an arc of 2 © cutting
"DE at H and K.
If H and K are on the same side of D, as in the above dia-
gram, join both GH and GK.
" Then, evidently eack of the A* GDH and GDK is the A reqd.
. Q.E.F.

Note 1. There are two solutions to the problem, as above, only
when b is less than ¢ but greater than the perpendicular from G on
DE. This is known as the Ambiguous Case.

The cases when b=, or, > « admit of one solution, éach, wlngh'
the student can easily verify. i

Note 2. When b is less than p, the perpendicular from G on
. DE, the construction fails ; or, in other words, the problem does not
admit of a solution.

Again, if b=p, there is only one triangle satisfying the given
conditions.
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PROBLEM 11.

To construct a right-angled triangle having given the
hypotenuse and one side.

C

1 +
A B D

Let o be the given hypotenuse and b the given side.

Construetion. Take any str. line AD, and from it cut oft
AB=b.
At B, construct the perpendicular BC upon AD.

With centre A and radius equal to e describe a circle cutting

BC at C.
Join AC,
Then, evidently ABC is the A reqd.
Prool. By construction, AC=a,
AB=1b,
and the /£ ABC is a rt. angle.

Norg. Evidently, there is another A on that side of AB remote

from C.

ALTERNATIVE METHOD

Construction. Take sny str. line AD cut off, from it
AB=0a the hypotenuse. Bisect AB at O and draw a © with
©O as centre aud OA or OB as radius. Again, with B as centre
and b (the given side) as radius draw a @ to cut the former
et C. Then the A ACB is the reqd. one.
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EXERGISE 17
(On the watm(twn of Trumqles)

1. Construct a trmngle whese sides ;are .
(i) 8cm, 6cm. and dem.; (i) 5in,2in and4 in. ;
(iii) 1%in.; 3in. ;24in.; (iv) 4 (,m., 2 enl. ; 33 én,

2. Construct a triangle two of whose sides and the'angle between
then) are, respectively,

(i) bem.,2cm.; 90°; (i) 4in., 3in.; 45°;
(i) 6 em., 8cm.; 135°; (iv) 25 cm.; 41 cm. ; i rt. angle.
3. Construct a triangle of which two angles and the side
adjacent to them are
(i) 50°, 65°; 3 cm. ; (ii) 90°, 30° ; 6 cm. ; (iii) 75°,60° ; 5 in.
4. Construct a triangle of which two angles and a side opposite
to the first of these angles are '
(i) 80°,45¢°; 3 em. ; (ii) 60°,90° ; 2 in. ; (iii) 75°, 62° ; 3'5 in:
5. Censtruct a triangle of which two sides and the angle opposite
to the first of these sides are o
(i) Gem. 4 cm.; 120°; (ii) 8em., 7cm.; 135°;
(iii) 3 in., 35 em. ; 60°; (iv) 32in., 37 in. ; 30°;
(v) 7cm.,5em.; 45

6. Construct a rxght angled triangle the hypotenuse and a side
of which are-

(i) 35 cm.,2cm.; (ii) 47 in., 32 in.; (ii) 9 cm., 5 em.

7. Take a straight line one inch in length, and construct an
equilateral triangle on it. Hence construct angles of 60° and 30° at
a given point.

8. ABC is a right angle. Through B draw a straight line BD
within the angle so that the angle ABD may be equal to one-third of
the angle ABC. '

9. Trisect a right angle.

10. Take a straight line one and a half inches long, and on it
construct an isosceles triangle having each of the two sides 24 inches
in length.

11. AB is a given straight line. Show how to draw a straight lme
AC s0 that the angle BAC may be equal to 30°.

12. Ona given straight line as hypotenuse, construct a right-
angled triangle of which the acute angles are 30° and 60,
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13. Construct an isosceles triangle having given the vertical angle
and the length of the perpendicular from the vertex to the base.

14. Construct a triangle of which the base angles shall be equal
t0 two given angles, and the perpendicular from the vertex to the
base equal to a given straight line,

"~ 15. Construct a triangle of which the two sides and the perpendi-
cular from the vertex to the base are given.

16.  Construct an equilaferal triangle having given the perpendi-
cular from the vertex to the base.

17. Construct a triangle ha‘;ing given the base, one of the angles
at the base, and the sum of the sides.

18. Two sides of a triangle are respectively 3 inches and 2 inches
in length, and the angle opposite to the latter side is equal to 30¢;
construct the triangle.

Also construct the triangle when the length of the latter side is
3} inches.

Show that in the former case there are two selutions, whilst in
the latter there is only one.

19. If the side BA of triangle ABC be produced to D so that
AD=AC, and if DC be joined, prove that the angle BDC is half the
angle BAC. Hence show how to construct an acute angled triangle
having given a base angle, the vertical angle, and the sum of
the sides.

20. ABC is a triangle. If D be taken on CB produced such that
BD=AB, and if E be taken on BC produced such that CE=AC, and
if AD and AE be joined ; prove that the angle ADE is half of the
angle ABC, and the angle AED is half of the angle ACB. Hence
show how to construct a triangle having given the perimeter and
the base angles.



CHAPTER VIII

PARALLELOGRAMS

67. A quadrilateral whose
opposite sides are parallel is called
a parallelogram.

68. A parallelogram of which
one angle is a right angleis called
a rectangle.

Note. It will be proved hereafter that if one angle of a pa.rallelo—
gram be a right angle @/l its angles are right angles.

69. A quadrilateral whose
sides are equal, but whose angles
are not right angles is called a
rhombus.

70. A rectangle of which two
adjacent sides are equal, is called a
square.

has one pair of opposite sides

71. A quadrilateral which
parallel, is called a trapezium. /
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THEOREM 22

~If a quadrilateral be such that two of its opposite
\sides are equal and parallel, then the other two sides also
_are equal and parallel.

Let ABCD be a quadrilateral such that two of its opposite
sides AB, DC are equal and parallel.

It is required to prove that the other two sides AD, BC are
also equal and parallel.
Proof. Join BD.

Then, because AB and DC are parallel, and BD meets
them,

the £ ABD =the alt. 2 BDC.
Now in the A* ABD, CDB, we have

AB=CD,
BD common,
and the / ABD=the 2/ CDB; proved above.
the two A’ are congruent.
Hence AD=CB; .....c.eeoveiirimrirrnieaerannnnn (i)

and the £ ADB=the £ CBD.

~But these two are alt. £*;
A AD and BC are parallel.............cc.occ.ovenee. (ii)
“Thus, from (i) and (ii), AD and BC are both equal and
parallel, ‘ ,
-Q.E.D.
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THEOREM 23.

The opposite sides and angles ‘of .a parallelogram are
equal to one another, and each diagonal bisects the
parallelogram.

D (]

Let ABCD be a parallelogram, of which AC is a diagonal.
It is required to prove that
(i) AB=DC;
(i) AD=BC;
(iil) the £ ABC=the /£ ADC;
(iv) the £BAD=the /BCD;
(v) the AABC=the AADC, in area.

Proof. Because AB, DC are parallel, and AC meets them.
the £ BAC=the alt. 2 ACD.

Also, because AD, BC are parallel, and AC meets them,
the £ DAC=the alt. L ACB,

Hence, in the A* ABC, ADC, we have
the £ BAC=the /£ ACD, }
the /. BCA=the £ CAD,

and AC common ;
the two A* are congruent.

proved above.

AD=BC,
the 2 ABC=the £ ADC
and the AABC=the AADC in area.

Hence AB=DC, }
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Also, since the £ BAC=the £ ACD, } proved above.

and the /£ DAC=the LACB;
.". the whole £, BAD=the whole £BCD. Q. E.D.

COR. 1. A rectangle has all its angles right angles.

Let ABCD be a rectangle. Then 4

B
dy definition, (i) it is a parallelogram \y
and (ii) it has one angle, saythe /B,
a right angle,
Bince AB and DC are ||, the £B+the
2C=2rt. £*; hence, the LCisart. £. o c

Again, because ABCD is a par™, the £B=the 2D, and the
£ C=the £ A; hence the /° A and D also arert. 2°.

.. All the angles of the rectangle are right angles.

COR. 2. 4 square has all its sides equal and all its angles
right angles.

Let ABCD be a square ; then by defi-
nition, (i) it is a rectangle and (ii) has
two adjacent sides, say, AB and BC,
equal.

Bince, it is a rectangle, .. all s £*
are ri. £°.

Again, since the square is also a D C
par™;

AB=DC and BC=AD.
But AB=BC, by hypothesis.
Hence, all the sides of the square are equal.

COR. 8. Parallel straight lines are always equidistant from
one anothier.



PARALLELOGRAMS 89

THEQOREM 23A.

The diagonals of a parallelogmm( hisect one another.
A B

D o}
Let the diagonals AC, BD of the par™ ABCD intersect at O.
1t 38 required to prove that AO=0C, and BO=0D.

Proof. Inthe A*' AOD, COB, we have
the £ OAD=the alt. £ OCB,
the 2~ ODA=the alt. £ OBC,
and AD=BC;

the two A® are congruent.

Hence, AO=0C, and BO=0D.

EXERCISE 18

1. If one of the angles of a parallelogram is (i) 60°; (ii) 135¢<;
(iit) 150°, write down its other angles.

2. 1If in the figure of Th. 33, Z BAC=30° and /Z DAC=45°, write
down the values of all the other angles in the figure.

3. A quadrilateral is a parallelogram (i) if its opposite sides are
equal ; or (ii) if its opposite angles are equal or, (iii) if the diagonals
of a quadrilateral bisect each other.

4. ABCD is a parallelogram ; if E and F are the middle points
of AB and CD respectively, prove that the quadrilateral AECF is a
parallelogran.

5. The bisectors of two adjacent angles of a parallelogram meet
at right angles.

6. ABCD is a parallelogram. 1f CD is bisected at O and the
L AOB is a rt. Z, prove that AB=2BC,



90 MODERN GEOMETRY

7. - If the diagonals of a parallelogram are equal, prove that it is
a rectangle.

8. From any two points on a straight line, perpendiculars are
drawn to a parallel straight line ; prove that these perpendiculars
are equal.

9. ABC and A’B'C’ are two triangles such that AB, AC are res-
pectively, equal and parallel to A'B’, A’C’. Prove that BC also is
equal and parallel to B'C'.

10. Prove that the diagonals of a rhombus bisect each other at
right angles.

11. If in a trapezium the non-parallel sides are equal, prove that
the angles adjacent to either of the parallel sides are equal.

12. If the sum of the distances of any angular point of a quadri-
lateral from the other three is the same for all four, the figure is a
rectangle.

13. If from any point on the diagonal of a rhombus lines are
drawn parallel to the sides, show that each of the two parallelograms
50 formed about the diagonal of the rhombus is also a thombus.

14. The diagonals of a quadrilateral are equal and bisect one
another at right angles. Prove that the quadrilateral is a square.

15. The diagonal AC bisects the /BCD of the par* ABCD.
Prove that the par™ is a rhombus.

16. Any str. line drawn through the point of intersection of the
diagonals of a parallelogram and terminated by a pair of opposite
sides of the par™ is bisected at that peint.

17. The str. lines bisecting two opposite angles of a par™ are either
parallel or coincident.

18. The bisectors of the angles of a par™ whose sides are net all
equal from a rectangle.
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THEOREM 24.

If there are three or more parallel straight lines,~and
the intercepts made by them on ahy straight line that
cuts them are equal, then the corresponding intercepts on
any other straight line that cuis them are also equal.

7
o/\ N\
Cc /\ C \ D
R R’
A
Let AB, cD, EF be parallel str. lines. Let a str, line

PR cut them in P, Q, R respectively so that the intercepts
PQ, QR are equal.

Let any other str. line P’Q’ cut the par' lines in P/, @'. R’
It is required to prove that P'Q’=Q'R’.

Suppose PL, QM are drawn par’ to P'/R’, meeting CD in L
and EF in M,

Proof. Since CD is || to EF. and PR meets them.
the / PQL=the corresponding / QRM.
Also, PL and QM are parallel, each being | to PR’ ;
the £ QPL =the corresponding £ RQM.
Then, in the A* PQL and QRM,
the / PQL=the £ QRM,
the 2 QPL=the £ RQM,
and PQ=QR ;
the two A’ are congruent,
Hence PL=QM,
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Now, the quadrilateral PLQP’ is a par™, since its opp. sides
are ||,

PL=the opposite side P'Q’.

Bimilarly, the quadl. QMR’Q’ being a par™,
: aM=Q'R".
But, PL=QM, proved
P'Q’=a'R’.
Q.E. D,

COR. 1. If D be the middle point of the side AB of a triangle
ABC, then the straight line drawn through D parallel to BC will
bisect AC.

Let the str. line through D

|l to BC intersect AC at E. M A N
It s requered to prove that { \ £

AE=EC. If through A a str. line b >

MN be supposed to be drawn | Z

to BC, then the parallels MN, DE,

8C are cut by the two str. lines B F [o]

AB, AC.

Hence, the intercepts made on AB being equal, the corres-
ponding intercepts on AC must be equal, too.

Hence, AE=EC.
COR. 2. If D and E be the middle points of the sides AB and

AC of a iriangle ABC, then DE is parallel to BC and is half
of BC.

For, if DE be not || to BC, let DE’ be || to it, meeting AC
in €. Then €’ is the mid-point of AC, which is impossible.
Hence DE is | to BC.

Again, if is required to prove that DE =4.BC.

Draw EF par’ to AB meeting BC at F.
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Since E is the mid-point of AC and EF is par' to AB,
.. BF=FC. Cor. 1.,
e, BF=1BC.

But, BAEF is a par™, its opposite sides being par’.
BF =the opposite side DE.
Hence, OE=4%.BC.

COR. 3. If one side of a triangle be divided into any number
. of equal parts, and if through the points of division, straight
lines be drawn parallel to the base, then the points in which these
parallels meet the other side will divide that side into the same
number of equal parts. :

If the points P, Q, R divide
the side AB of a triangle ABC
into four cqual parts; and if
. PP, QQ/, RR’ drawn | to BC
meet AC in P/, Q, R, then AC
also is divided into fowr equal
parts at these points.

Supposing MAN to be drawn | to BC, we find that the five
parallels make equal intercepts on the line AB which cuts
them. )

Hence the intercepts made by them on another line AC,
which cuts them, must also be equal, i

_ If throqu P, QR lines Pp, Qg, Rr be drawn || to AC, they
will also divide BC into four equal parts, each of which is equt&l
to PP’. Further, it is evident that QqQ’ =2PP/, RR'=3PF, ie.

PP'=}{BC, QQ'=%.BC, RR’={BC.
Similarly, if A is divided into % equal parts by the par lines,

. ,
PP/= - BC ao'= —,2; BC; and so on.
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PROBLEM 12.

To dévide a given straight line into any number of
equal ports (say five).

C

P

l

A B g R’ S B

Let AB be the given str. line.

It is required to divide it into five equal parts.

Construction. From A draw a str. line AC, of unlimited
length, making any angle with AB.

From AC cut off successively five equal parts of any length,
AP, PQ, QR, RS. ST.

Join TB; an ' through P, Q, R, S draw PP/, QQ’, RR’, SS’
each || to TB, meeting AB in P/, Q’, R’, S’ respectively.

Then AB is divided into five equal parts at the points
P, Q, R, S

Proof. Since the side AT of the A ATB has been divided
into five equal parts at the points P, Q, R, S, and through the
points of division PP, QQ’, RR’, S8’ have been drawn || to the
base T8 ;

the points P/, Q’, R/, 8’ also divide the other side AB
into five equal parts.

Q.E. F.

Note. In the above figure, AP'=1.AB, AQ'=¢.AB, etc. Hence,
the above construction may also be used to cut off a given fractional
part from a line.
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PROBLEM 12. SECOND METHOD.
To divide AB indo five equal parts.

Construction. Through A. draw the str. linc AC at any
angle with AB. Through B, draw BD par’ to AC.

From AC, cut off equal parts AP, PQ, QR, RS.
Also, from BD cut off parts Bp, pq, q7, 7s equal to the parts
taken on AC.
Join sp, Ry, Qr, Ps.
These lines divide AB into five equal parts,
Recause RS and pq are equal and parallel by construction.
Rgq is par' to Sp. Th. 22
Similarly, Qr is par! to Rq and Ps is par! to Qr.
Ps, Qr, Rq and Sp are par! to one another.
Next apply Th. 24, Cor. 3, for the proof.

EXERCISE 19

1. The str. line drawn through the middle point of a side of a
fmzmqle parallel to the base bisects the remammgmde Prove this
without applying Th. 24,

[In the AABC, if D be the middle point of AB and DE is drawn
par! to BC meeting AC in E, it is required to prove that AE=EC.

Through E draw EF par? to AB meefing BC in F, and then preve
that the As ADE and EFC are congtuent.]

2. The str. tina jointng the middle poinis of two sides of a tri-
angle is paralld to and half of the third gide. Prove thig without
applying the indirect method.
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[In the AABC, lot D, E be the mid-pts. of the sides AB, AC.
To prove that DE is par‘ to BC and ==}.BC.

Produce DE to F such that EF=DE and join CF. Then, prove
that the As ADE, ECF are cojjgruent and the quadrilateral BDFC,
is a par™.]

* 3. If the middle points of the sides of 'a triangle be joined, prove
that the triangle is divided into four confruent triangles.
4. If ¢hrough the middle point of a side of a triangle a str. line
be drawn parallel to the base, prove that it bisects any str. line
drawn from the vertex to the base._
5. D is the mid-point of the hypotenuse BC of the right-angled
triangle ABC. Prove that BC=2AD. [Join D with mid-point of
AB.]
6. If the middle points of the adjacent sides of any quadrilateral
are joined, prove that the figure thus formed is a parallelogram.
7. Straight lines joining the middle points of the opposite sides
of a quadrilateral bisect each other.
8. The str. lines joining the middle points of opposite sides of a
quadrilateral, and the middle points of the diagonals, meet in a
point, which is the middle point of all the three lines,
9. The str. line joining the middle points of the oblique sides of
a trapezium is parallel to the parallel sides and is cqual to half their
sum.
10. Cis the middle point of the str. line AB. 1f Aa, Bb, Cc be
drawn perpendiculars from A, B, C on the str. line ach, prove that ¢
is the mid-point of ab.
11. Show how to construct a triangle given the three middle
points of its sides.
12. Divide a str. line into (i) 9 equal parts ; (ii) 11 equal parts ;
(ifi) 7 equal parts. 4

13. From a str. line cut off a portion equal to (i) ¢ of the line;
(if) % of theline ; (iii) % of the line.

14. Construct an equilateral triangle whose perimeter is given.

15. Divide a given straight line into two parts one of which is
(i) % of the other ; (ii) # of the other ; (iii) § of the other.

16. Dmde a given str. lme into 3 parts such that the first part is
double of the second and half of the third.



CHAPTER IX
THE CC@'QSTRUCTION OF QUADRILATERALS

72. We havé noticed that three independent data are re-
quired for the construction of a triangle ; but it will be evident
from the following examples that five independent data are
necessary to construct a quadrilateral.

PROBLEM 13.

To construct @ quadrilateral having given the lengths
. of the four sides and one angle.

c/
Q
b b ' [
d X B T a A

Let a, b, ¢, d he the lengths of the four sides and X the angle
hetween the sides, equal to @ and b.

Construction. Take a str. line ABand cut off from it a
portion AB=a0.

c D
1

Make the £ABC=X and from BC cut of BC=b. With C
and A as centres and radii equal to ¢ and d respectively draw
two arcs intersecting at the point D.

Join DC, DA.
Then, ABCD is the quadrilateral reqd.

Proof. By construction, the sides of ABCD are equal to
a,b, ¢, d, and the Z ABC=X.

Q. E.F.



98 MODERN GEOMETRY

PROBLEM 14.

- To coustruct a quadrilateral having given the four
stdes and a diagonal.

Xao o

Let a,b, ¢, d be the lengths of the four sides and a. the
length of the diagonal.

Construction. Take a line AC=.

With A and C as centres and radii equal to o and b respec-
tively draw two arcs intersecting at B.

Agsin, with A and C as centres and radii equal to 4 and ¢
Pdraw two other ares intersecting at D. -

Join BA, BC and DA, DC.
Then, ABCD is the quadrilateral reqd.

Proof. By construction, the sides of the quadrilateral
ABCD are equal to o, b, ¢, d and the diagonal AC=z.

Q E.F.
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PROBLEM 1.

1o conustruct a parallelograin haring given two ad-
jacent sides and the included anyle.

L/ Je
. ‘n
o— /< /( /
b \
A 1 B!

X T

Let @ and b be the two given sides, and X the given angle.
Construction. Take a line AB and from it cut off AB=a.

Make the angle BAD = X and from AD cut off AD = b.

With centres B and D, and radii equal to ¥, a respectively
draw two arcs intersecting at C.

Join CB, CD.
Then ABCD is the par™ reqd.

Proof. Join DB.
In the A* ABD, DBC,
AB=CD
AD=BC
and BD is common,
the two A* are congruent ;
SO that, the £ ABD = the L CDB
and the / ADB = the /2 DBC.
But these are pairs of alternate angles.
AB is || to CD and AD is | to BC
7.e., ABCD is a par”.

Q. E.F.
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PROBLEM 16.

To construct u square on a given side.

C

Let AB he the given side.

Construction. At A draw AD perpendicular to AB and

cut off from it AD= AB.

With B and D as centres and with radius A8, draw two arcs

cutting at C.
Join CB, CD.

Then ABCD is the square required.

Proot. Join DB. Asin Prob. 15, ABCD may he shewn to

be a par™.

Because the /. BAD is a rt. 2~ and also by construction the

sides of the figure are equal.

ABCD is a square.

Q. E.F.
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EXERCISE 20
(On Problens !3-16),

1. Coustruct a quadrilateral having given
(i) four sides and an angle ,
(ii) three sides and two diagonals ;
(iii) three sides and the two angles between them ;
(iv) thetwo segments of each diagonal and the angle between
them ;
(v) two adjacent sides and three angles.

2. Construct a parallelogram having given

(i) two adjacent sides and a diagonal ;
(ii) two adjacent sides and the angle between a diagonal and
one of the two sides ;
(iii) a side and two diagonals ;
and (iv) twe diagonals and the included angle.

3. Construct a trapezium having given the parallel sides, and the
other two.

[1f ABCD is the trapezium with AB || to CD, through B draw
BE || to AD to meet CD at E. Then, clearly the sides of the ACEB
are known and ABED is also a known par™.]

4. Construct a rhombus having given
(i) a side and an angle ;
(ii) a side and a diagonal ;
and  (iii) two diagonals.

b. Construct a rectangle having given

(i) two adjacent sides ;
(ii) a disgonal and a side ;
and (i) a diagonal and the angle between the diagenals.

6. Construct a square having given a diagonal.

[Diagonals of a square are equal and biscct each other at rt.
angles.]



CHAPTER X
LOCI

73. When a point moves and its motion is restricted by
some given condition, the path traced out by the point iz called
the locus.

Q
"'\\

For instance, when a point P moves so that its distance from
a fixed point O, is always the same, say, 2 ems,, its locus is evi-
dently the circumference of a circle of which the fixed point 0
is the centre and the given distance (viz. 2 cms.), the radius.

When any number of points, each of which satisfies a given
condition, lie on a particular line (straight or curved), that line is also
called the locus of those points. From this point of view, the locus
of points, each of which lies at a given distance from a given peint,
is the circumference of the circle which is described with the
given point as centre and the given distance as radius.

74. In order to show that the locus of a point is a certain
line (straight or curved) it must be proved that (i) every point
which satisfies the given condition lies on the line;

and (1) every point on the line salisfies the given condition.

In many cases, however, when the first part is proved, the
second part becomes evident, and is not, therefore, established.
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THEOREM 25‘
The locus of @ point which is equidistant from two
ficed points is the perpendicular bisector of the straight
line joining the two fixed points,

Let A and B be two fixed points.

1t is required to prove that the locus of a point equidistant

from A and B is the perpendicular bisector of AB.
Cf. Fig. Art. 73,

v.e. to prove that \i) ¢f any point is equidistant from A and B,
it 1= on the perpendicular bisector of AB;

and (ii) sf any point lies on the perpendicular bisector of
AB, il is equidistant from A and B.

(i) Let P be any point equidistant from A and B so thas
PA=PB.

1t 4s required 1o prove that P lies on the perpendicular bisector
of AB.

Proof. Let C = the mid-pt, of AB.
Join PC.
In the A* PCA, PCB,
PA=PB
CA=CB
and PC is common,
The two A’ are congruent.
Hence, the £ ACP= £ BCP.
CP is perp. to AB,
i.e. P lies on the perpendicular bisector of AB.
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(ii) Let P be any point on the perpendicular bisector PC
of AB.

It is required to prove that P is equidistant from A and B.

Proof. In the A® PCA, PCB,
' AC=BC,
PC is common,
and the £ PCA = the £ PCB, each being a rt. £.
The two A°® are congruent.
Hence, PA=PB.
te., P isequidistant from A and B.

From (i) and (ii), the required locus of P is the per-
pendicular bisector of AB.
Q. E. D.

EXERCISE 20A

1. Prove that the locus of a point.which moves in sucha manner
that its distance from a given straight line is always the same, con-
sists of two straight lines parallel to the given line, one on either
side of it.

2. Find the locus of the vertex of an isosceles triangle on a
given base AB.

3. Str. lines are drawn from the vertex A to the base BC of the
AABC. Find the locus of their middle points.

4. The locus of the vertices of right-angled triangles described
on a given hypotenuse AB, is the circle on AB as diameter.

5. A straight rod PQ of fixed length slips between two fixed
rods OA, OB at rt. angles of each other. The locus of the middle
point of PQ is a circle with centre O and radius=4.PQ.

6. Find the locus of the centre of circles passing through two
given points.

7. Thelocus of a point which is equidistant from two given
par’ lines is the line par! to each of them and lying half way between
them. .

8. TFind a point in a given straight linc at a gn en distance from
another given straight line.
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THEOREM 26.
.o

The locus of a point which is equidistant from two inter-
secting straight lines congists of the pair of straight lines
which bisect the angles betweer the tiro given lines.

[») M

K

Lt AB, CD be two given str. lines which intersect at E.

It is required to prove that the locus of @ point equidistant
frome AB and CD ds the pair of lmes which bisect the angles
between AB and CD.

i.e., to prove that
(i) f any point s equidistant from AD and CD. it lies on
either of the bisectors of the angles between AB and CD;
and (ii) ¢f any point lies on any of the bisectors of the amgles
between AB and CD, it is equidistant from AB and CD.

(i) Let P be any point cquidistant from AB and CD so that
the perp. PM on AB=the perp. PN on CD.

It s required to prove that the /£ PEM =the / PEN.

Proof. In the right-angled A PEM, PEN,
the hypotenuse PE is common
and PM=PN;
The two A* are congruent.

Hence, /£ PEM = £ PEN,
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(ii) Next, let P be any point on the bisector of any one of
the angles between AB and CD.

1t is required to prove that P is equidistant from AB and CD.

Proof. From P draw PM and PN L to AB and CD
respectively.
In the A* PEM, PEN, we have
the £ PEM = the / PEN, Hyp.
the £ PME = the / PNE, Rt. /s.
and the side EP common;
the two A* are equal in all respects.
Hence PM = PN.
i.e. P is equidistant from AB and CD.
From (i) and (ii), the locus of a point equidistant from
AB and CD is the pair of lines which hiscct the angles betwcen
AB and CD. Q. E.D.

INnTERSECTION OF Locr

75. When a point satisfies more than one geometrical condi-
tion it can be found out conveniently by the method of loci,
as in the following illustrations.

Ex.1. Find the point in a given str. line X so that its
distances from two given points A and B outside the line X
may be equal.

D

C
_ Bince the locus of all the points equidistant from A and B
is the perpendicular bisector, CD, of the line AB,
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the required point must lie on CD.
But it is also on X.

Hence, the reqd. pt. is comingn to both CD and X i.e. the
point of their intersection, viz. P.

Ex. 2. Finda point equidistant from three given points
A, B, C.

Since the point required A
is equidistant from A and -
B, it must be on the perpen-
dicular hixector, X, of the line
AB.

Again, since the point is .2 ___ . N
also equidistant from A and B C
C it must be on the perpendicular bisector, Y, of the line

AC.

Hence, the point required must be common to hoth X and v
v.e. the poiut of intersection O of the lines X and v.

gz, 3. Find a point cquidistant from the sides BC, CA,
AB of the A ABC.

A

The locus of points equi-
distant from BC, AB is the
hisector, BO of the / ABC.

Similarly, the locus of
points equidistant from BC,

CA is the bisector, CO of —
the £ BCA.

£ c..

Hence, the point common to BO and CO must satisfy
both these conditions, 7.c. O, the point of intersection of BO
and CO must he equidistant from BC, CA, AB.
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EXERCISE 21

1. What is the locus of points which are equidistant from two
given points ? Construct an isesceles triangle on a given base AB
and having its vertex on a given line.

2. What is the locus of points which are equally distant from
two intersecting straight lines 7

Find a point in a given straight line so that it may be equally
distant from two intersecting straight lines.

3. Find a point which is equally distant from two fixed points
and is alsé at & given distance from a third fixed poiut.

When is this problem impossible ?

4. TFind a point which is equally distant from two fixed straight
lines and is also at a given distance from a fixed point.

5. Find a point which is equally distant from two fixed straight
lines and from two fixed points.

6. Find a point which is at a distance of 5 ems. from two fixed
intersecting lines.

7. TFind ‘the centre of a circle pussing. through threc given
points.

8. Draw a circle passing through two given points and having
a given radius.

9. Find a point which is at a distance of 2 inches from onc
fixed point and 3 inches from another.

When is this problem impossible ?

10. AB and AC are two fixed and unlimited straight lines. Find
a point which is at a distance of 2 inches from AB and 3 inches
from AC.



CHAPTER XI
MISCELLANEOUS PROPOSITIONS (I)

1. The bisectors of the angles of a triangle meet al & point.

8 ‘ (o} ) C ‘
Let ABC he a A, and let the hisectors of the £ B and C
meet at O.-
Join AO

It 4s vequired to prove that AO is the bisector of the £ A.
From 'O draw OD, OE, OF _L to BC, CA. AB respectively.

Proof. Because BO bisects the £ ABC,
any pt. in BO is equidistant from BC and BA ;
OD=OF.

For a similar reason, any pt. in CO is equidistant from CB
and CA;

OD=O0E.
Hence OF=OE.
O is on the bisector of the £ BAC ;
t.e., AO is on the bisector of the /BAC.

Thus, the bisectors of the £* A, B, C meet at a pt. Q. E. D.

76. When three or more straight lines meet at a point,
they are said to he concurrent. ’

So the above proposition might bhe stated as follows:—7The
bisectors of the angles of a triangle are concurrent.

‘When three or more points lie in the same straight. line
they are said to he collinear.
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2. The perpendiculars drawn to the sides of a triangle
from their middle points are concurrent.
A

jo
B D C
Let ABC be a A, and D, E. F be the mid-points of BC, CA.
AB respectively.
From F and E draw L* to AB, AC meeting at O.
Join OD.
It is required to prove that OD s L to BC.
Join OA, OB, OC.
Proof. Because O is on the perpendicular hisector of AB,
OA=0B.
For a similar reason, OA=0C.
Hence OB=0C;
and .. O ison the L hisector of BC,
Hence OD is -L to BC. Q. E.D.

8. The perpendiculars drawn from the veriices of a triamgle
to the opposite sides are concurrent.
F A E

(=4
Q

b -
Let ABC be a A, and let AP, BQ, CR, when produced, he L
to BC, CA, AB respectively. -
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It is required to provc that AP, BQ, CR (when produced) are
concurrent.

Through A, B and C, draw str. lmes Il to BC, CA and AB
respectively, thus formmg the ADEF.

Proof. Since FE is || to BC,and FD is || to AC,
.. AFBC is a par”.
FA=BC.
Similarly, AE=BC.
Hence, FA=AE ; and .". A is the mid-point of EF.
Similarly, B is the mid-pt. of FD, and C is the mid-pt. of DE.
Now, since BC is |l to FE, and AP produced is L to BC,
AP is also L to FE.
Similarly, BQ is L to FD and CR is L to DE.
Thus, AP, BQ and CR are .L to the sides of the] AEFD at
their middle points; and .. they are concurrent. Q. E.D.

4. The medians of a triangle are concurrent ; the common
posmt divides each median into two paris, of which the part
nearer the vertex ts double the other.

Let E, F be the mid-pts. of the sides CA and AB of the
A ABC, and let the medians BE, CF intersect at G.
Join AG;, and produce it to meet BC at D.
It is required to prove that D is the mid-pt. of BC.
Through B draw BH || to FC. and produce ‘AD to meet
BH at H.
Join CH.
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Proof. (1) In the AABH, Fis the mid-pt. of AB, and FG
is || to BH;

- G is the mid-pt. of AH.

Agam in the AAHC, G and E are the mid-pts. of the
sides AH and AC. .

. GE 1| to HC.

Thus the opp. sides of the quadl. BGCH are |, and .. BGCH
is a par™.

But the diagonals of a par” bisect one another;

] .. D is the mid-pt. of BC.

Thus the three medians AD, BE, CF mect at the point G.

Q. E. D.

(2) Since D is the mid-pt.of GH.

. GH=2GD.
But AG = GH, .. AG = 2GD.
5 = = 2GE; o4
.’ o4 = 1 = 30k} Th. 24, Cor. 2
Q. E.D.

77. The point of intersection of the medians of a triangle
is called the centroid of the triangle.

Thus, in the above figure, the point G is the Centroid of
the AABC.

5. A and B are two puints on the same sude of arn unlimiled
straight line CD. P s a point in CD such that the angles APC and
BPD are equal. Prove that, of all points on the straight line CD.
P is that the sum of whose distances from A and B s the least.

8

. F
Let Q be any other pt. in CD.
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Join AQ, BQ.
It is requared to prove that AQ+ QB> AP +PB.

Produce BP to F, making RF=PA; join AF, cutting CD inE.

Join FQ.
Proof. Inthe A' APE, FPE, we have
® AP=FF,
PE common,

and the 2~ APE=the LEPF
(. each of them =the /BPD).
the two A°‘ are congruent.
Hence, AE=EF, and EP is L to AF,
Thus, CD is the L bisector of the str. line AF.
Hence, QA=QF;

and .. AQ+QB=FQ+QB.
Also AP+PB=FB. Cons.
But FQ+aQBis > FB,
AQ+QB is> AP+PB. Q. E. D.

MISCELLANEOUS EXERCISES

1. A straight line AB is bisected at C. If any point P be taken
on AB produced. prove that AP+ BP=2CP.

2. A straight line AB is bisected at C and any point P is taken
in BC, show that AP -BP=2CP.
3. Define adjacent angles.
POA, POB are angles on the same side of OP. If OC bisects
/. AOB,prove that ZPOA+ /ZPOB=2/POC.

.4, AOP, BOP are adjacent angles, of which AOP is the greater.
If OC bisects £ AOB, prove that / AOP -2 BOP=2/COP.

5. If, in the diagram of Th. 1, ZAOC is one-third of £ BOC,
find £COD.

6. If the straight line joining the middle points of two opposite<
sides of a quadrilateral be perpendicular to each of these sides, prove
th‘xt its other sides are equal. .

7. If the bisector of the vertical angle of a triangle also bisects
the base, prove that the triangle is either isosceles or obtuse-angled

8
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8. The equal sides AB, AC of an isosceles triangle ABC are
.produced to D and E respectively such that BD=CE. Prove that
BE=CD.
“8.} BC is the greatest side of the AABC, and E. F are any points
in A, AB respectively, prove that BC > EF.

'10. No straight line can be drawn within a triangle greater than
the greatest side.

11. In any triangle any two sides are together greater than twice
the median which bisects the remaining side.

Hence deduce that en any triangle the sum of the medians is
less than the perimeter.

12. The diameter is the grealest chord of a circle. [The straight
line joining any two points on the circumference of a circle is called
a chord.] .

13. The angle made by two straight lines joining any point on a
circle to the ends of a diameter is a rt. angle.

14. The angle betwecn the bisector of the vertical angle of a tri-
angle and the perpendicular from the vertex to the base is equal to

Jhalf the difference of the base angles.

15. ABC is an equilateral triangle, and D is a point within it.
Show that it is possible to construct a triangle with its sides equal to
DA, DB, DC.

16. ABCD is a quadrilateral such that the bisectors of /Zs ABC,
BCD make a tt. angle. Prove that AB is parallel to CD.

17. 1In a certain triangle the three angles are in the ratio 4 : 3 : 2.
Find the number of degrees in cach angle.

18. In a right-angled triangle, onc acute angle exceeds the other

- by 80°. Find the angles.

19. How many sides has a regular polygon whose interior angle
is 19 times as great as its exterior angle ?

20. If the sum of the interior angles of a polygon is 24 rt. angles,
find the number of its sides.

21. If each interior angle of a regular polygon be 14} rt. angles,
find the number of its sides. :

22. ABCDE is a regular pentagon, and AC is joined. Prove that
the bisector of the 2 ACB is at right angles to CD.

23. Prove that the triangle formed by joining the middle points
of the sides of an equilateral triangle is also equilateral.

24. If a quddrilateral has all itd sides equal, prove that its dia-
gonals bisect each other at right angles.
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25. ABC is a triangle of which the sides AB i8 greater than the
gside AC, if D is the middle pomt of BC and AD is joined, prove
that the £ ADB is obtuse.

26. If, in Ex. 25, E be any point on AD, prove that BE is greater
than CE,

27. Any point P is taken within a circle with centre O dnd
straight lines PA, PB are drawn to the circumference. If LPOA >
£ POB, prove that PA > PB and conversely.

28. Through any point X within a circle the diameter’ AB is
drawn such that the centre of the circle lies on AX. Prove that AX
and BX are respectively the greatest and the least of all the straight
lines that can be drawn from X to the circumference. ‘

29. 1In the AABC the sides AB, AC are produced to D and E
respectively such that BD=CE. If CD > BE, then AB > AC and
conversely, if AB > AC, then CD > BE.

30. ABCD is a quadrilateral in which AB=CD and AC > BD.
Prove that L ABC > £ BCD.

31. ABC is a trianglc of which the side AC is greater than the
side AB. AD is drawn bisecting the angle BAC, and meeting BC
in D. Prove that CD is greater than BD.

32. Through a given point- draw a straight lme such that the per-
pendiculars on it from two fixed points may be on opposite side of it
and equal to each other.

33. ABCD is a parallelogram ; E and F are the mid-points of AB
and CD respectively. Tf DE, BF intersect the diagonal AC at G
and H, prove that AG=GH=HC.

34. Prove that the medians of a triangle meﬁt at a point which is
a point of trisection on each of them. Hence find a method of
trisecting a given straight line.

35. Construet a triangle having given the base, the perpendicular
from the vertex to the base, and the line joining the vertex to the
mid-point of the base. ,

36. ABC is a triangle. If AB, AC be produced to D and E res-
pectively, prove that the bisectors of the angle DBC, ECB meet at a
point which lies on the bisector of the angle BAC.

37. Construct a right-angled triangle having given the hypote-
nuse and the sum of the sides.

38. Prove that the locus of the vertices of all right-angled tri-
angles which have a commen hypotenuse is a circle.
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39. Construct an isosceles triangle having given the base, and the
sumhofb onc of the equal sides and the perpendicular from the vertex
to the base.

40. AB, AC are two given straight lines ; through a given pt. D
between them, draw a straight line meeting AB, ACin G and H, so
that GH may be bisected at D.

41. OA, OB, OC are three given straight lines, of which OB lies
between OA and OC. Draw the straight line terminated by OA and
OC, and bisected by OB.

42. ABCDisa faarallelogram, and MN is an unlimited straight
line outside it. If AP, BQ, CR, DS be perpendiculars to MN,
prove that AP+CR=BQ+DS. -

43. Construct a triangle, having given the base, an angle at the
base, and the difference of the sides.

44. BC is the base of an isosceles triangle ABC, EAD is drawn
parallel to BC, and any point P is taken on AD. Prove that
BP+PC > BA+AC.

Prove also that if Q be any point above the line DE, BQ+QC
>BA+AC.

‘Hence prove that if R be any Jpoint abore BC, such that
BR+RC=BA+AC, then R must he below DE.

45. Of all taiangles which stand on the same base and which
have their vertices in a straight line parallel to the base, prove that
the triangle which is isosceles, has the /east perinieter.

46. Prove that any side of a triangle i8 greater than the differ-
ence of the other two sides. Hence prove that if P is a point in an
unlimited straight line MN, such that PA and PB are equally
incliped, to it, where A and B are two fixed points on opgosite sides
of MN, then of all points in the given straight line, P is that the
difference of whose distances from A and B is the greafest.

47. Construct a triangle having given the three medians.
[To the figure of Misc. Prop. No. 4 ; notice that the ABGH can
be constructed.]
48. If two of the medians of a triangle are equal, the triangle is
isosceles.
49. Find the locus of a point which moves 8o that the sum or

difference of its distances from two intersecting str. lines at rt.
angles to each other is always a constant,

50 If the sides of a triangle are unequal prove that the bisector
of the vertical angle lies between the median and the perpendicular
from the vertex to the base.




BOOK 1I
AREAS

CHAPTER I
DEFINITIONS |

1. The area of a figure is the amount of surface enclosed
by its bounding lines.

2. A square inch is the area of a square described on a
side one inch long.

A square centtmetre is the area of a square described on a
side one centimstre long.

Squeare
Inch.

5
Crh.

Similarly, the terms a square foot, a square yard, a
square mile, etc. are used in the same sense.

8. The unit of area is the area of a square on a side of one
unit length.

Thus, if the unit of length is an inck, the unit of area is a
square tnch ; if the unit of length is a centzmetre, the unit of
area is a square centimetre ; etc.

4. To measure the area of a figure is to find how often the
figure contains the unit of area.
5. The area of a rectangle.

Let PQRS be a rectangle of which the length PQ=4 units
and the breadth QR =3 units.
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Divide PQ into four equal parts and QR into 3 equal parts
and through the pts. of division Q P
in either side, draw lines para- ’
llel to the other ;. then the whole
rectangle is divided into 8 rows
of squares, a side of each square
being equal to the unit of length.
There are 4 squares in each row ;
the total number of squares=3
times 4=12, and hence the area R S
of the rectangle=12 units of area. .

Similarly, if the length =@ units and the hreadth:b umts
the area of the rectangle =a x b units of area.
Hence, if the side of a square= g units,
its area=a x @ units of area
=qa? units of area,
or, briefly, the area of a rectangle =length x breadth ;
the area of a square=side x side.

NOTATION
6. The square on the side AB is written as AB®, or
8q. on AB.
A rectangle is said to be contained by any two of its ad-

jacent sides. Thus, the rectangle ABCD is contained by AB
and BC and is briefly wrilten as “the rect. AB, BC”, or “AB.BC”.

A four-sided figure is very often named by the two letters
at opposite corners. Thus, the rectangle ABCD might he named
the rect. AC or the reot. BD.

DEFINITION

7. Any side of a parallelogram or a triangle may be called
the base.

The altitude (or height) of a parallclogram with reference
to a given side as base is the perpendicular distance hetween.
the base and the opposite side.
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Thus, in fig. 1 below, CM is the altitude of the par™ AC with
reference to AB as base,

The altitude ( or height) of a triangle with reference to
a given side as base is the perpendicular distance of the opposite
vertex from the base.

For example, in fig. 2 below, CM is the altitude of the A ABC
with reference to AB as hase.

8. Parallelograms or triangles which are between the same
parallels have equal altitudes.

F
i
1
'
]
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Fig. 1. Fig. 2.

Thus, in fig. 1, the parallelograms AC, EG arc between the
same parallels, AF and DG. The figure CMNH is clearly a
rectangle.

CM=HN.

Also in fig. 2, the A" ABC, DEF are between the same
parallels AE and CF. The figure OMNF is evidently a
rectangle.

CM=FN.
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THEOREMS
THEOREM 27.

Parallelograms on the same base and between the same
parallels (hence, of the same altitude) are equal in area.

A D E E

B C

Let the par™ ABCD and EBCF be on the same base BC and
between the same parallels AF, BC.

It is required to prove that the par" ABCD amd EBCF are
equal in area.

Proof. Since DC is || to AB,
the £/ FDC=the int. opp. Z EAB.
Again, since EB is || to FC,
the /£ DFC=the ext. / AEB.
Thus, in the two A* FDC, EAB, we have
the £ FDC=the £/ EAB,
the £ DFC=the / AEB,
and DC=AB; opp. sides of a par™.

the two A* are equal in all respects.
Th. 18.

Hence, the whole quadl. ABCF minus the AFDC
=the whole quadl. ABCF minus the AEAB.
the par™ ABCD =the par™ EBCF.
Q.E. D.
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9. Area of a Parallelogram.

Let ABCD be a par™ on the base8C. F A E D
Draw CE L to AD; then &C isthe
altitude of the par™.

Draw BF || to CE, meeting DA pro-
duced in F. Then FBCE is a rectangle,
and it is contained by BC and CE. 8 C

Now, since FC and AC are par™ on the same base and
hetween the same parallels,

area of the par™ ABCD
=area of the rect. BCEF

=BCXEC
=base x altitude.

COR. Parallelograms on equal bases and of equal altitudes
are equal in area.

This follows easily, because the area of a par” depends only
on its base and altitude.

Jx. Find the area of a par™ whose base is H ft. and
altitude 3 ft.
Area reqd. =hase x altitude=5 x3 sq. ft. =15 sq. ft.

EXERCISE 1

1. Divide a given parallelogram into four equal parallelograms.

2. A parallelogram and an equal rectangle stand on the same
base and are on the same side of it. Show that the perimeter of the
parallelogram is greater than that of the rectangle.

3. Find the area of a parallelogram two of whose adjacent sides
are 4 cm. and 5 cm. and the included angle betwéen these sides
is 30°,
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THEOREM 28.

Triangles on the same base and between the same
parallels (kence, of the swme altitude) are equal in area.

E A D F

B C

Let the A* ABC, DBC be on the same hasec BC and between
the same I AD, BC.

I is required to prove that the A* ABC, DBC are equal in areu.

Draw BE | to CA, meeting DA produced in E; and draw
CF |l to BD, meeting AD produced in F.

Proof. EBCA and DBCF are par*; and they are on the
same base BC, and hetween the same |I* EF, BC.
the par” EBCA=the par™ DBCF.

But, the A ABC=half the par” EBCA ; }
and the ADBC= half the par™ DBCF.

the AABC=the ADBC.
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COR. Triangles on equal bases and of the same altitude
are equal in area.
A

w
Let ABC and DEF be
two A* on equal bases BC
and EF, and having equal
altitudes AP, DQ.
8 P C E E Q

Suppose the ADEF taken up and so placed that EF may
coincide with BC, and D may fall on the same side of BC as A.
Then the two A* will be on the same base and of the same
altitude, and hence they are equal in area.

Nore. Hence triangles on equzl bases and befween the same
parallels are equal in area. For, triangles between the same paral-
lels are of the same altitude.

Ex. 1. Any median of a iriangle divides the iriangle inio two
equal parts.

For, the triangles on the two sides of the median are on
equal bases and have a common altitude.

Ex. 2. Any diagonal -of a pardllelogram divides the
parallelogram into two equal parts.

For, the parallelogram is divided by the diagonal into
two triangles which stand on equal bases and are of equal
altitudes.
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THEOREM 29.

If a triangle and a parallelogram be on the same base
and between the same parallels, then the area of the triangle
42 equal to half that of the parallelogram.

E D A

8 C

Let the AABC and the par” BCDE be on the same base BC,
and between the same |I* EA, BC.

1t is required to prove that the AABC is half of the par™
BCDE.

Proof. Join BD.
The diagonal BD bisects the par™ EC;
the ADBC is half of the par™ BCDE.
But the ADBC=the AABC; because they are on the same
base BC, and between the same |I* BC, DA ;
the A ABC is half of the par™ BCDE.
Q.E. D.
COR. The area of a triangle is equal to half that of a
rectangle contained by the base and alttiude of the triangle.

Let ABC be & .A of which BC €. A

D
is the base and AP, the altitude.
Draw AE | to PB ; also draw CD
and BE each Il to PA, meeting AE
in D and E respectively.
’ )

B c P

., Then the par™ EC and the A ABC are on the same base and
- between the same |I*, .. the A ABC=1 of the par™ EC.
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But, since CD is || to PA, the par™ EC is pvidently a rect-
angle ; and it is contained by BC and CD; 4.e., by BC and PA.
.. the AABC=1% of the rect. contained by BC and PA.

10. The area of a triangle.

Let BC=a units and the altitude PA= p units of length.
area of the triangle ABC
=4 of the area of the rect. contained by BC, PA
=4.BCX PA=3% ap units of area.
The result may also be expressed as follows :—
(i) area of a triangle
=}.base x altitude.
(ii) altetude=1twrice the area +base.
(iii) base=twice the area -+ altitude.

Ex. 1. Find the area of a triangle whose base and altitude
are 7 cms, and 4 ems. respectively.
The reqd. area=1. base X altitude
=% X7x%4 sq. cm.
=14 sq. cm.

Ex. 2. The area of a triangle is 54 sq. ft. If the altitude
is 18 ft. find the base.

The base required
_2xarea_2x54
~altitude” 18
=6 ft.
11. Area of a trapezium.
Let ABCD he a trapezium with AB par! to CD.

Let AB=a units of length M D b
CD =5 units of length.

Draw AM perpendicular P
on CD and CN perpendicular
on AB.

P
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Example. Find the area of the ﬁgufe ABCDE from the

following plan and table of measurements.

[T 78 pe=2y

EX=40

YARrDS
AC =61
AZ=50
AY=40

AX=20

BY=22 -

Here the fig.= AABC+ ADCZ+ AAEX+trap” DEXZ.

Now, AABC=1. AC. BY=1}X061x22=0671 sq. yds,
- ADCZ=1.Cz. DZ=%4x%x11%28=154 sq. yds.
AAEX=1%. AX. BX=%X%20%40=400 sq. yds.

trap” DEXZ=4.(DZ+EX).XZ=}%68%x30=1020 sq. yds.
qd.=2245 sq. yds.

Adding up, the total area re

NorEe. The above table is briefly recorded as follows :

_Ef_Rl)f ) The distances are measured
To ¢ from A along the base line to
the points from which the offsets
61 spring and are recorded in the
central column. The measures
Top 28 50 of the offsets are recorded on
the right or on the left of this
40 22 toB column according as they are
To E 40 2 . the right or to the left of the
base line:
From A
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THEOREM 30.

Equal triangles on the same base are of the same alti-
tude.
A D

8 P C Q

Let the A* ABC and DBC, standing on the same hase BC, be
equal in area.

Let AP and DQ be the altitudes of the A* ABC and DBC.
It is required to prove that AP=DQ.

Proof. The A ABC=1 the rect. BC, AP

and the ADBC=1 the rect. BC, DQ

the rect. BC, AP= the rect. BC, DQ
AP=DQ. Q. E.D.

Note. It may be similarly proved that equal triangles on equal
bases are of the same altitude.

COR. Equal triangles on the same base (or on equal bases in
the same straight line) and on the same side of it are between the
same parallels.

For in the above diagram, AR being equal and |' to DQ, AD
is || to PQ, t.e., to BC.

EXERCISE 2

If A, a, p are the area, base and altitude of a triangle respectively,
find

1. A when a=12cn.; p=7cn.
2. a when'A=144 sq. ft. ; p=24 ft.
3. pwhen a=12in.; A=30 sq. in.
4. A when a=5p; p=3ft.
5. n when A=125 gq. cm. ; p=10a.
»

9 4
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6. Find the area of a par»if the base=15 ft. and height=
3 yds.
7. TFind the area of a rhombus if its diagonals are (i) 7 cm. and
20 cm. ; (ii) 8 ft., 17 ft.; (iii) 5 yds., 12 ft.
8. Find the area of a rectangle if the sides are (i) 10 cem. and
7 em. ; (i) 23 ft., 5 ft. ; (iil) 18 yds., 13 ft.
9. Find the area of a square when the sideis (i) 5 in. ; (ii) 7 em.;
(iii) 3 yds.
10. - Find the area of a square if a diagonal is (i) 7 ft. ; (ii) 12 em. ;
(iil) 13 yds.
11. Prove that the four triangles into which a parallelogram is
divided by its diagonals are equal in area.

12. - Prove that cqual triangles on opposite sides of the same base
have equal altitudes. Hence prove that if two equal triangles
ABC, DBC be on opposite sides of the same base BC, AD is bisected
by BC er BC produced.

13. BC and AD are the parallel sides of a trapezium and E is
the mid-point of CD. Prove that the AAEB is half of the whole
figure.

14. TIf two triangles have two sides of the onc cqual to two sides
of the other, and the contained angles supplementary, show that the
two triangles can be so placed asto form two parts of the same trian-
gle, and hence that they are equal in arca.

15. 1f two sides of a triangle are given, prove that the area is
greatest when the included angle is a right angle.

16. Prove that if a quadrilateral be hxqec-bed by each oi its diago-
nals, it must be a parallelogram.

17. Prove that in any quadrilateral the straight lines joining the
middle points of opposite sides bisect each other.

18. If E, F be the mid-points of the sides AC, AB of a triangle
ABC, prove that the triangle AEF is one-fourth of the whole trian-
gle ABC.

19. D, E are the mid-points of the sides AB, AC of a triangle
ABC; and P is any point in BC produced. Prove that the triangle
PDE is one-fourth of the triangle ABC.

20. Iftwo parallelograms have two adjacent sides of the one
respectively equal to two adjacent sides of the other, and the included
angles supplementary, prove that the parallelograms are equal
in area, '
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21.  On the base of a given triangle, dmw an isosceles triangle
of equal area.

22. If the middle points of the siles of a quudrilateral are joined

.in order, the parallelogram so formed is half the quadrilateral.
23, ABCDisapar™. If any point P be taken within it, prove
that the A’ PAB, PCD are together equal to half the par™.

24. AD is » median of the AABC. If P be any point on AD,
prove that the APAB=the APAC.

25. Prove that the area of a thombus is half the product of its
diagonals.

26. The base of a triangle is divided into three equal parts. Prove
that lines drawn from the vertex to the points of division divide
the triangle into 3 equal parts.

27. Prove that the sum of the distances of any point within an
equilateral triangle from its sides is the same for all positions of the
point.

28. Prove that the sum of the distances of any point within a
rhombus from its sides is the same for all positions of the point.

29. On the base AB construct a par™ ABEF equal in area to a
given par™ ABCD such that the ZABE is 45°.

30. On the base AB construct an isosceles triangle equal to a
given par™ ABCD. .

31. Thesides of a rt. angled triangle are 5, 12 and 13 ft. Find its
height with reference to the hypotenuse as base.

32. Find the area of a trapezium if the parallel sides and the
altitude are (i) 11 ft., 9 ft. ; 8 ft. ;

(ii) 13'ft., 19 £t ;2 yds. :
(iii) 9 cm., 21 cn. 5 3 em.

33. Prove that any str. line through the pomt of intersection of
the diagonals of a parallelogram bisects it. Hence show how a
parallelogram may be bisected by a str. line drawn

(i) through a given point ;
(ii) par! to a given line ;
(iii) perpendicular to a given line.

34. Find the locus of the vertex of a triangle on a fixed base and
having a constant area.

35. Find the locus of the point of intersection of the diagonals:
of a parallelogram on a given fixed base and having a constant
area.

36. A square and a thombus stand on the same base. Prove that
the rhombus has a lesser area.
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PROBLEMS ON AREAS
PROBLEM 17.

To construct a parallelogram equal to a givere triangle
and having one of its angles equal to a giren angle.

A F G

N
AN

8 E (o]
Let ABC be a given A, and D the given /.

It 18 required to construct a par™ equal to the AABC, and
having one of its /. *=the /£ D.

Construction. Bisect BC at E.

At E in CE, make the £ CEF=the £ D; draw CG |l to EF;
draw AG | to BC, meeting EF and CG in F and G respectively.

Then the figure FC is the required par™.

Proof. Join AE.

Since the two A’ ABE, AEC are on equal hases BE, EC, and
of the same altitude ;

. the AABE =the A AEC.
the A ABC is double of the AAEC.. . ....... (@)

The quadl. FC is a par”, because its opposite sides are [.

Now, the par™ FC and the A AEC are on the same hase EC
and between the same |I* AG, EC;

the par™ FC is double of the AAEC................. (8)
Hence, from () and (B), the par” FC=the A ABC;
and it has also the £ CEF=the 2 D. Q.E.F.

COR. To comstruct a rectangle equal in area to a
given triangle.

Ifin the above problem. ,D=90°, the par™ constructed
will be a rectangle.
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‘PROBLEM' 18

To construct a triangle cqual in area to o given
quadrilateral.

D

A B E

Let ABCD be the given quadrilateral.

1t is required to construct a triangle equal in area to ABCD.

Construction. Join DB.
From € draw CE par! to DB meeting AB produced at E.
: Join DE.

Then AED is the required triangle.

Proof. Because the A* BDE, BDC are on the same base BD
and hetween the same parallels DB, CE,
the ABDE =the ABDC in area,
To each of these equals add the A ABD ;

then the A AED=the fig. ABCD.
Q.E.F.
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PROBLEM 19.

To construct a triangle equal in aren to any gien
rectilineal figure.
A

F c 5} G

Let ABCDE he a given rectilineal figure.

It is required (o construct @ A equal in area Yo the rectilineal
figure ABCDE.

Construction, Join AC; AD.
Draw BF || to AC, meeting DC produced in F: and draw
EG |l to AD, meeting CD produced in G.
Join AF, AG.
Then AFG is the required A.

Proof. The A*® ABC, AFC arc on the same hase AC and
between the same ||* AC, BF ;
*. the AABC=the AAFC......covvoeveerreennnnn, (a)

Also, the A° AED, AGD are on the same base AD and be-
tween the same ||° AD, EG;
.. the AAED=the AAGD........c.evvverrrinnens 8
" Hencé, from () and (8),
the A AFC+the A ACD+the A AGD

‘ =the AABC+the AACD+the AAED; )
i.¢, the A AFG =the rectil. figure ABCDE. Q. E. F.

Note 1. The given rectil. figure is = the rectil. figure ABCG
which has one side less than those of the given figure. From this it
i8 clear that a seven sided rectil. figure can be reduced to one_of siz
sides, and this latter again to one of five sides ; and 8o on. Thus, by
successive repetitions of the above process, any given rectil. figure
may be finally reduced to a triangle of cqual area.

NotE 2. We can construct a rectangle equal to any given rectil.
figure. For, all that we have to do is to reduce the given figure to a
triangle of equal area, and then construct a rectangle equal to this
triangle. (Bee Prop. 17.)
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PROBLEM 20.

o biscct a triangle by a straight line drawn through a
grven point in one of its sides,

Let ABC he the given triangle, and P the given point in the
side BC.

It 1s requered to busect the A ABC by a str. line through P,

Construction. Join AP.
Through D, the middle point of BC. draw DE par' to PA
mecting AB at E.
Join EP.
Then PE bisects the A ABC.

Proof. Join AD.

Because the A* EDP, EDA are on the sare base ED and
between the same parallels ED, AP.
the AEDP=the AEDA in area.
To each of these equals add the AEBD.
Then, the AEBP=the A ABD.
But BO=DC
the A ABD=the AACD
=4 the A ABC.
Hence, the AEBP =4 the A ABC.

Q.E.F.
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PROBLEM 21.

To trisect a triangle by straight lines drown through a
given point in one of its sides.

8 O P E —

Let ABC be the given triangle and P the given point in the

side BC.
It is required to irisect the A ABC by straight lines drawn

through P.
Construection. Join AP.

Trisect BC at D, E and through D, E draw lines DF, EG
par’ to PA, meeting the sides BA, CA al F and G respeetively.

Join PF. PG.
Then, PF and PG trisect the A ABC.
Proof. Join AD; AE.

Because the A* PDF, ADF stand on the same base DF and
are between the same par” DF, PA;
.. the APDF=the AADF.
To each of these equals add the ABDF.
Then, the ABPF=the A ABD.
But, .© BD=DE=EC,
.. the AABD=the AADE=the AAEC={ A ABC. Th, 28. Cor.
Hence the ABPF=} AABC.
Similarly, the ACPG=} AABC.
.. the remaining figure AFPG=4 AABC;
4., the lines PF, PG trisect the A ABC. Q E.F.
N.B. Students are always required to show distinctly all traces
of constructions.
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PROBLEM 22.

To bisect a quadrilateral by a str. line drawn through
an angular pornt.

A B
Let ABCD be the given quadrilateral and A the given angu-
lar point.
It is required to bisect ABCD by a str. line drawn through A.

Construction. Join AC, BD.
Let the A ABC be > A ADC.

Bisect BD at E and through E draw EF par’ to AC
meeting BC at F.

Join AF.
Then the line AF hisects the quadrilateral ABCD.
Proof. Join AE, CE.

Because the A* ACE, ACF stand on the same base AC and
are hetween the same par” AC, EF.
. AACF= AACE.
To each of these equals add the A ACD.
Then the fig. ADCF=the fig. ADCE.
But the fig. ADCE= AADE + ACDE
=1AABD+}ACBD [ DE=%BD]
=1 quadl. ABCD.
-.  the fig. ADCF=1. quadl. ABCD.
s.e., AF bisects the quadl. ABCD. QE.F.
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PROBLEM 22. SECOND METHOD.

Construction, Join AC.
Let the A ABC be > AACD.

Draw the A ABE =the quadl. ABCD.
Prob. 18.
Bisect BE at F.
Join AF.

Then AF bisects the quadl. ABCD,

Proof. Since BF=! BE, .. AABF=} AABE=}. quadl
ABCD,
i.e., AF bisects the quadl. ABCD.
Q.EF.

Nore. The condition that AABC is >AADC is nccessary ;
otherwise F would lie on BC produced, in which case the above
construction fails.
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PROBLEM 23.

1o construct a parallelogram equal in area to a given
parallelogram having one side of given length.

F G

Let ABCD be the given par* and L the given side.

It is required to comstruct on a side=L, a par" equal s
area to ABCD.

Construction. From AB cut off AE=L. Join ED.
Through B draw BF par’ to ED meeting AD produced at F.

Through F draw FG par' to AE and through E draw EG
par! to AF, to meet FG at G.
Then AEGF is a required par”.

Proof. Join EF, BD.
Now, the par™ AEGF has the side AE=L.
Also, . the A+ DEF, BED stand on the same base DE

and are between the same par® ED, BF.
.. the ADEF=the ABED.
To each of these equals add the A AED,
.. the A AEF=the A ABD.
But, par™ AEGF=2 A AEF and par® ABCD =2 A ABD, Th. 23.
par” AEGF=par™ ABCD. Q.EF.

N. B. Notice that any other par™ which has the same base A&
and is betwoen the same par* AE, FG is also a required par™.

. Note. If the re%uired par™ must have also an angle equal to a
ﬁven angle, draw the line AH such that Z EAH=the given angle.

t AH meet FG at H. Complete the par™ AEIH, which is the
reqd. par™.
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PROBLEM 23. SECOND METHOD.

E | K G

L

A B E

Construction. Produce AB to E so that BE=L. Join EC

and produce it to meet AD produced at F. Complete the par”
AEGF.

Produce BC to meet FG at K and DC to meet EG at H.
Then KCHG is the required par™.

Proof. Because the line ECF bisects the par™ BH, DK, AG.

the AHCE =the ABCE ;
the AKCF=the ADCF;
the AGEF=the AAEF.
HPnce, AGEF- AHCE— AKCF= AAEF—- ABCE - ADCF.
par” KCHG=par” ABCD.
Also, the side CH=BE =L. Q.EF.

15. In the above figure the par™ BH, DK are called
parallelograms about the diagonal EF and the par™ AC,
CG are called their complements.

N. B. Notice that complements of the parallelograms which are
about the diggonal of a par™ are equal.

u’flhus, in the above figure, par™ AC, CG have been proved to be
equal.
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EXERCISE 8

1. On the side of a parallelogram draw a parallelogram of equal
area having an angle equal to (i) 45° ; (ii) 60°; Iii") 90° ; (iv) 120°;
(v) 135°.

2. On the base of a iriangle draw a triangle of equal area having
an angle at the base equal to a given angle.

3. Construct a triangle whose sides are 3'5 cm., 4 ¢m. and 3 em.,,
and transform it (i) into an equivalent right-angled triangle and
(ii) into an equivalent isosceles triangle having the base 4 cm. in
each case.

t. On one side of a triangle construct a parallelogram of equal
area having one of its angles equal to a given angle.

5. On oue side of a triangle as base construct an isosceles triangle
equal to half the given triangle.

Hence show how to construct a rhombus equal in arex to a
triangle having one side of the triangle as a diagonal.

6. P is a given point in the side AB of a triangle ABC. Find a
point D in BC produced so that the triangle PBD may be equal to
the triangle ABC.

7. ABC is a triangle and P is a point in BA produced. Find a
point D in BC so that the triangle PBD may be equal to the triangle
ABC.

8. On a géven basc construct a triangle cqual in area to u given
triangle.

[Let ABC be the given A and X, the given base. Cut off from
BC, (or BC produced if necessary), BD equal to X. Join AD.
Through C draw CP || to DA meeting BA or BA produced in P.
Then APBD is one of the required triangles.]}

9. The sides of a triangle are 10 em., 12 em., 14 cm. Construct a

triangle of equal area, one of whose sides is 9 cm.

10. Draw a triangle whosc sides are 5, 6", .75, Draw an equi-
valent triangle, one of whose sides is 10”.  [1 inch is written as 1.}

11. On a given base draw an isosceles triangle equal in area to a
given triangle.

12, On a given base describe a triangle having a given angle at the
base and equal in area to a given triangle.
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13. On a given base AB construct a rectangle equal to a given
square.

14. On a given base AB construct a rectangle equal to a given
rectangle.

15. Draw a parallelogram ABCD with its sides AB, AD equal to

given straight lines and its area equal to that of a given rectangle
AEFG.

D Ke
H R
Y /
N
x| G F
A = 3

B

Let x, y be the given str. lines and suppose AB=z and AD=y.

Along AE or AE produced set of AB=z. Join BG. Draw EH
parallel to BG to cut AG or AG produced in H. Draw HDC parallel
to AE. With centre as A and radius AD (=y) draw an arc cutting
HDC at D. Complete the par” ABCD.

Evidently, the par™ AC=the rect. HB=the rect. AF, by Ex. 14.

16. On a given base AB construct a par™ cqual in ares {0 a given
par™ and having one of its angles equal to a given angle.

17. On a given str. line construct a par” equivalent to a given
triangle and having onc of its angles equal to a given angle.

[On double the given base, construct a A equivalent to the given
triangle (See Ex. 8). Then apply Prob. 17.]

18. On a given base construct a rectangle equivalent to a given
triangle.

19. Draw a par™ with sides 5, 3" and the contained angle 30°.
On the same base construct a rhombus equal to ite ‘area, noting the
case of failure, if any.
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20. Describe a par™ (i) equal in area tp & given quadrilateral ;
(ii) equivalent to a given rectilineal figure,
and having ai: angle equal to a given angle.

21. Draw a rectangle equal to a given (i) quadrilateral ;

(ii) pentagon.

22. Draw a vthombus equal to a given (i) triangle ; (il) quadrilateral

and (iii) pentagon.

23. Divide a triangle into tive equal parts by lines drawn through

one of its angular points.

24. Divide a triangle into two parts in the ratio 1 : 4 by a str.
line drawn through a point in any one of its side.

25. Divide a triangle into two parts in the ratio2 : 3 by a line
drawn through a vertex.

26. Divide a triangle into two parts in the ratio 3:4 by a line
drawn through any point in a side.

27. Divide a triangle into any number of equal parts by drawing
lines from a vertex.

Hence, divide a given triangle into two parts in the ratio m : # by
aline (i) drawn through a vertex ;
(ii) drawn through any point in its side,

28. From a quadrilateral cut oft' a third part by drawing a line
through one of its vertices.

[In Prob. 22, 2nd Method, cut off BF =}BE, then, AABF is
clearly a third part.]

29. Draw a line through a vertex of a guadrilateral dividing it
into two parts in the ratio 2: 3.

30. Bisect a quadrilateral by a str. line drawn throuygh a giren
potnt in one of the sides.

[With the given pt. as vertex, draw a triangle=quadl. (See Prob.

18) and join the pt. with the mid-pt. of its base.]

31. Trisect a parallelogram by lines drawn through an angular
point.

32, Divide a par™ into two parts in the ratio 2: 3 by a line drawn
through an angular peint.



CHAPTER 1V
PYTHAGORAS’ THEOREM

THEOREM 31.

- In a right-angled triangle the square described on the
hypotenuse is equal to the sum of the squares described
on the sides containing the right angle.

E P D

Let ABC be a right-angled A, having the right angle at A.
Let BCDE, ABFG and ACHK be the squares described.on BC,
AB and AC respectively.

It is required to prove that the sq. BD=the sum of the
squares AF and AH.

Draw AP |l to BE or CD, meeting DE in P.
Join, AE, CF.

Proof. Since each of the adj. 2 *BAC, BAGisart. £,
CAand AG are in one str. line,
Now, the /CBE=the /ABF; [each being a rt. 2]

adding the £ ABC to each of therp, we have the whole
/. ABE =the whole / FBC.
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Then in the two A* ABE, FBC, we have.
AB=FB,
BE=BC, ,
and the / ABE=the /#BC;
». the two £ ¢ are equal in all respects.
Now, the AABE and the rect. BP are on the same base, BE
and bétween the same ||* AP, BE ;
. the rect. BP=twioe the A ABE.
Also, since the A FBC and the 8q. AF are on the same base
FB and between the same li* GC, FB,
the sq. AF=twice the A FBC.
Hence, the rect. BP =the sq. AF.

Similarly, by joining AD and BH, it may be shown that the
rect. CP=the sq. AH.

the rectangle BP and CP are together
=the sum of the squares AF and AH,
1., the sq. BD =the sum of the 8qs. AF and AH.
Q. E, D.

NoTtee This theorem was discovered by Pythagoras.

168. The above result may be briefly written as follows :
BC?=CA? +AB2.

1., if @ and b denote the lepgths of the sides containing the
right angle and ¢=the length of the hypotenuse

02 =.a2 +b2'
Hence, at=0?-bA,
and b2=c® —-ab.

Therefore, when any {wo sides of a right-angied friangle ‘are
known thé third side can be found owl.

104
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Ex. 1. If the sides of a right angled triangle containing
the rt. angle are 3 cm. and 4 om., find its hypotenuse.

Let the hypotenuse=c¢ cm.
c2=82+42=9+16=2p
%8, c=.25=5h.

Hence, the hyp. =5 cm.

Ez. 2. A ladder 13 ft. long is placed with one ot its ends
on a horizontal plane so as to reach the top of a vertical wall
12 ft. high. How far is the foot of the ladder from wall ?

Let the distance reqd. =z ft.

Then, clearly the ladder forms the hypotenuse of a right-
angled triangle whose sides containing the rt. 2 are 12ft, and
x ft.

S 132=1224 2

or, 169=144+x?

or, x22=169-144=25;
2= J25=D.

17. In the course of the proof of Th. 31, the following im-
portant results have been established :

If 8C and AP intersect at N, then it has heen proved that
the sq. AF=rect. BP

7.e., the sq. on AB=the rect. contained “by BN, BC;
[ BE=BC]

Also, the sq. AH=the rect. CP,

1.6, $q. on AC=the rect. contained by CN, BC.[".'CD=8C]
These results may also be ex- A
pressed thus: If ABC be a
triangle right-angled at A and
AN is drawn perpendieular on
the hypotenuse BC, then AB? , )
=gNBCand AC’=cNBC, B8 T TN ¢
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THEOREM 32.

If the square described on one $ide of a triangle be equal
to the sum of the squares described on the ollef two sides,
then the angle conlained by those two sudes s a right angle.

D

B c

Let ABC be a triangle such that BC2=CA%+ ABZ.
It is required to prove that the £/ BAC is a right angle.

Draw AD L to AC, and make AD=AB.
Join DC.

Proof. Sincethe LCADisart./,
DC2=CA*+AD?
=CA2+ AB>.

Héhee the sq. on DC=the 5q. on BC;
DC=BC.

Now, in the two A‘ ABC, ADC, we have
AB= AD: Gm.
: AC common,
8nd BC'_—DC)
the two A’ are congruent.

Hence the 2 BAC = the ZDAC=art. £. Q. E. D,

Bx. 1. We have 82+42=5?, Hence if ﬂleﬁda“ ﬂ" a
triangle are 8, 4 and b units of length respectively the Irangle
is nght-angled
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Ex. 2. Again, since 52+ 12*=~18%, " .. the triangle whose
gides are D, 12 and 13 units of length respectively, is right-
angled.

Ex. 3. Wehave (m2—n2)2+(2mn)*=(m?+n?)2

». if the sides of a triangle are m2—n2 2mn and
m®+n? units of length respectively, the triangle is right-
angled. «

Hence for each pair of numbers that may be substituted for
m and n, we shall get a set of three numbers representing three
str, lines which can form a right-angled triangle. Thus if
m=2 and n=1, we have the sides equal to 3, 4 and 5 units
respectively ; if m=4 and #=3, we have the sides equal to 7,
24 and 26 units respectively ; if m=4 and n=1, we have the
sides equal to 15, 8 and 17 units respectively ; and so on.

EXERCISE 4

1. Find the hypotenuse of a right-angled triangle if the sides
containing the rt. Z are
(i) 3 4; (i) 5,12; (ifi) 8, 15;
(iv) 24,10; (v) 7,24; (vi) 11,17

2. If the hypotenuse and a side of a rt. angled trianglo are
(i) 25, 7; (i) 17,8; (iit) 26, 10; (iv) 35,84 ; (v) 13,10 find the
third side in each case.
3. Prove that a triangle is right angled if its sides are
(i) 6 810; () 10,24,26; (i) 14, 48°50;
(v) 16,30,34; (v) 15,20,25;  (vi) 28, 45,53
4. If a man starting from a place A travels 12 miles due North
and then 5 miles due East, how far is he from A at the end of his
journey ?
5. A ladder 37 feet long rests with one end on the ground and
the other on the top of a wall. Caleulate the height of the wall if
the distance of the foot of the ladder from the wall be 12 feet.

6. * Two posts 25 ft. and 32 ft. high are 24 £ apart. Find the
distance betaveen their tops.
Y. A rope 6B ft, long is tied to the top of » verbiodl post. When
atrgbchod tight, it touches the ground et a distance of 32 ft. from
« the foot of the post. Find the height of the poat.
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8. A rod 13 feet long is held vertically in a "tank of whter, ane
end of the rod reaching the bottom of the tank, and the other being
abovs the surface of the water. Another rod of equal length 8 held
in a elant position, one end being in cdntact with +he Jower snd of
the firet rod and the other being o the surface of the Water, If the
upper end of the second rod be 5 feet distant from the point where
the first cugs the murface of water, caloulate the length of that
portion of the first rod which s above the water. -

9. Find the diagonal of a square if its side is (i) 4 £t ; (1) 32 em.;
(iii) 15 yds. ; {iv) o ft. ’

10. Find the diagonal of a rectangle whose adjacent sides are
(i) 51t., 12 ft. ; (ii) 8 cm., 15 em. ; (iii) @ cm., b cm.

11. If the diagonal of a rectangle is 26 ft. and its length 24 ft.,
caloulate its aren.

12. Find the side of a rhombus if its diagonals are 21 cm,, 72 om.

18. If the base and altitude of an isosceles triangle are 4'8 cm.
and 4'5 cm., find the sides.

v14.  If the base and one of the equal sides of an isso. A are 4:2 ft.

and 7'5 ft. respectively, find its altitude and area.

15.  Find the altitude of an cquilateral triangle if its side is 15 ft.

Hence find its area.

16. AD is the altitude of an equilateral triangle ABC, 1f AD and
BD respectively contain p and m units of length, prove that p*=3m?*.
17. A square is half the square on its diagonal.

Hence construct a square (i) double a given square, and (ii) half
a given square.

18. Prove that the sum of the squares on the sides of a rhombus
is equal & the sum of the sqiiares on its dagonals.

19. ABCD is & quadrilateral in which the diagonals are at right
angles. Prove that
AB?+CD*=BC?+AD?.
20. ABC is a triangle right-angled at A, and D is a point on AC.

Prove that
BC'+AD?=BD*AC?.
21. Construct a rectangle such that the square on its diagonal is
equal to five times & given square.
22. ABC is a triangle right-angled at'A. AN is drawn pefp. on,
BC, meeting BC at N. Prove that
g AB!—ACY=BN?-CN?;
i) AB*=BN.BC;
(i} AC!=CN.BC.
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23. Construct 4 square equal in area to the sam of two given
squares.

. [Draw a rt. angled A with the sides of the given square as the
sides containing the rt. /. The sq. on the hypotenuse is the sq. reqd.]

24, Construct a square equal in area to the difference of two
given squares.

25. Divide a given straight line into two parts so that the sum
of the squares on the parts may be equal to a given square.

26. . Divide a given str. line into two parts such that the difference
of the squares on the parts may be equal to a given square.
SOME APPLICATIONS OF THE
THEOREM oOF PYTHAGORAS

1. To draw squares whose areas shall be respectively twice,
three times, four times ele. that of a given square.

Hence to deduce graphically the values of /2, /3: J4. /b, etc.

o G \ x
Let unit length reg;esent the side of the given square.
Take two lines OX, OY at right angles and cut off OA, OS
each =1 unit. Join AS,
Then, AS2=0A2+08%=1+1=2,
4.6., 8q. on AS is twice the given squares,
Also, AS=.2.
Next, out off from 0X, OB=SA and join SB,
Then, SB? = 0B? +0S2=AS%+08%*=2+1=3,
i.e., the sq. on SB is three times the given square.
Also, SB=./3.
Again, cut off from OX, OC= SB and join 8C.
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Then 8C2=0C%+08%=8B2+08? =3+1=4:, .
.., 8q. on SC is four times the givenlsquate.
Also. s¢C=./4.
SA, SB, SC may be obtained by measurement and conse-

quently /2, /3, etc. may be found. Proceeding in this
manner, the values of /6, /6,...... may also be determined.

2. If the sides BC, CA, AB of a triangle be respectively equal
lo a, b and ¢ uniis of length, and if 23=a+b+ ¢, prove that the
area of the triangle= \/s(s— a)(s - b)(s — ¢) umits of area.

A

P

B z D a-=z c
Let the altitude AD of the triangle contain p units of length.
.. The area of the A =%£' units of area.

Now, let BD be=z units of length ; then CD=a—2a units
of length.
From the A ADB, we have p?=¢2-2? ;
and from the AADC, p2=b2—(a—=x)2.
et—x2=bh2-(a—x)3,
2__hH2 2
whence x=q———b2;l—t‘-’—.
Hence, p2=c¢®-x2% .
2 2 2\ 2
. g_—_b_iﬁ_)
¢ ( 2a
a?—b%+c? a®—b>+¢?
={c+-~—- 5z J1¢7 9z

_(cta)?=b% b2—(c—a)?

- 2a * 2

_(cta+b)cta—b)b+tc—g)(b—c+a),
MT
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Now, since Js=a+b+c,
¢ta—b=(a+b+c)—2b=2s—b),
b+c—a=(a+b+c)=2a=2s—a),
a+b—c=(a+b+c)—2c=2s—¢),
e d8(s—a)s—b)s—c)
R ph="m e =

. p‘:u@;a)(s—_g).(s—c)
. —a .

Hence, the area of the AABC .

= %Q = /s(s—a)(s— b)(s—c) units of area.

3. AB s a given straight line. Find a point P wn AB, or
AB produced, such that the difference of the squares on AP, BP
may be equal to the square on a given line GD.

E c

P B D A 8 P D

Construction. Draw BE -L to AB, making BE=CD.
Join AE ; and make the / AEP= L EAB.

Let EP meet AB, or AB produced, in P.

The point P thus found is the required point.

Proof. Since the Z/ AEP=the LEAP,
AP=EP,
Hence, AP? - AP*=EP® ~BP?
. =EB?[". the LEBP is a right £]
=CD2.
Q.E. F.



CHAPTER 'V
MISCELLANEDUS PROPOSITIONS (1I)
1. The stranght line joining the middle poinis of amy two
sides of o triangle is parallel 1o the third side and egwal to falf
of i.

A

B F [+
Let D, E be the mid-pts. of the sides AB and AC of a
AABC. ‘
It is required to prove that DE is || to BC and is={BC.
Proof. (1) Join BE, CD.

The A® BDC, ADC are on equal bases and of the same
altityde ;
.. the ABDC=the AADC;
and .. the ABDC=4 the AABC
Similarly, the ABEC=} the A ABC.

Hence the ABDC= the ABEC.
DE is || to BC.

(2) Let F be the mid-pt. of BC; join EF.
Then since E and F are the mid-pts. of AC and BC,
. EFisjto AB.
Hence DF is a par™,
. DE=BF=}BGC. Q.E.D.
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COR. Conversely, if through the middle point of a side of a
triangle a straight line be drawn parallel to another, it will pass
through the middle point of the third side.

In the above diagram, if DE be | to BC, then the
ABEC=the ABDC.

, . the ABEC=1} the A ABC.

Hence the pt. E is the mid-pt., of AC (for, if any other pt. E’
were the mid-pt.,) the ABE'C would be half of the A ABC,
which is impossible.

2. If D is the mid-pt. of the side BC of a triangls ABC,
prove that AD bisects any straight line EF, draun parallel 1o BC
and meeting the sides AB. AC at E and F respectively.

A
\G
e/ F
[ NN
B D C
Proof. Join DE, DF.

The At BED, DFC are on equal hases BD, DC and between
the same I’ EF, BC;
. the ABED=the ADFC.
Also the A ABD=the A ADC. .
.. the AAED=the AAFD. Ax 3.
Let EG and FH be the altitudes of the A AED, AFD; and
let K be the pt. where EF outs AD.
The A AED=1% the rect. AD.EG
and the AAFD=1} the rect. AD.FH.
. EG=FH.
Now,.in the A® EKG, FKH,
EG=FH,
the / EKG=the vertically opp. Z FKH,
the ZEGK=the/ FHK, each being a ri. angle;
.. the two A* are congruent.
Hence, EK=FK. Q. E. D.
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MISCELLANEOUS EXERCISES

1. A rectangle and a par™ of equal ares stand on the same base.

Prove that the parimeter of the ycctangle is less than that of the
parallclogram.

2. The four triangles into which the diagonals divide a parallelo-
gram are equal in area.

3. If two triangles of equal area stand on epposite sides of a
common base, the line joining the vertices is bisected by the base.

4. The sum of the perpendiculars from any point withif any
cquilateral figure to its sides is the sanie wherever the point is taken.

5. Of all triangles of equal arca and on thesame base that which
is isosceles has the least perimeter.

6. ABCD is a par™ and P is any point within the angle which
AD makes with BA produced. Prove that the APAC= APAB
+ APAD.

[Draw DE, BF par’ to AP to meet AC at E, F. Then A« AEP,
BFC being congruent, AE=CF. .. APCF=AAEP=APAD.
Also APAF=APAB. Hence.]

7. If in Ex. 6, P is within the /Z BAD, prove that

APAC= APAB- APAD.

8. Prove that a trapezium is bisected by the line joining the
middle points of the parallel sides.

9. Two sides of a trianglc bemg given prove that the area inclu-,
ded is greatest when the angle between the sides is art. Z.

10. AABC is drawn on a given line BC as base such that its
area ig equal to & given area Prove that the locus of A is a pair of
lines each par! to BC.

11. ABCD is a par™ drawn on a given line AC as diagonal such
that its area is equal to a given area. Find the locus of B and D.

12. ABCP is a quadrilateral such that its area is always equal to
ABCD. Find the locus of P.

13. Construct a triangle, given its area and two sides.

Is the construction always possible ?

14. Construct a triangle having given ares, a side and an angle
adjacent to the side.

15. Construct a rectangle equal in arvea to a-given triangle.

16. On a given side construct a rectangle equal in area to a given
rectangle.
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17. Draw a parallslogram e&unl in wrea toa given parallelogranm,
having given also (i) a side and an angle ; (ii) two sides.

18. Bhow that a par” ig bisected by any line through the pt. of
intereection of its diagonals,

Hence bisect a par™ by a line perpendicular to a given line.

10, Construct a triangle equal in area to a given triangle and
having its altitude of given length.

20. Trisect a given triahgle by lines drawn through any vertex.

21. Find the point O within the triangle ABC such that AAOB
= ABOC= ACQA.

22. ABCD is » quadrilateral where AABC is twice the AADC.

If AC and BD cut at O, prove that DO=4.8D.

23. Divide a square into three equal parts by straight lines drawn
through a vertex. ]

24. Divide a quadtilateral into three equal parts by str. lines
drawn through a vertex.

25. Divide a pentagon into three equal parts by lines drawn
through a vertex.

26. Divide a pentagon into fiveequal parts by lines drawn through
a vertex.

27. Bisect a trapezium (i) by a line drawn through one of its
vertices ; (ii) by a line drawn through a point in one of the sides.

28. E, F are mid-points of the sides BC, CD of the sq. ABCD.
Show that AAEF=41. trap™ ABCF.

29. Construct a Earallelogram which is equal in area toa given
triangle and which has a given side and a given angle.

30. If the sides containing the right angle of a right-angled
triangle ate a, b, find

(i) the hypotenuse ;
(li) thearea; .
(iii) the perpendicular from the rt. angle to the hypote-

nuse ;
and (iv) the median from the right angle to the hypotenuse.

31, If a, b are the measures of the sides of a right-angled trianﬁ}e
eoneaininf the rt. angle and p that of the perpendicular from the
tight angle to the hypotenuse, prove that

1 1 1
i)—r= F+ AR
?b’lf P is any point within the rect. ABCD, PA!+PC*=PB?

+

33. A and B'are two fixed points and CD any str. line perpendi-
“ctilar to AB meeting AB or A% produced in D. ¥ Prove thatp?f P is
* a8y point in CO,

PA? -PB?=DA?-DB".
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34. ABC is a triangle acute angled at C. Pm* tixat

AB!*<AC?+BCH. -
Hence, prove that if in a triarglc ABC,
AB?*>AC’+RBCH,

then the Z ACB is obtuse.
35. The AABCis rt. anjled at C, If the ZA=60° prove that
(i) AB=2AC ; (ii) 3AB*=4BC? ; and (i1i) BC?*=3AC?,
36. If an equilateral triangle and a square stand on the same base,

prove that the area of the A=%§.the area of the square.

Hence deduce that the equilateral triangle described en the hypo-
tenuse of a right-angled triangle is equal to the sum of the equilateral
triangles drawn on the sides containing the right angle.

37. Divide a str. line into two parts such that the square on one
part may be double the square on the other.

[If AB be the given line, construct the AABC such that /Z B=15°
and, £ A=} of 46°. Draw CD making LACD=/A and meeting
AB at D. Prove that AD=CD=CB and BD*=CD?*+CB?*=2AD1.]

38. Divide a str. line into two parts such that the square on one
part may be three times the squsre on the other.

[If AB be the given line, construct the A ABCsuch that £ B=60>
and £ A=45>. Draw the hne CD making ZACD= /LA, to meet AB
at D. The ABDC is rt. angled at D and its £B=60°. Clearly,
AD=CD and AD?=CD?=3BD?*. See Ex. 34. (iii)]

39. Calculate'the area of a triangle whose sides are (i) 10, 17,
21 omg ; (ii) 5,12, 18t (i) 10, 11, 18 cmas.; (iv) 18, 24, 33 ft.,
reapectively.

40. Calculate the area of a triangle whose sides are 7, 24, 25 ft.
regpectively.

Hence find the length of the perpendicular on the greatest side
from the opposite angular point.

41. The parallel sides of a trapezium are 20 and 34 ft. and the
other two sides are 13 and 15 ft. Find the area of the trapezivhy.

[First, find the dietance between the par aides.]

42, Deacribe a rhombus equal to a given rectilineal figure,

43. Construct s reotangle equal t4 the sum or difference of two
given triangles.




BOOK III
THE CIRCLE

CHAPTER 1
FUNDAMENTAL IDEAS AND DEFINITIONS

1. A circle is a plane figure bounded by one line which
is such that all straight lines drawn to it from a certain fixed
point within the figure are equal to one another. -

The fixxed point is called its centre and the bounding line is
galled its circumferénce.

The term-circle denotes the space bounded by the circum-
ference ; but the word is also often used to mean the circum-
ference itself, if no confusion is likely to arise.

Nore. Evidently, the circle is a closed figure.

2. Any straight line drawn from the centre of a circle to
the eircumference is called a radius of the circle.

Hence, (1) all radit of the same circle are equal to ome
another, and

(%) if any straight line be drawn from the cenire of a circle
equal Lo the radius, the extremsty of the lme will be on the oir-
cumference.

8. Any straight line drawn through the centre of a ecircle
and terminated both ways by the circumference is called a
diameter of the circle.

Hence, a diameter=2 X radius.

4. A semi~circle is the figure bounded by a diameter of a
c&cle and the part of the circumference which it euts off.

" 'Hence, every diameter divides a circle into two semi-circles.

5. Two or more circles are said to be concentric when
.they have the same centre.
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6, From the above definitions, the follawibg properties of
circles are evident +—

(i) Iftwo cirdles have equul rdusi they are ofngruem.

(if) A point is without or within & circle according as its
distance from the centre is greater or less than theradjns, °

(iii) Concentric circles, whose
radii are unequal, cannot cut one
another.

(iv) Acircle 18 a closed figme ;
hence, if a straight line crosses the
cireumference, it will also cross it at
a ~acond pointwhen produced

OO

7. Any part of the eircumference ot a circle is called an
are of the circle.

Thus, PAQ, PBQ are arc-

3]
o

8. The finite straight line joining any two points on the
circumference of a circle is oalled a chord of the cirole,

Thus, in the fig. of § 7, PQ is a chord,
Nore 1. A diameter is also a chord.
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Norw 8. Every chord which is not a_ diameter, divides the_cir-
cumference into unequal arcs, of which the greater one is called the
major arc and the lesser, the minor are.

These two arcs are called conjugate to each other.

Thas, in the figure of § 7, PAQ is the minor aro and PBQ is
thé major are.

Algo the arcs PAQ, PBQ are conjugate to each other.
SYMMETRY

9. A figure is said to be sym;netrical about a line if the
part of the figure on one side of the line coincides completely
with the part on the other side when the figure is folded about
that line.

The line is called an axis of symmetry of the figure.

Ex. 1. It is casy to see that an isosceles triangle is symmetrical
about the bisector of its vertical angle.

Ex. 2. A square is symmetrical about a diagonal or about cach
of the lines joining the middle points of its opposite sides.

Ex. 8. A rhombus is symmetrical about each of its diagonals.

If a figure is symmetrical about a line, then either hali of the
figure is called an image or reflection of the other w

10. A figure is said to be symmetrioal about a point O if
corresponding to every point P of the figure, there,is another
point P’ such that the str. line PP’ is bisected at O.

Ex. 1. A circle is symmetrical about the centre.

Ex. 2. A parallelogram is symmetrical about the point of inter-
section of ita diagonals.

11. Two points P, Q are said to be symmetrically oi:po-
site with respect to a line AB, if the str, line PQ is bisected at
right angles by AB.

r [Either of the points P,  is valled the image of the other in
the axis of symmetry, AB.)

Nore. Any pt. in the axis of symmetry is equidistant from the
two symmietrically opposite points.
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CHORDS
THEOREM 33.

If a straight tine drawn from the centre of a cercle
hiscets a chord which is not a diameter it is at right
angles to the chord. :

Conversely, the perpendicular to a chord from the
centre bisects the chord.

A v =]
Tet O be the centre of the ©ABC and AB, a chord not
passing through the centre.

Let OD bisect AB.

It is*required to prove that OD is perp. to AB.
Join OA, OB.
Proof. " In the A* OAD, OBD;
‘ ( OA=0B, (radii of the @)
AD=DB; Hyp.
1 and OD is common,
the two A* are congruent.
Hence, the £ ODA=the £ ODB;
and these being adjacent angles, each=a rt. £.
OD is perp. to AB.
Q. E. D,

11
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(i) Comversely, let OD be L to AB.

It is required to prove that AD=DB.
Join OA, OB.

Proof. In the right-angled A* ODA, ODB,
the hypotenuse OA=the hypotenuse OB ;
( (being radis of the ©)
' and OD is common
*. .the two A* are congruent.
Hence AD=DB. .
Q. E. D.
COR. 1. A straight line cannot cul a circle in more than
two points.

For, if the chord AB were to meet the cirele again at some
other point E, then D would be the middle point of AB as well
as of AE, which is impossible.

COR. 2. The perpendicular bisector of « chord of a circle
passes through its centre.

Let PQ be a chord of a circle of which C is the centre, and
let AB be the perp. bisector of PQ.

It 4s required Lo prove that AB passes through C.

Proof. Since AB is the perp. bisector of PQ, itis the locus
of points equidistant from P and Q. (z.e. every pt., equidistant
from P and Q, lies on AB). Also the centre, C, of the circle is
equidistant from P and Q. .. C must lie on AB.

i.€. AB passes through C.

COoR. 3. The middle points of any system of parallel chords
of a circle lie on a straight line passing through the cenire.

For, if a str. line be drawn from the centre -L to one of the
chords, it will be L to all the chords, and will .. intersect all
of them at their middle points.
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Two important Theorems Q) If two' civcles cul  each
other the line joining their centres bisects the common chord at
right angles.

Let the two ©* whose centres arc A and B cut each other
at the points C and D, so that CD is their common chord. ~

It is required to prove that AB bisects CD at right angles.
Proof. ILet N be the middle point of CD.
Join AN, BN,

Because in the ©PQH, Bis the centre and N is the mid-point
of the chord CD,

BN is L to CD. Th. 33.

Similarly, AN is _L to CD.
+? the £BNC+the LANC=21t. 2"

AN and BN are in one and the same str. line.

Hence, the str. line AB bisects CD and is also perp. to it.
QE.D,

Otherwise : The proposition may also be proved as follows :
Through N, the mld-pt of €D, draw the str. line KNE perpendi-
cular to ¢D. Then, since the pt. A is equidistant from C and D,
it must lée on the str. line KE (Th. 25, Bk.1.); and, for a similar
reason, the pt. B must lie on KE. Hendge the str. line AB
coincides with the str. line KE, and ..'it bisects €D at right
angles, Q.E. D
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(2) A eircle is symmetrical about one of its diameters.

Let PQ be any diameter of the circle P

APB, of which O is the centre.
It is required to prove that the circle
88 symmetrical about PQ. o
Take any point A on the circum- ’
Z

ference and draw AD perpendicular to
PQ and produce it to meet the circle
again at B. . o)

Proof. Because OD is perpendicular to the chord AB.
AD=DB.

Hence, the diameter PQ bisects AB at right angles. Then, if
the figure is folded ahout PQ. DA falls along DB, since Z ODA
=, 0DB)and .". Aon B (since AD=DB); .". any point A on
one semi-circumference will fall on some point B on the
other semi-circumference ;

the two semi-circumferences coincide.
Hence, the circle is symmetrical about pQ.
Q. E.D.

Nore. In the above figure, evidently A and B are symmetrically
opposite points with regard to PQ. Hence,

if @ eircle passes through any point A, it must also pass through
the symmetrically opposite point with regard to any diameter.

EXERCISE 1

1. ABis a chord of a circle of which the centre is O. Prove that
the straight line drawn from O to the middle point of AB passes
through the middle point of any other chord that is parallel to AB.

2. Prove that in a circle the centre and the middle points of
any number of chords that are parallel to one another lie in one
straight line,

3. If two chords of a circle bisect cach other, prove that their
point of intersection must be the centre of the circle.

4. If two circles, whose centres are A and B, have one point P
in common, prove that they have also another point Q in common,
where Q is such that PQ is bisected at right angles by AB.
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5. If any number of circles pass through two gm»n points, prove
that their centres all lie in one straight line.

6. If the chords AB, AC of a circle ave equally inclined to the
radius to A, prove that AB=AC.

7. If a circle pass through the vertices of a right-angled triangle,
show that its centre is the middle point of the hypotenuse.

8. If two circles have two points in common, prove that any
two parallel straight lines drawn through the common points and
terminated by the circumferences are equal.

9. From a point, O, two equal straight lines OA, OB are drawn
to the circumference of a circle whose centre is C. Prove that
the Z AOC=the £ BOC.

10. The radii of two intersecting circles are » and 7, and d 18 the
distance between their centres. Show that r—r'< d <r+r.

11. Show how to draw the chord of a ecircle which is bisected
at a given point within the circle.

12. A chord PQ of a circle cuts a concentric circle in P’, Q';
prove that PP’=QQ’".

13.  Diameter of a cirele is the greatest chord.

14. In the adjoining figure, APB represents a bridge, of the form
of an arc of a circle whose radius is » ; if the keight of the arck be k,
find the span AB.

|Evidently CP=CB=r;
. CN=r-I; hence, since
the ACNB is rt. z_ed at N,

BN?=CB?-CN?
=r?—(r—Ah)?
=2rh—h3.

AB=2BN=24/3r) —h?.]
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THEOREM 34,

There s one circle, and one only, which passes through
three giveh points, not in a straight live.
B

A Cc

Let A, B, C be three given pts. which do notlie in one str. line.

It 4s required to prove that one circle, and only one, passes
through A, B and C.
Join AB, BC.
Let DO and EO bhe the perp. bisectors of AB and BC
respectively.
Then, *.© AB and BC are not in one and the same str. line,
DO and EO are not parallel ;
DO and EO must meet in some point O.
Join OA, OB, OC.

Proof. Because O is on the perp. bisector of AB, we have,

OA=0B.
Similarly, because O is on the perp. hisector of BC, OB=0C.
.. OA=0B=0C.
Hence, the circle described with centre O and radius OA
passes through A, B and C. .

Again, because the two str. lines, DO and EO, cannot
intersect at any other point, there cannot he any other point
equidistant from A, B an({) C.

there is no other circle which passes through A, (Ei a]r;ld 8

COR. 1. Circles passing through three given points which are
not in the same str. line comncide.
For, they have the same centre and the radius,

COR. 2. One circle cannot cut another in more than two points.

For,if one ® has three points in common with another,
then there will be two ©' passing through the same three
points, which is impossible,
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COR. 8. If from a point O within a girele three equal
siraight lines OP, 0Q, OR can be drawn v the circumference,
then O must be the centre of the cirdle. ’

" Bince the pt. O is equidistant from the pts. P, Q, R, it must
he the pt. of intersection of the L bisectors of PQ and QR ;
and there is 70 other pt. besides this which can be equidistant
from_those three pts. Hence the centre of the given @, which
certainly is equidistant from the pts. P, @, R. on the circum-
ference, must coincide with O. .

12. Definition: A circle is said to he deseribed (or
circumscribed) about a triangle when it passes through the
vertices of the triangle. The circle described about a triangle is
called the circum-circle of the triangle ; and the centre and
the radius of this circle are respectively called the eircum=
centre and the eircum-radius of the triangle.

The circum-centre of a triangle is evidently the point of
intersection of the perpendicular biscctors of any two of its
sides ; and the circum-radius is the distance of any vertex of the
triangle from the circum-centre,

13. It is to he carefully noted that through any three points
uot lying on a str. line, a circle may he drawn. But it is only
under special conditions that a circle can he drawn through
more than three points.

Definition : If a circle can be drawn through four or more
points, then those points are said to he coneyelic.

' EXERCISE 2

1. @how that through two given points any number of circles
may be drawn, whose centres all lie on a straight line:

2. Is there any flaw in the statement :—

“Through any three given peints one circle, and only one, can be
described” ? :

[f 80, what's the correct statement and why ?

3. Describe a circle of given radius through two given points.
Is thig always possible ?
4. Draw a triangle whose sides are 3", 4 and 5" ; measure the
length of its circum-radius.
" 5. Prove that the centte of the circum-circle of an equilateral
triangle is equidistant from the sides.

6. Can a circle be alirays drawn through two points, having its
centre lying on a given straight line ?
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THEOREM 35.
Equal chords of a circle are equidistant from the
centre..

Conversely, chords which are equidistant from the
centre are equal.

CL_F N\ D

A_e_~ B

Let AB and CcD be two chords of a & whose centre is Q.

Let OE, OF be the .L* from O upon ABand CD respectively ;
then OE, OF are respectively the distances of AB and CD
from 0.

If AB=CD, i s required o prove that OE = OF.
Join OB, OD.

Proof. Since OE is L to AB,
EB=}AB, ' AE=EB Th. 33.
Similarly, FD=41cD.

Hence, EB=FD, ** AB=CD. Hyp.
Now, in the rt. angled A* OEB, OFD,

.. {the hypotenuse OB = the hypotenuse OD,
: and EB=FD; )

the two A’ are congruent.
Hence, OE =OF.
Q.E.D.
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Conversely, if OE =OF, it*s required to prore that
AB=CD.
Join 0B, 0D,
Proof, In thert. angled A* OEB, OFD,
{the hypotenuse OB =the hypotenuse OD.
l and OE=0OF;
the two A* arc congruent.
Hence, EB=FD.
Now, OE being L to AB, E is the mid-pt. of AB;
’ .. AB=2EB.
Similarly, cD=2FD.
Hence, AB=CD, . EB=FD. Q.E. D.
COR. 1. In equal civcles, equal chords are equadtstant from
the centre, and conversely.
COR. 2. The middle points of equal chords of a circle lie on
the circumference of a concentric circie.
For, the distances of the centre from the middle points of
the chords are equal to one another.
An Important Proposition :
Of any two chords of a circle, the one which is nearer to the
centre is greater than the one more remote.
Conversely, the greater of the two chords of a circle is nearer
to the centre than the one which is less.

Let AB and CD be two chords B

of a gircle whose centre is O; \

and let OE and OF be perp \s
from O on AB and CD res-
pectively.

D
If OF < OE, it is required to v
prove that CD > AB.

JOin OA, OC.
Proof Because OE, OF are perp’ on AB, CD,
AE=1AB. and CF=1} CD.
Again, ' the AOEAisTt, L atE, .. OA?=AE®+OE?.
Similarly; ' the AOFCisrt. £ at F,
02 =CF?+OF2,
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But  OC=O0A, being radii;
AEZ 4+ OE2=CF24 0OF 2 iiciiiieenieennes (1
But OF < OE; id.e. OF? < OEZ
CF2 > AE?;
. CF > AE; ie. CD > AB.
Conversely, if OF > OE, u 18 reqd. to prove that CD < AB.

Proof., Since OF > OE,
.. OF? > OEZ
o from (1), CF? < AE®% .. CF < AE.
. CD < AB. Q.E.D.

COR. Of all chords in a circle, those which pass through the
centre are the grealest. )

EXERCISE 3

1. Draw a circle of radius equal to 5 em. and in it place two
chords, each of length 8 cm. Verify by actual measurement that they
are equidistant fron the centre of the cirele.

2. A chord of length 6 is at a distance of 4" from the centre of
a circle. Find the length of the chord whose distance is 3" from
the centre.

3. O is the centre of a circle of which the radius is 2 and
A, B, C are three points each at a distance of one inch from O.
Construct the chords that are hisected respectively at A, B, C
and prove that these chords are equal. Verify this by actual
measurement.

4. TIf two equal chords of a circle intersect at a point, they are
cqually inclined to the diameter of the circle through that point.

(The pt. of intersection may be inside, on or outside the cirtle).

5. Any two intersecting chords of a circle, equally inclined to the
diameter through the point of intersection, are equal.

6. Show how to draw two equal chords of a circle, at right
angles to each other.

7. Parallel chords drawn through the extremities of a diameter
on opposite sides of it are equal, and conversely.

8. TIf one chord of a circle passes through the middle point of
another chord, show that the former is greater than the latter.

9. Show that there cannot be three equal chords of a circle all
passing through a given point within i.
. 10. AB, AC, AD are three chords of a circle taken in erder, AB

“being the diamcter. Prove that APB is greater than AC and AC is
gredter than AD.
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THEOREM 36.

The angle at the centre of a circle 1s double of an angle
at the cireumference, standing ‘o, the same are.

'C

Fig. 1. Fig. 2.
Let O he the centre of a = of which AB1is an are ; and

let £ AOB be the angle at the centre, and £ ACB an angle at the
O °, standing on the arc AB.

It 1s requared to prove that the / AOB={wice the / ACB
Join co and produce it to any pt D.

Proof. Since 0OB=0C, - the LOCB=the LOBC;
hut the , DOB=thc L0CB+the LOBC;
the £/ DOB=twice the / OCB.
Similarly, the /£ AOD=twice the LOCA
Hence, in fig. (1),
the 2 AOD +the £ DOB=twice the / OCA+
twice the /£ OCB,
ve the £ AOB=twice the Z ACB;
and in fig. (2),
the £ DOB—tht /2 AOD=twice the L OCB—
twice the £ OCA,
e, the £ AOB=twice the / ACB.
Q. E.D.

Obs. 1t the arc AB be equal to the semi-circumference of the
cieele, the £ AOB becomes a sirasght-angle ; and if the arc AB be
greater than the semi-circumference, then the Z AOB becomes a reflex
angle. The same proof will hold for these two cases too.
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EXERCISE 4

1. If O be the circum-centre of a triangle ABC, prove that the
_angles OBC, BAC are complementary.

2. ABCD is a circle of which the centre is O. If the sum of the
angles ADB, BDC be equal to one right-angle, prove that the points
A, O, C lie on a straight line.

3. If ABC, A'B'C’ be two triangles in which BC=B'C/, and
the £ A=the £ A’, show that their circum-circles are equal.

4. Diagonals of a parallelogram, inscribed in a circle, intersect
each other at the centre of the circle.

5. Prove that the angle subtended at the circumference of a
circle by one of its diameter is a right-angle.

6. From a point A, on the circumference of a circle, AD is drawn
perpendicular on a chord BC ; if AE be the diameter through A,
prove that the angles BAD and EAC are equal.

[Apply Ex. 5.]

7. Show how to determine the positions of three points on a
circle such that the triangle formed by joining them has two of its
angles equal to 60° and 75<.

8. _8how how to divide a circle into two parts, by a cherd, such
that the angle in one of them subtended by the chord is double that
in the other.

[Take any pt. A on the ) whose centre is O and draw a chord
AD equal to the radius, » ; through O draw OB || to AD. Join OA,
DB, so that OADB is a par™. ... the ZADB=the LAOB, take
any pt. C on the 0, on that side of AB which does not contain D.
Then LACB=}/A0B and ... =}/ ADB. Hence AB is the chord
which divides the ) in the required way.]



CHAPTER 111
SEGMENTS : ANGLES IN A SEGMENT
DEFINITIONS

14. A segment of a circle is tho figure bounded by an arc
and the chord joining the extremities of the arc.
Note 1. A scmi-circle is also a segment.

Notg 2. The chord of a segment 18 also called the base of the
segment.

15. An angle in a segment is the angle contained by tweo
straight lines drawn from any point in the arc of the ségment
to the extremities of its chord.

16. Similar segments arc those which contain equal
angles. Thus, in the following diagram, the segments ACB
and PRQ are similar, because the / * ACB and PRQ are equal.

R
| @
A" ~ B P Q

e

17. A sector of a circle is the
figure bounded by an arc and the two
radii drawn to the extreniities of the are.

Thus, in the adjoining diagram, the
figure AOBC is a sector of the ®ABD.
The figure AOBDE is also a sector.

Note 1. The angle between the two bounding radii of a sector
is called the angle of the sector. Hence the angle of the sector
AOBDE is the re-entrant angle AOB.

Notr 2. A sector becomes a semi-circle when the angle of the
sector becomes equal to two right angles.
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THEOREM 37.

Angles in the same segment of a circle are equal.

I,

Let APB be any 2 in the segment ACB of the ©®, whose
centre is O. Let AQB be any other /£ in the same segment.

It ts required to prove that the / APB = the / AQB.
Join OA, OB.

Proof. The arc AB of the ©© subtends the £ AOB at the
centre, and the /£ APB at the pt. P on the remaining part of
the 0*;

». the LAPB = half the L AOB. Th. 36.
Similarly, the £ AQB = half the £ AOB.
Hence, the £ APB = the / AQB.
Q. E. D.
- Nore. If the segment ACB be less than a semi-circle, the angle
. AOB i8 a reflex angle.
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THEOREM 38.
[CoNVERSE oF THEOREM, 37] -
If the line joining two given points swblends equal
angles at two other points on the sa.ie side of it the four
potnts lie on a cirele. ‘

Let € and D be two pts. on the same side of the str. line
joining the given points A, B and let the / ACB be=the / ADB.

It is required Lo prove that the four points A, B, C, D lie on
the circumference of a cirdle. ‘
Proof. A @ will pass through any three of the four pts.
A, B, C,D. ’ Th. 34.
if the ©® passing through A, B, C do not pass through D,
then it will cut AD, or AD produced, at some pt. E.

JOil] EB.
Then, the 7 ACB=the £ AEB, in the same segment.
But the 2/ ACB=the / ADB; Typ.

the / AEB=the / ADB;

ie. an ext. 2 of the ABED is equal to one of its int. oppesite
angles ; which is impossible.

Hence, the circle passing through A, B.C must pass also
through D. Q.E. D.

COR. Triangles standing on the same base, and on the same .
side of it, with equal vertical angles, have their vertices onm the
circumference of a circle of which the given base s a chord.

Let AB be the common base and C, D, E, F, &¢., the vertices
of the A’; then, since the Z/ ACB=the £ ADB, the © passing
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through A, B, C alse passes through D. Similarly, the ©®
passing through A, B, C also passes through E ; and so on.
Thus the pts. D, E, F, &c., all lie on the © that passes through
the pts: A, B, C; which proves the corollary.

Note. The foregoing corollary and Theorem 37 are converse
propositions. For, the corollary may be stated in a slightly altered
form, thus ;:—

If tridngles standing on the same base and on the same side of
oty have equal vertical angles, then their vertices lic on the arc of a seq-
ment of which the given base is the chord ; whilst Theorem 37 may
also be enunciated as tollows :

If triangles standing on the same base, and on the same side of i,
have their vertices on the arc of a segment of which the given base is
the chord, their rertical angles are equal.

EXERCISE 5

1. A quadrilateral ABCD is inscribed 1n a circle whose ceatre 1s
O. If the diagonals AC, BD intersect in E, prove that the
LAOB+the LCOD=2 £ AEB,

2. If two chords, AC and BD, of a circle, intersect at right
angles, show that the chords AB, CD subtend supplementary angles
at the centre.

3. AB, CD are two chords of a circle such that when produced
they meet at P. If O be the centre of the circle, prove that the angle
APC is cqual to half the difference between the angles AOC, BOD.

4. TFind the locus of the vertex of a triangle having a given
vertical angle and standing on a given base. ¢

5. XY is a given straight line and A, B are two fixed points out-
side it. Find a point in XY at which AB will subtend a right angle.

6. Show that the middle points of the sides of a triangle and
the feet of the perpendiculars drawn from the vertices to the opposite
sides are concyclic.

7. ABCD is acircle. The bisectors of the angles CAB, CBA
meet at P, and the bisectors of the angles DAB, DBA megt at Q.
Prove that the four points A, Q, P, B are concyelic.

8. ABC is a triangle inscribed in a circle. If AB be fixed ‘in
position and C be made‘to move along the circuntference, find the
locus of the point of intersection of perpendiculars from A and B on
BC and AC, respectively.
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THEOREM 39.

The opposite angles of any quadr zlat#;t%l ‘inseribed in
a circle are supplementary.

VAN
J

D

) Let ABCD be a quadrilateral inscribed ina @ whose centre
15 O.

It is required to prove that (i) the / ABC+the /£ ADC=two
right angles ;

and (i) the / BAD+the / BCD=two right angles.

Join OA, OC.

Proof. Now, the £ ADC at the O“=the half the £ AOC at

the centre, standing on the arc ABC.

Also, the £ ABC at the O*°
=half the reflex /£ AOC at the centre, standing on
the arc ADC.
Hence, the £ ADC+the / ABC=half the sum of the £ AOC

and the reflex £ AOC
=half of four right angles
=two right angles.

Slmllarly, the 2 BAD+the £ BCD=tworight angles. Q.E.D.
COR.1. Ifthe side AB of

a quadrilateral ABCD inscribed D

tn a circle be produced to E, the

angle EBC is equal to the

angle ADC. C

The £ EBC is supplement-

ary to the £ABC; also the & s T
Z ADC is supplementary to the \_/
£ ABC. Hence, the LEBC=

the 2 ADC.
12

C
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COR. 2. Ifa cirde pass through the angular points of @
parallelogram, the parallelogram must be a rectangle.

Let a © pass through the angular pts.

of the par™ ABCD. The £A=the £C A B
(opp. L* of a par™).
also, the sum of the 2* A and C is
two rt. £° because the quadl. ABCD is
inseribed in a ©. Hence, each of the o o

2" A apd C is art. 2. which proves
the corollary.

18. Definition. A quadrilateral is said to be ¢yelie when
a circle can he made to pass through its angular points.

THEOREM 40.
|CONVERSE OF THEOREM 39|

If a pair of opposite angles of a quadrilateral be sup-
plementory, the quadrilateral is a cyclic one.

E D

"

)

g

Let the £ B and D of the quadl. ABCD he togethér equal
to two rt, L°.

It is required to prove that the four poinis A, B, C, D are
coneyclic.

Proof. A © will pass through the pts. A, B, C. If this ©
do not pass through D, let it cut AD, or AD produced, at
some pt. E. Join EC.

Now, the quadl. ABCE being cyclie, the 2 AEC is the supple-
ment of tha / ABC ;

but thé £ ADC is the supplement of the /2 ABC. Hyp.

the £ AEC=the £ ADC, which is impossible.

Hence, the @ which passes through A, B, C must pass also
through D. Q.E.D.
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COR. If, when the side AB of a quadrilateral ABCD is
produced to €, the angle EBC be equal fo the dngle ADC, then
the four poinis A, B, C, D are conoyclic.

Note. It may be observed that if the /* B and B are supple-
mentary the 2*A and C are also supplementary, because the
four angles of a quadrilateral arc together equal to four right
angles.

EXERCISE 6

1. From a given point, O, outside a given circle, straight
lines OAB, OCD are drawn to meet the circle in A, B, C, D
respectively. Prove that the triangles OAC, OBD are equian-
gular.

2. The bisectors of the angles B, C of a triangle ABC meet at
P and the bisectors of the exterior angles at B, C meet at Q. Show
that B, P, C, Q are concyclic.

3. Any two triangles which stand on equal bases and have their
vertical angles supplementary, have equal circum-circles.

4. P is any point in the base AB of an isosceles triangle
ABC ; prove that the circum-circles of the triangles APC, BPC
are equal. .

5. ARBCD is a quadrilateral inscribed in a circle, the angle
ABC is bisected by a straight line BE meeting the circumfergnce
at E. If AD be produced to F, show that DE bisccts the angle
CDF.

6. ABCD is a quadrilateral and the bisectors of the angles A, B;
B,C;C,D;D, A; mectin E, F, G, H respectively. Show that the
figure EFGH is cyclic.

7. Prove that a straight line drawn parallel fo the base of an
isosceles triangle cuts off from it a cyclic quadrilateral.

[Let DE be par to the base BC of an isosceles triangle ABC.
Then, *. the Z BDE+the ZECB=the ZBDE+ Zthe'DBC=2 rt.
Z*, the four.points B, C, E, D are concyclic.]



180 MODERN GEOMETRY

THEOREM 41.

The angle in a semi-circle s a right angle.

Let AB be a diameter of a 7, of which the centre is O.
Let APB be any £ in the semi-® APB.
It is required to prove that the / APB is a right angle.

Proof. The semi-O AB subtends the straight angle AOB
at the centre, and the £ APB at the pt. P on the remaining part
of the O°*;

the £ APB=half the str. £ AOB
=half of two rt. ~2*
=one right angle,

Q. E.D.

COR. 1. Any chord of a circle sublending o right angle ot
point on the circumference is a diameter.

Let AB be the chord subtending a rt. angle at C o’ the O*.
If AB be not the diameter, let AD be the diameter through A.
Then evidently the £/ ACD=art. £/ =the £ ACB, which i im-
possible unless AD coincides with AB. Hence the proposition.

COR. 2. If a straight line AB sublends a right angle at any
point C, then the circle described on AB as diameter passes
through C.

1f the oirgle does not pass through C, let it cut AC, or AC

produced, at some point D. Join OB. Then the £ ADB, being

.in a semi-circle is a right angle and .. equal to the £ ACB,
_which is impossible. Hence, the circle must pass through ¢.
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THEOREM 42.

The angle in o segment greater than a semi-circle os
less than a right angle ; and the angle in & cegment less
than a semi-cirele is greater than a -ight anjle.

Fig. 1. Fig. 2.

(i) Let AC be a chord of the ), whose centre is O, and AB
the diameter, as in fig. (1).

Then the segment AQBC is > a sem1-2 ; let AQC be any
angle in this segment.

1t is required to prove that the £ AQC is less than o right
angle.

Join OC.

Proof. The £ AQC=half the ZAOC.
But the 7 AOC is < the £ AOB te. < tworl. £°;
the £ AQC is < one right angle.
Q.E.D.
(i) Let AC be a chord of the O, as in fig. (2).
Then the segment ARC is < a semi-® ;
let ARC be any £ in this segment.
It @s required to prove that the [ ARC is greater than a rt.
angle,
Join OC.

Proof. The arc ABC subtends the reflex £ AOC at the
centre and the £ ARC, at the pt. R on the remaining part of
the O°.

. the £ ARC =half the reflex 2 AOC.
But the refles L AOCis > twort, £*;
the £ ARC is > one right angle, Q E.D.
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EXERCISE 7

1., Two circles intersect at A and B. If AP and AQ are dis-
meters, prove that the three points P, B, Q are collinear.

+ 2. ABCis a triangle, and the circle described on AB as dia-
meter, cuts BC at D. Prove that the circle deseribed on AC as
diameter adso passes through D.

3. Cireles are described on the sides of a quadrilateral as dia-
meters. Prove that the comnion chord of two of these circles which
are adjacent is parallel to the common chord of the other two.

4. If a triangle is inscribed in a circle, prove that the sum of
the angles in the three segments cxterior to the friangle is cqual to
four right angles.

5. 1If a quadrilateral is inscribed in a circle, prove that the sum
of the angles in the four regments cxterior to the quadrilateral is
equal to six right angles.

6. ABC is a triangle, and D is the middle point of BC. If BP,
CQ be drawn perpendicular to AC, AB respectively, prove that the
perpendicular bisector of PQ will pass through D. Prove also that
the triangles ABC and APQ are equiangular. ’

7. In the figure of the preceding example, prove that the angle
BCQ is equal to the angle BPQ. .

8. Prove that the straight lines, which bisect any angle of a
quadrilateral inscribed in a circle and the opposite exterjor angle,
meet on the circumference of the circle.

9. A quadrilateral is inscribed in a circle. If the bisectors of
two of its opposite angles meet the circle in P and Q, prove that PQ
is a diameter.

10. If a trapezium be inscribed in a circle; the oblique sides must
be equal,
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THEOREM 43.
In equal circles, arcs which subfend equal angles at

the centre are equal.

Conversely, in equal circles, angles at the centres,
standing on equal arcs, are equal.

Let ABH and CDK be two equal ¢ whose centres are P
and Q; and let the arcs AB and CD subtend the ~* APB and
CQD respectively at the centres.

(¢) Ifthe £ APB be equal to the , CQD, s required to
prove that the arc AB ts equal to the arc CD.

Proof. (i) Apply the ©CDK to the ©ABH, so that the
centre Q may coincide with the centre P, and QC may fall
along PA.

Then, since the £ CQD=the £ APB, QD will fall along PB.

Hence, since QC=PA and QD=FPB, the pt. C must coinside
with the pt. A and the pt. D with the pt. B.

Also, since the two (* have now become concentric and they
have equal radii, the two O must coincide entirely.

* Hence the arc CD entirely coincides with the are AB and is
equal to it.

Q. E. D.
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(ii) Conversely, if the arc AB be equal to the arc CD, © s
required to prove that the / APB=the /. CQD.

Apply the ©CDK to the ©ABH, so that the centre Q may
coincide with the centre P, and QC may fall along PA.

_Then, since QC= PA, the pt. C must coincide with the pt. A.

Also, since the ®* have now become concentric and have
equal radii, the two O* coincide entirely.

Hence, since the arc CD=the arc AB, the pt. D must coin-
cide with the pt. B.

Now, Q coinciding with P and D with B, QD coincides with
PB ; and consequently the £ CQD coincides with the Z APB.

Hence, £ cab=the £ APB.
Q. E. D.

COR. 1. If in the same circle ABH, lhe arcs AB and EF
subtend equal £/ °APB. EPF at the centre. then the arc AB=the
orc EF.

(o D
A

Let ¢DK be a ® whose centre is Q and radius=PA, and
let the £ caD, contained by the radii QC and QD, be=the
LEPF (or the 2APB). Clearly then the arc AB=the arc
EF, because each of them =the arc CD.

, COR. 2. Ifin the same circle ABH, the arc AB be=the arc
EF, then the /' APB, EPF, which thesc arcs subtend ai the

cenire, are equal.
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Let CDK be & ® whose centre 15 Q and madius=PA, and
let the arc CD be=the arc AB (or the are EF) Clearly then the
£ APB=the £ EPF, because each pf them =the ~ CQD.

&
COR. 3. In equal curcles, sectors, which have equal angles
are equal ; also sectors which have equal arcs arc equal.

If the ©CDK be applied to the ©ABH so that the £cCaQD
coincides with the £ APB, then the arc CD also coincides with
the arc AB. Hence the sector QCD entirely coincides with the
sector PAB and is .. equal to it. Similarly, if the arc CD
be=the arc AB, it follows that the seetor QCD=the sector
PAB

.COR. L In equal circles (or wn the same circle), arcs which
subtend equal angles at the circumferences (or curcumference)
are equal.

Let 0, O’ be the centres of two cqual ©*. If the arcs AB
and CD subtend equal £°* AEB, CFD at the O, then they
also subtend equal £*at the centres, (because the /2’ AOB
CO'D are respectively doubles of the £°* AEB, CFD); and
.. the arc AB=the arc CD.

If in the same 7, the arcs AB and GH subtend equal
/.* AEB, GKH at the O, then they also subtend equal £°* at
the centre, (for the £’ AOB, GOH are respectively doubles of
the £* AEB, GKH); and .. the arc AB=the arc GH.

COR. B. In equal circles (or in the same circle), angles at the
circumfererces (or cucumference) which stand on equal arcs are
equal.

Referring to the notation of Cor. 4, if the mc AB be=the
arc CD, then the £ AOB—the £CO'D, (Th. 43); and .. the
L AEB=the / CFD, because these £* are respectively halves of
the £* AOB, CO'D.

Again, if the arc AB be=the ar¢c GH, then the £AOB=the
LQOH, (Th. 483, Cor. 2.); and .. the L AEB=the / GKH,
because these ~* are respectively halves of the £* AOB, GOH.
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THEOREM 44.

In equal circles, chords which cut off equal arcs are
equal,

Conversely, in equal circles, arcs which are cut off by
equal chords, are equal, the major arc being equal io the
magor arc and the minor to the minor.

M

Let ABE and CDF he two equal 9° of which the centres
are P and Q.
(i) Let the are AB he=the arc CD.
Join AB. CD.

It is required to prove that the chord AB is equal to the chord

co.
Join PA, PB, QC, QD.

Proof. Because the arc AB=the arc CD,
the £ APB, standing on the arc AB
=the £ caDb, standing on the are CD.
Th. 43.

Hence, in the two A* PAB, QCD,
PA=QC (radis of equal (©°)

PB'-:'QD ( »noo» ) 2 )
and the included 2 APB=the included 2 CQD,
the two A’ are congruent."

the ehord AR=the chord CD. Q. E. D.
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(ii) Conversely, if the chord AB=the ohond co.

It s requzred to prove that the major arc AEB=the magor are
CFD and the minor arc AB=the miner are CD,

Proof. In thetwo A* APB, CQD.

PA=QC (radui of equal ©*)
PB=QD ( » on ” ”
and AB=CD Hyp,

the two A* are congruent.
the £ APB=the £ CQD
the arc AB=the arc CD Th. 43.
and these are minor ares.
Again, the " being equal,
the whole O* AEBL=the whole O% CFDM.
the remaining arc AEB=the remaining arc CFD, which
proves the equality of the major arcs. Q.E.D.

COR. 1. If in the same circle ABE, the arc AB be equal to
the arc HK, then the chord AB is equal to the chord HK.

K

Let CDF be an equal (® having its centre at Q,and let the
arc CD be=the arc AB (or the arc HK). Clearly, then the chord
AB=the chord HK, because each of them =the chord CD.

COR. 2. If in the same circle ABE, the chord AB be equal to
the chord HK, then the minor arc AB is equal to the minor are
HK. and the major arc AEB is equal fo the major arc HEK.

Let CDF be an equal © having its centre at Q, and let the
chord CD be=the chord AB (or the chord HK). .

Clearly then the minor arec AB=the minor are HK, because
pach of them=the minor arc €D. Also the major arc AEB=
the major arc HEK, because each of them =the major are CFD.
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COR. 3. In equal circles, segments which have equal arcs are
equal ; also, segments which have equal chords and which are
both greater, or both less, than a semi-circle, are equal.

For. if the ®CDF be 50 applied to the ©ABE that the arc
CD coincides with the arc AB, then the segment CD entirely
cpincides with the segmient AB and is .. equal to it. Again,
it the chord CD bhe=the chord AB, the CDF may be so
applied to the ABE that the arc CD coincides with the arc
AB and the arc CFD with the arc AEB. Hence the segment
CD entirely coincides with the segment AB and is .". equal to
it ; also the segment CFD entirely coincides with the segment
AEB and is .". equal to it.

COR 4. IfcC be the maddle o
point of the chord AB of am arc €
AEB, and if CD be drawn per-
pendicular to AB meeting the
arcin D, then D is the nuddle
point of the arc AEB.

Since DC produced is a
diameter of the © of * which A ¢ B
AEB is an arc, the arcs DA and DB are clearly both less than
the semi-O* of the ©. Now, if DA and DB be joined, the two
A* ACD and BCD are evidently congruent; whence DA=DB,
and .. the arc DA=the arc DB.

EXERCISE 8

1. A, B, C are three points on the circumference of a circle of
which the centre 18 O. If the angle AOC be three times the angle
AOB, prove that the arc AC 1s also three times the arc AB.

2. Pand Qare two points on the cireumference of a circle of
which the centre is O. If the Z/ POQ=120°, prove that the arc PQ
is one-third of the whole circumference, and that the chord PQisa
side of an equilateral trlangle inscribed in the circle.

~ Hence construct an equilateral triangle with its vertides on the
wireamference of a circle whose radius is 2 inches.
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3. If AB and CD be two diameters of a circle, perpendicular to
each other, prove that the quadrilateral ACBD is both equilateral
and egniangular.

4, If aregular hexagon be inseribed in a circle, prove that each
side of the figure is equal to a radius of the circle.’

5. If two equal circles intersect so that the centre of one circle
is on the circuniference of the other, prove that one-third of each
circuniference lies within the other.

6. If in a circle, two arcs be such that they subtend complemen-
tary angles at the circumference, prove that the two arcs are together
equal to half the circumference.

7. If AB, CD be two chords of a circle at right angles to each
other prove that the sum of the arcs AC, BD is equal to half the
circumference of the circle.

8. AB is the common chord of two equal circles. If any straight
line drawn through 8 meet the circumferences in P and Q, prove
that the triangle PAQ is isosceles.

9. The perpendiculars from A, B to the oppositec sides of the
triangle ABC mcet the circum-circle of the triangic at X and Y res-
pectively. Prove that the arc CX=the arc CY.

10. The bisector of the vertical angle A of the triangle ABC
bisects the arc BC of the circum-circle of the triangle.

11. OA, OB ure two radii of circle at rt. angles to each otner,
and AX, BY are parallel chords. Prove that BX, AY arert. /s to
cach other.

[Evfdently, the As BOX. AOY are congruent, and .. the ZOBX
=the £ OAY.]



CHAPTER IV
TANGENCY

19. Definitions : (i) Any unlimited straight line that
cuts the circumference of a circle is called a secant of a circle.

Hence, a chord when produced both ways becomes a secant,
or, in other words, a chord is that porfion of a secant which lies
within the circle.

(ii) If a secant of a circle moves so that the two points in
which it cuts the circumference continually approach one ano-
ther, then in the position which it ultimately takes up when the
two points coincide, the secant becomes what is called a
tangent to the circle; and it i> said to touch, or be the tangent
to, the circle af the point at which those two points coincide.

(iii) The point at which the tangent to a circle touches it,
is called the point of contact of the tangent.

Ezx. 1. In the adjoining dia- T
gram, let PQ be a sccant of the
circle. Let PQ be so rotated that
P remains fixed while @ moves
along the circumference +o-
wards P; then the secant PQ P
will continually change its
position. If PT he the position
which the sacant assuines when
Q coincides with P, then PT is
the tangent to the circle at the
‘point P.
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Exr. 2. Let P, Q be any

two points on the circumference ~ PN N

of a circle. Suppose that the =
. R

secant PQ moves in such a NP

manner that botk the points P L i Q

and Q approach nearer and ( o

nearer to some point R on the —2

arc PQ, and ultimately coincide
at R. If TRT’ be the position
of the sccant when P and Q
concide, then TRT' 1> the lan-
gent to the circle at the point R,

Note 1. Frem the above 1t 18 clear that when a straight line
becomes a tangent to a circle at any point, 1t does not c«f the circum-
ference at that point. Hence a tangent to a circle is an wunlimitfed
straight line which mects the exreumferener but does not cut ot at the
point of meeting.

Nore 2. A tangent may also be regarded as a secant « utting the
circumference in two coencident points. In other words o tangent
18 a secant of which the chord-portion docs not exist.

20. If the circumference of one circle passes through two
points en the circumference of another, and if one of the
circles he made to move, keeping the other fixed, in such a way
that the two points come nearer and nearer to each other. then
in its ulitmate position, when the two points coincide into one,
tho moving circle is said to toueh the other at the point
of coincidence, this point being called their point ot
contact.

‘For instande, in the diagram p. 192, let O and O’ be the
centres of the two circles which cat each other in the peints P
and Q. Ifthe first circle moves, while the sécond remains fixed,
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s0 that the points P and Q come nearer and nearer to one
another, and if HRK be the ultimate position of the moving
circle when P and Q coincide at R, then the circle HRK is said
to touch the circle RMN at the point R, and R is called their
point of contact.

Fig. 1. Fig. 2.

Obs. 1. Hence it is clear that two circles may be said to fouwch
each other when they meet but do not rut rcach other at the point of

meeting.

Obs. 2. It may also be said that one circle tonches another when
the circumference of the former passes through two co/ncident points
on the circumference of the latter.

Obs. 3. In the above diagram, let TRT' be the ultimate position
of the secant PQ, when P and Q coincide at R.

Then TRT' isclearly a tangent to each of the two circles because it
passes through two coineident points on each circumference. Hence,
when two circles touch each other, they hare a common tangent at the
point of contact.

21. Definition : Two circles are said to touch each other
internally (or to have internal contact), when the centres of
the circles are on the same side of the point of contact, as_in
fig. (1) ; and they are said to touch each other externally (or to
have external contact), when the centres are on opposite sides
of the point of contact, as in fig. (2).
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THEOREM 45b.

The tangent atl any point of cirele s perpendicular
to the radius through the point of contaet.

T
Fig. 1. Fig. 2.
Let P be any point on the O™ of a © whose centre is O}
join OP.
Tt is required to prove that the tangent at P is perpendicular
to OP.

Let ST be a secant through P, cutting the © again at Q.

(Fig. 1).
Join 0Q.

Proof. Since 0Q=0P, .. the L OPQ=the £ OQP.

Now, the £ OPS is the supplement of the £ 0OPQ, }

and the £ 0QT is the supplement of the £ OQP.

Hence the £ OPS=the £0QT.

Let the secant ST be turned about the pt.'P so that the pt.
Q, moving along the arc QP, gradually approaches P.

Then, in every position of the secant, the £ OPS=the £ OQT.

Ultimately, when Q coincides with P, the secant ST becomes
the tangent at P, and the £ OQT becomesthe 2 OPT, as in fig. 2,

Hence, when ST is the tangent at P,the £ OPS=the /£ OPT,

and these are adjacent angles; .. each=art. /.
OP is -L to ST.
That is, the tangent at P is L to OP. Q.E. D.

COR. 1. If from the point of contact of a tangent to a circle
a straight line be drawn perpendicular to the fangent, it must
pass through the centre of the circle.

13
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If PO’ be drawn L to PT, PO’ must coincide in direction
with PO ; for, otherwise there would be two perpendiculars to
PT at P, which is impossible.

COR. 2. If through any point on a circle a straight line be
drawn perpendicular to the radius to that point, it must be the
tangent to the circle at that point

If PT’ bedrawn L to OP, PT’ must coincide in direction
with PT ; for, otherwise there would he two perpendiculars to
OP at P, which is impossible.

COR. 3. There cannot be: more than one tangent to a circle
at any given point on its circumference.

For, if there were two tangents to a (9 at any given pt. P on
its O, each of them would be L to OP, and thus there would
be two _L* to OP at P, which is impossible.

COR. 4. If through the centre of a circle a straight line be
drawn perpendicular to a tangent to the circle. it must meet the
tangent at the point of contact.

If through O a straight line be drawn L to the tangent SPT,
it must coincide in direction with OP; for, there would other-
wise be two perpendiculars to SPT through O, which is im-
possible.

COR. b. Every point on a tangent to a circle except the
point of contact, is outside the circle.

Let SPT be a tangent to a © whose centre is O, the pt. of
contact being P. Then, since OP i~ L to ST, every other
point on ST, besides P, is at a greater distance, from O, than OP,
s.e.. at a greater distance from O than the radius of the ®;
which proves the corollary.

Note. Theorem 45 may also be proved as follows : The straight
line drawn from the centre of a circle to the middle point of the
chord-portion of a secant is always perpendicular to the secant
(Th. 33). When the secant becomes a tangent, the chord-portion
becomes reduced to the mere point of contact, and so the middle
point of the chord-portion too becomes identical with the point. of
contact. Hence the straight line drawn from the centre to the point
of contact of a tangent (which may be regarded as the straight line
drawn from the centre to the middle point of the chord-portion of
the tangent) is perpendicular to the tangent.
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THEOREM 4HA.

Two, and only two, tangents con be dmwu o a circle
from an external point.

Let ABC bhea ® WhOse centre is O and T he an external
point.

It is required Lo prove that two tangents can be drawn from
T to the O ABC, and no more.

Join OT, and on OT as diameter let a 5 TPQ be drawn,
culting the ©ABC at P and Q.

Join TP, TQ, OP, OQ.

Proof. In the G)T'PQ, £°TPO, TQO, being in semi-gircles,
are each a right angle.

.

TP and TQ are perps. to the radii OP, 0Q, respec-
tively, t.hrough the points P, Q on the O* of the ® ABC.

. TP and TQ are each a tangent to the ©ABC.

Again, because a tangent TP is ohtained by joining T to a
point of intersection of the ®s TPQ and ABC, and because two
©s cannot intersect in more than two points, it follows that
there can be no more than two tangents from T to the ®ABC.

COR. No tangent com be drawn to a circle from a point
For, if T be a point within the ©ABC,the ® on OT as
diameter will not cut the () ABC.
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22. Detinitions : When a tangent is drawn to a circle
from a point outside it, the portion of the tangent intercepted
between the point and the pownt of contact is often spoken of as
the tangent drawn from the point to the circle.

Thus, in the diagram of Th. 46, PA, PB are called the
tangents drawn from P to the circle.

I AB be joined, the line AB is called the chord of contact
of the tangents from P to the circle.

THEOREM 46.

The two tangents drawn from an external point to «
circle are equal and subtend equal angles at the centre.

Let PA and PB be the two tangents from an external point
P to a circle ABC, whose centre is O ; and let PA and PB touch
the ©ABC at A and B respectively. Join OP, OA, OB.

It vs required to prove that PA=PB
and the £/ POA=the £ POB.

Proof. Because PA, PB are tangents and OA, OB are radii
through their points of contact,

the 2~ PAO=the £ PBO, each being art. £.
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Now, in the right £ A* PAO, PBO,
' OA=0B, radii of the same ©®
{ and the hypotenuse OP is common,
the two A’ are congruent.
& PA=PB
and the £ POA=the LPOB.

Q. E. D.

COR. The two tangents drawn to a circle from an external
point are equally inclined to the diameter through that point.

EXERCISE 9

1. If two circles are concentric, prove that any chord of the
outer circle which touches the inner is bisected at the point of
contact.

2. If any number of equal circles touch a given straight line on
the same side of it, prove that their centres all lie in one straight line.

3. If P be a point from which tangents are drawn to a circle
whose centre is O, prove that OP is the perpendicular bisector of the
chord of contact.

4. Tf any number of circles pass through the same point and
touch one another at that point, prove that their centres all lie in
one str. line.

5. If any number of circles touch each of two intersecting
straight, lines, prove that their centres all lie in one straight line.

6. If a parallelogram be described about a circle, prove that the
sum of one pair of its opposite sides is equal to that of the other
pair. Hence prove that any two adjacent sides of the parallelogram
are equal.

7. If a quadrilateral be such that the sum of one pair of its
opposite sides is equal to that of the other pair, prove that a ¢ircle
which touches any three sides of this quadrilateral must also touch
the fourth.

*8. If the two tangents, one to each of twe intersecting circles at
either point of intersection, be at right angles to each other, show
that the sum of the squares on their radii is equal to the square on
the distance between their centres.
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THEOREM 47.
If two circles touch, the point of contact lies in the

straight line through the centres.

Fig. 1.

T

s
Fig. 2.

Let the ©° whose centres are O and O’ touch at the pt. P.
1t is required to prove that O, O" and P lie in the same str. line,
Proof. Because the two circles touch at P they have a com-

mon tangent at P.

Let TPS be the common tangent ; join OP, O'P. )
Then OP, O’P being radii drawn to the pt. of contact, each of

the £* TPO, TPO'is art. /.

OP and O'P are in one and the same str. line %.e. the

three pts. O, O', P lie in one str. line.

E. D.

COR. 1. If two circles touch each other internally, every
point on the circle of smaller radius, cxcept the point of contact

lies inside the other circle.

Let the ®* whose centres are
O and O’ touch each other inter-
nally at P, the second ©® being of
smaller radius. Then 0, O/, P
are in one str. line and OP>0'P.
Take any pt. A, other than the pt.
P, on the ® of smaller radius;
join OA, O’'A. Now, OA is less
than the sum of 00’ and O’A and
is .. less than OP. Thus the

L\

distance of A from the centre of the first @ is less than its
radius; .. A is inside the first ®, which proves the corollary.
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COR. 2. If two circles touch each other externally, every
point on either circle, except the point of ' contact, lies oulside
the other. ‘

COR. 8. The distance between the cevtres of iwo circles,
which touch ore another, is equal to the sum or difference
of their radii according as their contact is external er
nternal.

Note 1. The main proposition may also be proved as follows :
If two circles cut each other in two points, their centres and the
mid-pt. of the common chord lic in one str. line. When the
circles touch, the two pts. of intersection coincide ; the common
chord, therefore, becomes reduced merely to the pt. of contact, and
consequently the mid-pt. of the chord also becomes identical with
the point of contact. Hence, when the circies touch, their centres
and the point of contact must lie in one str. line.

Nore 2. If two circles have a cominon point on the line joining
their centres, the circles touch each other at the point.

For, if the circles intersect in two distinct peints, the line joining
the centres passes through the mid-pt. of the common chord and
never through one or other of the pts. of intersection.

NotE 3. If two cireles have the same tangent at a common point
they touch cach other at the point.
For, if the circles intersect in two distinct pts., they cannot havea

common tangent at either of those pts.; they can only have a common
secant passing through the two pts. of intersection.
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If a straight line touch a circle, and from the point of
contact a chord be drawn, the angles which this chord
makes with the tangent are equal to the angles in alternate
‘segments respectively.

A
c

R
D
Q P T

Let QPT be the tangent, touching the ®ACP at P, and PC
be any chord which divides the  into two segments CAP
and CDP.

It is required to prove that
(3) the L CPT=any L w the seqment CAP.
(%) and the L CPQ=any (£ in the segment CDP.

Let PA be the diameter through P. Join Ac, ép, PD
(D being any point in the segment CDP).

Proof. (i) "' PA is the diameter through the pt. of contact,
the L APT=uart. /.

i.e. the £ APC+the LCPT=art. L.....ccoovrninnnen 1)
Also, the £ PCA, being in semi-@,=art. £.
the Z APC+the ZPAC=aTt, Z..ccooovrrinnen (@)

from (1) and (2), taking away the common £ APC, we have,

the £ CPT=the £ PAC=any £ i the segment CAP, stand-
ing on the arc CP.
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(ii) Again, PACD is a cyclic quadril. ; 4
‘. the LPAC+the LCDP=2rt. £*;
also, the £ CPT+the LLPQ=21rt. 2"

But, the 2 CPT=the £ PAC proved
*. the £ CPQ=the £ COP=any / in the segment CDP.
Q. E.D.

Proof by the method ot Limits.

Proof. In the arc CDP, taken a point D close to P ; join
PD and produce it to any pt. R. Join CD, AC, AP.

Now, the quadl. PDCA heing cychc the £ CDR=the / CAP;
Th. 39, Cor. 1

and this equality holds good however close the point D
may bhe to P.

Suppose the secant PR to be turned about P, so that D
moves towards P ; thon, ultimately, when D coincides with P,
the / CDR becomes the 2 CPT.

Hence the £ CPT=the £ CAP.

By similar construction and reasoning, the /CPQ=the
/. CDP. Q. E.D.

COR. If PDC is a triangle, and if through P a straight line
PA be drawn on the side of PC remote from D such that the
angle CPA s equal to the angle COP, then PA is the tangent
at P to the circum-circle of the triangle PDC.

If PA’ be the tangent at P, p
to the circum-circle, then the
£, CPA'=the 2CDP; but the
L CDP=the £ CPA. Hyp. C

. the LCPA’=the LCPA;
hence PA’ and PA coincide, 7.e.,
PA ig, the tangent at P to the
circlePDC.
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EXERCISE 10

1. P is the middle point of an arc APB of a circle. Prove that
the tangent at P is parallel to the chord AB.

2. If an equilateral triangle be inscribed in a circle, prove that the
tangents at its angular points will form another equilateral triangle.

3. Two circles intersect at A and B ; and through P, any point
on the circumference of one of them, str. lines PAC, PBD are drawn
to cut the other D at C and D. Prove that CD is || Lo the tangent at P.

4. ABC is a triangle right-angled at C ; and from C a perpendi-
cular CD is drawn to the hypotenuse. Prove that BC bisects the
anxleé»etween CD and the tangent at C to the circum-circle of the
AABC. . :

5. Construct a triangle, having given the base, the vertical angle,
and the length of the str. line joining the vertex to the middle pt.
of the base. -

6. Two (0 touch each other externally. Provc that any str.
line drawn through the pt. of contact cuts off similar segments from
the two r . .

7. ABC s a triangle, and DE 18 drawn parallcl to BC cutting
the sides in D and E. Prove that the circles circumscribed about
the triangles ADE and ABC have a common tangent at A.

MISCELLANEOUS EXERCISES
( On Cireles )

1. Any number of equal circles pass through a given point ;
show that their centres all lie on a fixed circle.

2. Bhow that all circles, passin% through one. fixed point and
having their centres lying on a fixed straight line, pass through a
second fixed point.

3. If two circles intersect, prove that their common chord pro-

duced bisects their common tangent. «
. 4. Find thelocus of the middle points of equal chords in a
given cirole.

5. Show how to place in a given circle a chord of given length
parallel to a given str. line.

6. Find the chord of minimum length through a given point
within a given circle.

7. Find the locus of the centres of circles which are touched by
two given straight lincs.

8. Of all chords drawn through a given point within a circle, the
least is that which is bisected at that point.

. 9. A straight line drawn through one of the points of interséc-
tion of two given circles is terminated by the circumferences ; show
that the angle between the tangents at its extermities is equal to that
bétween the tangents at the point of intersection.
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.10. Any two chords drawn, one in each, of*fyo equal intersecting
circlos, through ome of their points of jutersection and equally
inclined to the common chord are equal.

11. Two circles touch each other intérnally at P ; if AQ and BR
be two parallel radii of the two cireles di 1wn in the same sense, show
that P, Q, R are in the same str. line.

12. Two equal circles touch one another externally, and two
chords are drawn to the two circles through their point of contact at
right angles to each other ; show that the straight line joining the
rgmlt:,ining cxtremities of the chords is equal to the diameter of either
of them.

13. Parallel chords of a circle cut off equal ares between them and
conversely.

14. The oblique gides of a trapezium inscribed in a circle are
equal.

15. Two circles interscet at A and B and O is any point on one
of them ; if OA, OB be produced to cut the other circle in K and L,
show that KL is of constant length.

16. Two equal segments of circles are described on opposite sides
of the same chord AB ; and through O, the middle point of AB, any
str. line POQ is drawn intersecting the arcs of the segments at P
and Q ; show that OP=0Q.

17. Circles are described on the sides of a quadrilateral as diame-
ters ; show that the common chord of any two consecutive circles is
parallel to the common chord of the other two.

18. Find the locus of the middle points of chords of a circle,
drawn through an external point.

19. If the sum of one pair of opposite sides of a quadrilateral be
equal to the sum of the other pair, show that a circle may be ins-
cribed within it.

20. If from an internal Point, other than the centre, straight lines
are drawn to the circumference of a circle, then the greatest is that

-which passes through the centre, and the least is the remaining part
of that diameter. .

And of any other two such lines the greater is that which sub-
tends the greater angle at the centre.

21. 1If from an external point straight lines are diawn fo the
circumference_of a circle, the greatest is that which passes through
the centre, and the least is that which when produced passes through
the centre.

And of any other two such lines, the greater is that which sub-
tends the greater angle at the centre.



CHAPTER V

PROBLEMS ON BISECTION OF ARCS AND
CONSTRUCTION OF CIRCLES

PROBLEM 24.

To bisect a given arc of a circle.-

~ -
S s
~ L
~ .
~ -
~J -

X

Let'ACcB be an arc of a cirele.

It is required to bisect the arc ABC.

Construction. Join AB and bisect it at right angles by
DC, meeting the arc at C.

Then C is the required point of hisection,

Proof. Join AC, BC.

Because C is a point on the perp. hisector of AB,
, s CA=cCB.

Hence, ‘. the chord CA=the chord CB

the arc CA=the arc CB. Q. E.F.
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PROBLEM 25.

Given a circle, or an are ofi « 'eircle, lo find the posttion
of the rentre.

o~——1]1-—0°
p.d
o
o

NF— ¥

Fig. 1. Fig. 2.
Let ABC be a circle, (fig. 1), or an arc of a circle (fig. 2).

" It is required to find the position of the centre.

Construction. Let AB, CD be any two chords of the cirele,
or the arc.

Draw the perp. hisectors of AB and CD, and let them
intersect at O.

Th.en O is the required centre.

Proof. Because A and B are points on the circle or the
arc, the centre is equidistant from A and B.

.. it lies on the perp. bisector of AB.
Similarly, the centre lies on the perp. bisector of CD.

.. thecentre is at O, the point common to these perp.
bisectors, Q. EF.
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PROBLEM 26.

To construct a circle whieh passes through two given
points and has its centre lying on a given straight line.

P
\o
7 Q
D

Let A, B be the given points and PQ, the given straight
line.

It is required to draw the circle passing through A. B and
having its centre lying on PQ.

Construction. Join AB and bisect it at right angles by oD.
Produce DO, to meet PQ at O.

Draw the circle with O as centre and OA as radiu-.
This is the required circle.

Proof. " OD is the perp. bisector of AB. any point on
OD is equidistant from A and B.

.. the centre of the required circle, being equldhtant from
A, B, must lie on OD.

Also, the centre of the required circle lies on PQ.

Hence, the centre of the circle, to be constructed, is at O, the
point common to DO and PQ.

the circle with O as centre and OA as radius is the

required one. Q.E.F.

Remark : 1t should be observed that the construction will fasl if
the given straight line, PQ, be perpendicular to that joining the
given points, A, B, for in that case, PQ will be parallel to OD and
will not therefore intersect.
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PROBLEM 27.

To construct a circle passing, fh; ough two gnwn points
and having a given radius.

>

¢ |

Let A and B be the given points, and K represent the length
of the given radius.

It vs required to draw a circle, through A, B having s radius
equal fo K.

Construction, Withcentre A and radius ‘K’ draw a circle ;
also, with centre B and radius ‘K’, draw another circle cutting
the forr.ner in C and D.

Then, the circle, with centre C and radius CA. is the required
circle.

Also, the circle with centre D and radius DA, is another
circle satisfying the given conditions.

Thus, there are two solutions of the given problem

Proof. '~ CA=Kand CB=K,
CA=CB, each being=K.
. . the circle whose centre.is C and radius CA, t.e. K, passes
through A, B

Similarly, the eircle with centre D and radius DA s.e. K,
passes through A, B. Q.E.F
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Remark : The construction fméls it the given radius be less than
half the distance between the given points, tor, in that case, the two
circles described with centres A, B will not intersect.

PROBLEM 28.

To construct a circle passing through a given pownt, out-
Side a given circle, and touching the given circle at a given point.

T A

Let A be the given pt. outside the given © whose centre
is O, and let P be the given pt. on the O of the given ©.

It 1s required to describe a curcle passing through A and
touchwng the given circle at P.

Construction. Join AP ; and draw the L biscctor of AP
meeting OP produced in C.

. Then the © described with C as centre and CP as radius,
will be the reqd. ©®.

Proof. Join CA.
BC being the L bisector of AP, CA=CP;

and .'. the ® described with C as centre and CP & radiu~.
will also pass through A.

Also, since the two ©° meet at P which is a pt. on thestr. line
joining their centres, .. the () touch each other at P.

Hence, the © deseribed with C as centre and CP as radius
is the reqé. ®. . Q.EF.

Analysis : The solution of the present problem is guessed in the
following manner : Adssume a circle to be described passing through
A and also touching the given circle at P, and let 'C be its centre.
Then, since the circles tonch_each other at P, OP preduced must
pass Mgh C ; also, since CA=CP, C must be on the perpendicular
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bisector of AP. Hence C is the pt. where the perpendicular bisector

of AP meets OP produced. )
The process by which the solution of a problem is discovered is

called anmalysis; whilst the opposite process, that of giving the
necessary construction and proving 'it8 cofrectness, is called
synthesis.

PROBLEM 29.

To construct a circle which is touched by a given
straight line at a given pount and passes through another
potnt outside str. line.

Let P be the point on the given str. line PQ and A, another
point lying outside PQ.

It is required to draw a circle which passes through A and is
touched by PQ at P.

Construetion. Through P, draw PB L to PQ.

Also, join PA and bisect it at right angles by CO. Let cQ
and PB intersect at O.

Draw the circle with centre O and radius OP.

This is the required circle.

Proof. = O isa point of the perp. bisector of PA,
OP=0A.
- the circle with O as centre and OP a8 radins passes
through P and A.
Also, " PQ is L to theradius OP through its extremity, P,
on the 0%, PQ touches the circle at P. Q. E.F.

14
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PROBLEM 30.
To construct a circle, with a given radius, touching
two given sntersecting straight lines. .
) 8
a

AN

b . adi
oz\ o - \F A

Let OA, OB be the two given str. lines intersecting at O,
and let K be the given radius.

1t 1s required to describe a circle which shall touch OA awd
OB; and have s radius equal 1o K.

Construction. Draw OE, the bisector of the / AOB.
Draw OD L to OA, making it = K.
Through D, draw a str. line || to OA meeting OE in C.

Draw CF, cG L to OA, OB respectively. Then the
described with C as centre and CF as radius will be the

reqd. ®.
Proof. C being on the biscctor of the 2 AOB, GF =CG.
the © described with C as centre and CF as radius
will also pass through G.
Bince OA is _L to the radius CF at F,
OA touches the ® at F.
Similarly, OB touches the ® at G.

Thus, OA and OB are both tangents to the ®............ (1)
Again, since DF is a rectangle, by construction,
. CF=DO=K .....c.. cerrrrterieeeennnn ()

Hence, from (1) and (2), the circle deseribed with C as centre
and CF as radius is the reqd. . Q.EF.
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Note. The following is the analys’s of the problem :——

Assume a © to be des-
cribed touching OA and 8
OB at F and G respec-
tively, and baving its G
radius=K; and let ¢
be the centre of the .
Join CF, cG. Then CF c
and CG, being radii
drawn to the pts of con-
tact, are respectively L
to OA and 0B. Now,
since CF=CG .. C lies on
the bisector of the / AOB;

and also since CF=K, ", C lies on a str. line which is |l to OA
and at a distance=K from it. Hence, if these two lines be
drawn, the pt. where they intersect will he the centre of the
reqd. circle.
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PROBLEM 31.

To construct a circle passing through two given points,

and touching a given straight line, parallel to that joining
the given points.

Cc P D

Let A, B be the two given pts. and CD the given str. line.

1t is required to describe a circle passing through A and B, and
also touching the sir. line CD.

Join AB. Then AB is || to CD.

Construction. Draw the L bisector of AB meeting CD
in P,

Then the © passing through the pts. A, B, P will be the
reqd. ®.

Proof. Join PA, PB.

Now, P being on the L bisector of AB, PA=PB ;
and .'. the £ PBA=the £/ PAB.
Since AB is || to CD, .". the 2 CPA=the / PAB.,

Hence. the £ CPA=the /£ PBA, in the alt. segment ;
*. CD touches the ® at P,

Hence, ABP is the reqd. @, Q.E.F.
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REMARKS ON THE CONSTRUCTION‘ bF CIRCLES

From the definition of a cu-cle, 13 is clear that a circle
can be described whenever we know ‘the posmor of its cenire
and the lenglh of its radius. . Now, the centre is determined, as
we have seen in the foregoing constructions, as the point of
intersection of two locii e.g. the point of intersection of two
straight lines, or, the points of intersection of two circles, or, the
points of intersection of a straight line and a circle etc, and as
such, requires two given conditions for its determination. When
the centre is thus found out, the radius is ohtained as the
distance of the centre from either another given point or, another
straight line, or, as the disliance between two parallel straight
lines etc. and therefore requires another condition to be fulfilled.

Hence, three independent conditions must always be given
before a circle may be described. As for examnple.

(1) To describe a circle through the wvertices of a given
triangle ;

[The centre is the pt' of intersection of the perp. bisectors
of any two sides and the radius is the distance of the centre
from any of the vertices].

(2) to describe a circle touching the sides of a triangle ;

[The centre is the pt. of intersection of the bisectors of the
angles and the radius is the distance of the centre from any
of its sides.]

(3)e to describe a circle through two given points, having
its radius equal to a given length ; and so on.  See problem 27.

It is however found that in some cases, more than omne
soluiion comes out of the same given conditions ; but in that
case, 100, it is seen that there is some inlermediale solution
under which the different solutions obtained combine .into a‘
single one,

24, To facilitate construction of problems, it is desirable
that the students should be quite familiar with the following
locii :—

(1) .The locus of the centres of circles passing through two

fixed points.
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() The locus of the centres of circles touching two (i) inter-
sccting straight lines, (ii) parallel straight lines.

(3) The locus of the centres of circles touching (i) a given
straight line at a given point, (ii) touching a given
circle at a given point.

(4) The locus of the centres of circles, having a given
radius and touching (i) a given straight line. (#7) a
* given circle.

(8) Thelocus of the middle pownts of chords of a circle.
() which pass through a given point, (it) which are of
constant length, (itz) which are parallel.

(6) The locus of the vertices of a triangle standing om a
given base and having a given vertical angle.

EXERCISE 11
(On Construction of Cireles.)

1. Draw a circle through two given points A, B and having its
centre at a distance of 2" from AB.

2. Describe a circle through two given points, having its centre
lying on a given circle of radius 3. How many solutions are there ?

3. Construct a circle through the points of intersection of two
given circles and having its centre lying on a given straight line.

4. Describe a circle touching two given parallel straight lines,
and passing through a given point within those lines.

5. Describe a circle touching each of three given straigh® lines,
two of which are parallel and the other intersecting them.

6. Show how to draw a circle touching each of three given
straight lines which intersect each other, two by two. How many
solutions are possible ?

7. Construct a circle touching a given circle and having its centre
at a given point.

8 Describe a circle whose centre lies on a given straight line
and which toyches a given circle at a given point on it.

9. Draw a circle of given radws to touch a given circle and to
pass through 4 given point outside the given circle.

10. Describe a circle of given radius touching two given inter-
secting circles. How many solutions are there ?
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PROBLEM 32.

To draw a langent o a grven "eirele from a given
external pownt.

Let PQR be the given circle whose centre is O, and S, the
given external point.

It is required to draw a tangent from S to the circle PQR.

Construction. Join SO and bisect it at K. With K as
centre and KO as radius draw a circle to cut the ®PQR, at P.

Join SP.
Then SP is the required tangent.

Proof. Join PO.

va’dently, SO is the diameter of the ©SPO,
the £LSPO=art. /.

Hence, *." SP is at right angles to the radius OP through a
point, P, on the circle PQR, SP is a tangent at P to the
©®PQR.

Obs. Bince S is without and O is within the QPQR, the
(©SPQ, described on SO as diameter, must intersect the ©®PQAR in
two different points P and Q. ‘1hus, SQ is also a tangent to the
‘DPQR, because the Z SQO, being in a semi-(), is a rt. angle.

Hence, SP and SQ are the two tangents drawn from S to the
®PQR. Of. Th. 454.
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PROBLEM 33.
To draw a common tangent to two given circles.

Let ABC aud DEF he two given ©* whose centres are O and
P resprctively, the radius of the first © being greater than the
radius of the second.

1t s requared to draw a common tangent to the O ABC and
DEF.

Construction. Draw any radius OC of the ©ABC
(i) From cO cut off CG=the radius of the ©ODEF.
With O as centre and OG as radiu- describe the @ GKH.
Draw PM, PN tangents to the ©GKH, from P
Join OM, ON and produce them to meet the ®ABC at Q, R
respectively.
In the ©®DEF, draw the radius PS § to 0Q, and the' radius

PT |l to OR. .
Join QS, RT.

Then QS as well as RT are common tangents to the
©* ABC and DEF.

Proof. Since PM touches the ®GKH at M,
.. the LOMPisart. £
and ... the LPMQisalsoart. ~.
Now, 0Q=0C, and of these the parts OM, OG are equal;
" MQ=CG.
Hence PS=MQ; and PS is al-6 | to MQ, by construction ;
<. PSQM is a parallelogram,
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Also, since the £ PMQ of this parallelogram‘is art. 2.
o allits £rarert, 2°,

Thus the £ * 0QS and PSQ are .ach art, /£ ;

.. QS is a tangent to the ©OABC as well as to the
() DEF.

In the same way it may be proved that RT is a tangent to
both the given ©-. .
Q. E. B

(ii) From OC produced cut off CG=the radius of the
©DEF.

With O as centre and OG as radius describe the ©GMH.

Draw PM, PN tangents to the ©GMH.
Join OM, ON cutting the DABC at Q and R respectively.

In the ©DEF, draw the radius PS || to MO, and the radius
PT Il fo NO.

. Join Qs, RT.
Then QS as well as RT are common tangents to the ©* ABC
and DEF.
[The proof is left as an exercise for the student.]

25. Detinition : It is clear that there are four common
tangents to two given (@’ if the ©®*do not cut each other. A
common tangent whose pts. of contact are on the same side
of the line joining the centres is called a direet common
tangent ; whilst a common tangent whose pts. of contact are
on‘opposite sides of the line joining the centres is called a
transverse common tangent. We have dired common
tangen!s in the first diagram, and fransverse common tangents
in the second.
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Obs. 1. If the direct common tangents be produced to meet at
V. then each of the pts. P and O is equally distant from the lines
QV and RV and .. both of them lie on the bisector of the ZQVR.

Hence OP produced passes through V. Thus, the direct common
taagents to two given s and the Lime joining their centres are con-
current.

! Obs. 2. In the second diagram, cach of the pts. P and O 1
equally distant from TR and QS, and ., if TR and QS intersect at
W, both P and O Le on the bisector of the £* TWS and QWR.
Hence OP passes through W. Thus, the transverse common tangents
to two given (s intersect on the lind joining thewr centres.

PROBLEM 34.

On a given strawght line to describe a segment of a
circle which shall contain an angle equal to a given

angle.

......
~<

F

Let AB be the given straight line and the £C, th.e given
angle.

It is required to draw a segment of a circle containing an
angle equal to the /. C.

Construction. Make the £/ BAD=the £C. Let the per-
pendicular bisector of ABand the perpendicular to AD through
A meet at O. Join OA. Since O is on the L bisector of AB,
O is equidistint from A and B. °

Hence the segment of the @) described with O as centre and
©A as radius will pass through B, and contain an angle equal
to the 7 C.
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Proot. Now, since AD is L to the radiuk OA,
AD touches the © at A,

Hence the £ AFB in the segmebt AFB=the / BAD=the £ C.
Thus, AFB is the required segment.
Q.E. F.

EXERCISE 12

1. Place a chord of length 2" through a given pomnt on the cir-
cumference of a circle of radius 2",

2. Draw in a circle a chord of given length, making an angle of
45° with another given chord.

3. Describe a circle of radius equal to 6 centimetres and place in
it two chords, each of length 7 centinietres. Measure the distances
of their middle points from the centre of the circle and verify that
they are equal.

4. AB is a chord of length 2” in a circle whose radius is 2” and
centre is O ; through A, AC is drawn at right angles to AB to
meet the circle at C. Verify that the points B, O, C lie in one
stra.i!zht line.

H. Describe a circle of radius 13 cm., and from the centre
draw a straight line 5 cm. in length. At the other extremity of
this line erect a perpendicular chord, and show that its length is
24 co.

6. Describe two circles each of one inch radius, and place in each
a chord one inch long. Verify that the angles subtended by the
chords at the respective centres are equal.

7. Describe two circles, each of 2" radius, and in each draw a
pair of radii containing an amgle of 120°. Verify that the chords
subtending these angles are equal, and that their distances from the
respective centres are equal.

8. In a circle of 3" radius place two chords, each measuring 2,
and,verify by actual measurement with the help of a protractor, that
the angles which they subtend at the centre, are equal.

9. A pair of tangents is drawn to a circle of 3" radius from a
point distant 5" from the centre. Show by actual measurement that
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their lengths as also the length of the chord of contact are 4” and 43"
respectively.

10. Draw a tangent to a circle, of diameter 6”, from a given point,
distant 4 from the centre ; how many solutions are there ?

11. Draw a tangent to a circle of 2'""5 radius from a point, distant
65 from the centre, and verify that its length is equal to 6" ; also
that the length of the chord of contact is 46 nearly.

12. Describe two circles of radii equal to 2’ and 3" respectively,
touching each other externally, at a given point.

13. Describe three equal circles of radius 1 touching one another
externally.

14, Describe three circles of given radii touching one another
externally. .

15. The centres of two circles are 6% inches apart, and radii are
3} and 1" respectively. Draw their direct common tangents, and
show that their lengths are each equal to 6".

16. Describe two circles of 21" and 1}" radius respectively, having
their centres 5" apart. Draw their direct common tangents. Verify
that they meet, when produced, on the line of ceutres. :

17. 1In the circles of ex. 16, draw the transverse common tangents
and show that they intersect on the line of their centres.

18. The centres of two circles are 5" apart, and their radii are
34" and 1} respectively. Draw their direct common tangents. Are
there fwo transverse common tongents ?

19. On a straight line, 2" long, describe a segment of a circle
containing an angle of (i) 43¢, (ii) 60~

20. Construct a circle circumscribing a triangle one of whose
angles is equal to a given angle.
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PROBLEM 385.

To eircumscribe a circle about a given triangle.

~

<
o *-
-

.

v,
’
4

>(.

Let ABC be the given triangle.
It is required to draw a circle about the A ABC.

Construction. Biscct the sidles AB and BC -at rt. angles
by OE and OD respectively and let them meet at 0. Join OB.
With centre O and radius OB draw a circle.

This circle will pass through A, B, C and is, therefore, the
required one.

Proof. Because O isa point on the perp. bisector of BC,

.. oB=0C.
Similarly, 0B=0A.
OA=0B=0C.

... the ©® with centre O and radius OB will pass through
A and C, and is, therefore, the required circum-circle. Q. E. F.

Note 1. The circum-centre of a triangle lies within or wethout
the triangle according as it is acute-angled or obtuse-angled. When
the triangle is a right-angled one, the circum-centre is the middle
point of the hypotenuse.

. Note 2. It may be easily seen that if O be joined to the middle
point F of AC, OF is perp. to AC. Thus, the three perp. bisectors of
the sides of a triangle meet in a point, which i3 the ewrcum-centre
of the triangle.
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PROBLEM 36.

To tnscribe a circle in a given triangle.

Let ABC be the given triangle.
It is required to draw a circle which will be touched by all
the sides internally.

Construction. Bisect the £* ABC, ACB by Bl and Ci,
which meet at 1.

From 1, draw ID L to BC.
Then, the ® with centre | and the radius ID is the required
one,
Proof. From | draw IE and IF perp’ on CA and AB
respectively.
, Because 1 is on the bisector BI, of the £ ABC,

. ID=IF. )
Similarly, ID=IE, [ 1lies on CI.]
: ID=IE=IF,

<
. _the ® drawn with the centre | and the radius 1D passes
through E and F.

Again, because BC is perp. to the radius 1D, BC touches
the circle at D.
Similarly, CA and AB touch the © at E and F respectively.
.. the © DEF is inscribed in the A ABC.

Obs. It may be easily shown by joining A to | that Al bisects the
LBAC. Thus, the three bisectors of the angles of a triangle meet in a
point, which is the centre of the circle inseribed in the triangle.

26. Definitions : (1) The circle inscribed in a triangle is
called the in-circle, its centre, the in-centre and its radius,
the in-radius, of the triangle.
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(2) The circle which.is touched by ohly one side of a
triangle and two' other sides produced is called an eseribed
circle, shortly an ex-circle, of 3hé triangle; and its centre
and radius are respectively called an-ex-cemtre and an
ex-radius of the triangle. ‘

PROBLEM 37.

To draw an escribed cirele of a given triangle.

Let ABC be the given triangle, of which the sides AB_ and
AC are produced to H and K respectively.

It is_required to draw the circle touching BC, and AB, AC
produced.

Construction. Bisect the 2* HBC, KCB by Bi; and Ci,
respectively, which intersect at 1;. Draw 1,D, I4E, I,F perp. on
BC, AK, AH respectively, The circle drawn with the centre
1, and radius I,F is the required one. :

Proof. Because I, is a point on Bl,, I;D=1,F; similarly,
11D=1LE, . Iy lies on Cly.
l]D=|1E="1F. Hence) the @ With |1 as centte
and 1,F as radius passes through D and E,
Again, since BC, CK, BH are perp" to the radiii,D, i,E,
1,F, the ® is touched by BC, CK, BH. Q.EF.
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Obs. 1. It may be shown that Al; bisects the £ BAC ; thus,
the internal bisector of one angle of a trz'a'ngle and the external
bisectors of the other two, meet in a point, whick ’l,s an ex-centre of the
triangle.

.0bs. 2. By producing the sides BC, BA, another ex-circle may

. be drawn touching the side CA and BC, BA, produced. Similarly,
there is another ex-circle touching AB and CB, CA produced. Thus,
there are three-es-circles of a triangle each one touching one of its sudes
and the tio others produced. =

EXERCISE 13

1. Draw a circle to touch each of two ngen parallel straight lines
and a transversal intersecting them.

2. Two straight lines are almost parallel. Bisect the angle be-
tween them, giving all lines of construction.

3. If | be the in-centre of a triangle ABC, prove that
£BIC=90+5.

4, If 1y, be the ex-centre of the triangle ABC opposite to the
angle A, prove that

5. The inscribed circle of the triangle ABC touches BC at D, and
the circle escribed to the triangle, opposite to A, touches BC at D,. If
AB >AC and X is the middle point of BC, prove that

XD=XD, =3} AB-AC).
6. Show that the bisectors of the vertical angles of triangles

standing on a given base and having the sum of their base angles
equal to a given angle are concurrent.
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PROBLEM 38.

In a gtven circle to inscribeia: tfz‘a;zgla equiangular to
a given lriangle.

Let be O the centre of the given ©, and ABC the given A.
It is required to inscribe in the cirde (O) a iriangle equi-
angular Lo the triangle ABC.

Construction. Take any radius OD, and through b draw
TS _L to OD ; then TS is the tangent at D.
Draw the chord DE making the £ TDE=the £ ACB; and
draw the chord DF making the /Z SDF= the /£ ABC.
Join EF.
, Then DEF is the reqd. A.
Proof. Since TS touches the ® at D,
. the £ TDE = the £ DFE, in the alt. segment ;
and the /SDF= the £ DEF, in the alt. segment.
Hence the 2 DFE =the £ ACB. }
and the /£ DEF=the / ABC; ,
. the remaining £ EDF=the remaining £ BAC.
Thus, the ADEF inscribed in the given @ is equian
to.the A ABC. A

N 0’!‘2 To inscribe an equilateral triangle in a given circle, all
that we have to do is to construct an equilateral triangle outside the
circle and then to inscribe in the circle & triangle pquian, to the
triangle constructedin the manner inditated above. In this case
therefore, each of the anf;leq TDE and SDF would beequal to an angle
of an equilateral triangle, v.¢. equal to one-third of two right angles.

Hh

lar
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PROBLEM 39.

About a given circle to circumscribe a triangle equi-
angular to a given triangle.

3

v

Q F R

Let O be the centre of the given ©, and ABC the given A.

It is required to circumscribe about the circle (O) a triangle
equiangular to the triangle ABC.

Construction. Produce BC both ways to D and E.
‘ Take any radius OF of the ®.
Draw the radius OG making the £ FOG=the ext. /ABD;
and draw the radius OH making the £ FOH=the ext. /£ ACE.
Draw tangents to the ® at the pts. F, G, H, forming the

APQR.
: Then PQR is the reqd. A.

Proot. The £* OFQ and OGQ being rt. £°* the remain-
ing ~£°* FOG and GQF of the quadl. OFQG are supplementary.
Now, the £ ABC is the supplement of the £ ABD, aud the
£ GQF is the supplement of the /£ FOG;
but the £ ABD=the £ FOG;
: .. the L ABC=the £ PQR. }
Similarly, the 2~ ACB=the 2 PRQ.
. the remaiuing £ QPR =the remaining 2/ BAC.
ThHS, the APQR circumscribed about the given ©
eguiangular to the AABC. Q. E. F
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Nore 1. To circumseribe an equilateral ‘triangle about a given
circle, all that we have to do is to construct an equilateral triangle
outsidé the circle and then circumscribe about. the eircle a triangle
equiangular to the triangle constrfucted, ih the manner indicated
above. In this case, therefore, each of the angles FOG, FOH would
be equal to the supplement of an angle of an equilateral triangle, <.e.,
equal to two-thirds of two right angles. '

Nore 2. An equxlatem] trmngle is evxdently a regular figure of

three sides, for an equilateral A is also equiangular. Hence, we know
how to construct a regular figure of three sides in or about a given .

EXERCISE 14
(On Circles in connection with triangles.)

1. Draw a circle of 1” radius and inscribe an equilateral triangle
in it. Show that the length of a side of the triangle is 1'73 inches.

2. Circumscribe a circle about a triangle whose sides are 3", 4’/
and 5”. Measure the length of its radius.

3. Explain how to construct a triangle, having given the length
of its circum-radius and two of its angles.

4. ABC is an equilateral triangle, whose sides are each 2”in
length. Draw the escribed circle touching the side CA. Mensure the
length of its radius.

5. Draw a circle of radius 1" and describe an equilateral triangle
about it. Show that the length of a side of the triangle is 3-46".

6. Compare the areas of the triangles in Ex. 1 and Ex. 5.

7. Rraw a circle of 1” radius. Inscribe in it, and describe about
it, triangles equiangular to a triangle whose sides ure 13", 14" and
1°5”. Show that the greatest sides of the triangles so drawn, are

184" and 3:75", reepectlvely

8. 1If I, i, 1,1, be the in-centre and the three ex-centres opposite
respectively to the angles A, B, C of a triangle ABC, and the sides
opposite to these angles in order be a, b, ¢, verify that I, A, I, 3
I, B,1:;1,, C, |, are collinear.

ON CoNSTRUCTION OF CIRCLES IN CONNECTION
witH Reauvrar PoLyaoxs

Detinition. A polygon is said to be regular when all its
sides and angles are equal.
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PROBLEM 40.
To draw a circle (¢) in, or (i2) about, a regulur polygon

Let ABCD...... K be a regular polygon of n sides.

(7) It is required to inscribe a circle about it ;
and (4%) to circumscribe a circle about .

Construction. ' Bisect the £* A, B by AO, BO which meet

at O, suppose.
Join OC, 0OD,...OK.

Also, from O, draw OP, 0Q, OR,......perp’ on AB, BC,
cp,...... respectively.

Then, (i) the circle with O as centre and OP as radius is
the required inscribed circle ;

and (ii) the circle with the centre O and radius OA_is the
required circumscribed circle.

Proof. Because, in the A* OBA, OBC,
OB, BA=0B, BC and the /£ OBA=the Z OBC,
) s OA=0C;
and the £ OCB=the £ OAB=} the 2 KAB=1} the 2BCD.
.. OC hiseots the £ BCD.
Bimilarly, oD bisects the 7 D, and so on.
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Thus, the bisectors of all the angles meet at O.

Hence, . thé / A=the ZB=the £ C,.., .
we have OA=0B=0C=...
"Also, since O lies on the bisectors of the ~* A, B, Cj...
.it is equidistant from the sides.

(i) the circle with O as centre and OP as radius
passes through Q, R,......and touches the sides AB, BC,......
because AB, BC,...are perp’ to the radii OP, 0Q,...

and (ii) the circle with O as centre and OA as radius
passes through B, C,....

Q. E.F.

EXERCISE 15

1. The base of an isosceles triangle is 14" and each side is 25
show that the length of the in-radius is 525",

2. Prove that the in-radius of an equilateral triangle is equal in
length to one-third of its height.,

8. Inscribe a circle in a given square and verify that the dia-
nieter of the circle is equal to a side of the square.

4. Tnscribe a circle in a given thombus and show that the diame-
ter of the circle is ejual to the height of the rhombus.

5. Show that the circum-radius of an equilateral triangle i8 two-
thirds of its height.

6. Construct the circumacircle of a triangle whose sides are 7, 8,
9 yds. Verify that the length of the radius of the circleis 4 yds.
2 ft. 1'04 in.
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ProBLEM 41.

To draw a regular polygon (i) in, or (i) about, a given
circle.

N o S
4, *
N ] >
,"A ~ B\\
< kayx »

Let ABC be a given circle whose centre is Q.

(?) To inscribe a reqular polygon of n sides in the circle,
and () to circumseribe a regular polygom of n sides aboud
the circle.

(i) Analysis. Suppose ABCD...to be a regular polygon
inscribed in the ®, so that the sides AB, BC, CD,...... are
the consecutive chords of the circle. '

Hence, since AB=BC=CD=...,,

£ AOB=/BOC=/LCOD=....

Thus, the angle at O is divided into as many equal parts as
the polygon has sides.
360°

S LAOB=/BOC=/COD= =

Hence the following construction :—
Construction, Join O to any point A, on the O*; at O,

draw a radius OB, making the AAOB=B?;)

Place consecutive chords BC, CD,..., each equal to AB,
round the whole O, '

, 1 being the no. of sides.

; join AB.

Ths @gure, so formed, is the required regular polygon.
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(ii) Join O to any pt. A on the O%.

At O, draw radii OB, OC, OD,..round the whole O<,

making the £ AOB=the £ BOC=the / COD=... =3_.i0 .

At A, B, C, D...draw tangents to the ) meeting each other
at P, Q, R, S,...
. Then PQRS...is the reqd. regular polygon circumseribing
the ©.
[The proof is obvious and is left as an exercise to the student.]

Obs. 1t is to be observed that such constructions are not possible
purcly with the help of a ruler and a compass except for certain
special values of . As for exawple, as there is no method of cons-
tructing an angle equal to 4 of 360", purcly with rwler and compass,
a regular keptagon (i.e. of seven sides) can ncither be inscribed in
or circumscribed about a given circle, except with the use of a
protractor.

EXERCISE 15A

1. Construct a square (?) in or (i2) about a given circles

[Let O be the centre of the (. Take any diamcter and draw
another diameter L to the former, The figure obtained by joining
the extremities is a square iuscribed in the circle. Again, the figure
formed by the tangents at the extremities is a circumscribing square}.

2. Construct a regular hexagon in or about a given cirecle.

[£ AOB in this case=60° ; hence, place consecutive chords AB,
BC, CD....each equal to the radius. The fig. ABCD...is the reqd.
inscribed hexagon. Draw tangents at A, B, C, D...to construct the
circumseribing hexagon.

. 3. Construct a regular polygon (t.e. of 8 sides) in or about a
given circle.

4. Construct a regular dodecagon (z.e. of 12 sides) in or about a
given circle.

5. Construct a regular polygon of (i) 16, (ii) 24, sides in or abeut
a given circle.

6. Show bg actual measurement that the fperimeter of a regular
hexagon inscribed in a circle of radius 4" is 2 ft.

7. About a circle, 2" in dianeter, describe a regular hexagon ;.
verify, by actual measurement and calculation, that the area of the’
hexagon is 346 sq. inches.

- °8. Compare the areas of inscribed and circumscribed regular
hexagons of a given circle.

"9, Each side of an octagonal field is 100 yds.; show that the
price of the field at Rs. 225 per acre is Rs. 2244. 9a. 9p.



CHAPTER VI
MISCELLANEOUS PROPOSITION

I. On Circles and Triangles.

If “two triangles standing on equal bases have wvertical
angles that are either equal or supplementary, then their circum-

circles are equal.
F
E
* NN

(e]

Let the A* AEB, CFD standing on equal bases AB, CD have
their vertical £* AEB, CFD supplementary.

Let P, Q be the centres of the ®* circumscribed about the
A’ AEB, CFD respectively.

It is required to prove that these two circles have equal radis.

Proof. Join PA, PB, QC, QD.

Take any pt. H on the arc cou]ugate to the arc CFD. Jom
CH, DH.
Then the £ CHD=the £ AEB,

each of them being supplementary to the £ CFD ;
the £ caD=the £ APB, (double of equal £*).
Now, since the /£ PAB=the /PBA, each of themg=$ their
sum=14% the supplement of the /£ APB.
Similarly, each of the £* QCD, QDC
=} the supplement of the £ CQD.

. Hence, each of the A° PAB, PBA=each of the £° QcCD,
apc.”



ORTHO-CENTRE : PEDAL TRIANGLE 233

Thus, the two isos. A* PAB, QCD, have their bases equal,
and also the /£’ at the base of the one=the £’ at the hase of '
the other ; ' :

these two A’ are congruent.

Hence, each of the sides PA, PB=each of the sides QC,
Qb. .

Thus, the radii of the two ©* are equal, which proves the
proposition. Q.E.D.

Nore. It is obvious, from the foregoing demonstration, how
to deal with the case when the two triangles have their vertical angles
equal.

II. Ortho-centre : Pedal Triangle.

1. The perpendiculars drown from the verlices of a triangle
to the opposite sides are concurrent.

B D c
Let BE, CF be -L’ to the sides, CA, AB respectively, of the
AABC ; and let them intersect at O.
Join AO and produce it to meet BC at D.
It is required to prove that AD ¢s L to BC.

Proof. Join FE.
‘The ~* OFA, OEA are supplementary, each of them being
art. £ :
the quadl. AFOE is cyclic,
. the £FAO=the £FEO, in the same segment.... ()
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Again, the /£ BFC=the / BEC, each being art. / ;
.. the four pts. B, F, E, C are concyclic,
.. the LFEB=the £/ FCB, in the same segment.... (8)

Hence, from () and (8),
the £ BAD=the / BCF.

Now in the A* BAD, BCF, the £ at B is common, and the
/. BAD=the / BCF;

the remaining / ADB=the remaining / CFB=art. £.
Hence. AD is L to BC.
Q.E. D.

Note. For an alternative proof, see Book I, p. 110.

27. Definitions. (i) The point of intersection of the per-
pendiculars from the vertices of a triangle to the opposite sides
is called the ortho-centre of the triangle.

Thus, in the preceding diagram, the point O is the ortho-
centre of the triangle ABC.

(i1) The triangle formed by joining the feet of the perpen-
diculars drawn from the vertices of any given triangle to the
opposite sides is called the pedal triangle of the given triangle.

In the preceding diagram, the triangle DEF is the pedal
triangle of the triangle ABC.

COR. If O is the ortho-cenire of a triangle ABC, the circum-
circles of the four triangles ABC, BOC, COA, AOB are equal to
one another,

In the preceding diagram the quadl. AFOE being cyclie,
the £/ FAE is supplementary to the / FOE and is .'. supplemen-
tary to the 2 BOC. Thus, the £* BAC, BOC stand on the same
base and have their vertical A* supplementary H

. the circum-® of the ABOC is=that of the AABC.
Similarly, the circum-© of each of the A® COA, AOB is=thas
of the AABC. Hence the four circum-%* are equal to one
-gnother,
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2. Inan acute-angled iraingle the ;;emendicula»rs draun,

from the vertices to the oppositr szdes bisect the amgles of the
pedal triangle.

Let O bhe the ortho-centre, and DEF the pedal A, of the
acute-angled A ABC.

1t is required lo prove that AD, BE, CF bisect the /° D, E, F
of the A DEF, respectively.

Proof. The /£ ADB=the £ AEB, each bheing art./.
*. the quadl. AEDB is cyclic.

Hence, the L EDC=the /BAE;
and similarly, the £/ FDB=the £ CAF,
L .. the LEDC=the LFDB;.
and the whole 2~ ADC=the whole £ ADB, each =90°.
*. theremaining / ADE =the remaining / ADF.
Thus, AD bisects the £ EDF.

Similarly, BE and CF bisect the ,* DEF and DFE
respectively. Q.E. D.

COR. 1. The sides of the pedal triangle are equally tnclined
to that stde of the original triangle on which they meet.
[See proof of the Theorem]

COR. 2. The triangles AFE, BDF, CDE are equiongular
to one cmother and 1o the original triangle.

[See proof of the Theorem.}
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8. The distance of each verlex of a triangle from the ortho-
cenire is double the distance of the circum-centre from ihe
opposile side.

Let O be the ortho-centre of the A ABC ; AD, BE, CF being
the _L* from A, B, C on the opposite sides.

Let S be the circum-centre of the A ABC, and A/, B, C’ the
mid-pts. of the sides opposite to A, B, C respectively.
Then SA’, SB', SC’ are -L* respectively to BC, CA, AB.

It is required to prove that AO=2SA’, BO=28B’, CO=2SC".

Proof. SA’ is | to AD, because both of them are .L*
to BC.

Similarly, sB' is || to BE,and SC'is || to CF. LetL, M,N
be the mid-pts. of AO, BO, CO respectively.
Join LB, LC'.
Now, B'L passes through the mid-pts, of CA and OA;

. ..+ BLisftoCOand .. to sc’;}
similarly, C'L is || to BO and .". to SB'.

Hence the quadl. SL is a par™ ;
K SB'=C'L==}BO,}
and sc’'=BL=1cO.
Similarly, by joining MC’, MA', (or NA’, NB'), it can be
shewn that SA’=1A0. Q. E. D.

. Nore. If O isthe ortho-centre of any given AABC, the follo‘!vﬁ
ing constructions for the circum-centre shou be carefully noted.
Through A', the mid-pt. of the side opp. to A, draw A’S || to, and in
the same sense as, OA ; make A’S=30A. ‘ Then 8is the circum-
#entre of the given A.



PEDAL TRIANGLE 237
OOR. The circum-centre, the centroid and the ortho-centre
of a triangle are collinear.

Let s be the circum-
centre, and O the ortho-
centre, of the A ABC; and
let A’ be the mid-pt. of the
side BC Join SA’ and SO
also join AA’, cutting OS
in G. Let H, K be the mid-
pts. of AG and OG res-

pectively ; join HK. Now B D A’ ¢
HK is |l to AO and=}A0; .. HK isequal and || to SA’, and

. the quadl. HKA’S is a par™. But the diagonals of a par™
bisect each ether; .. A/‘G=GH=}AG. Hence, G is the

centroid of the AABC, and it lies on the line SO, which
proves the corollary,

EXERCISE 16

1. If O be the ortho-centre of a triangle ABC and if AO be pro-
duced to meet the circum-circle at P, show that OP is bisected at
right angles by BC.

2. If O be the in-centre of a triangle ABC, and if AQ, BO, CO
be prodgced to meet the circum-circle in P, Q, R respectively, then
O is the ortho-centre of the triangle PQR.

[£PRC=/PAC=}/A; similarly, ZCRQ=%1/B and /ZRPA=
3/.C; hence, if QR meet AO in D, LPRD+ /ZRPD=4/A+3/8B+
3/C=onert. £ ;.. LPDR=onert. £ ; hence etc.)

8. If O be the ortho-centre of a triangle ABC, show that A, B, C
are the ortho~centres of the triangles BOC, COA and AOB respectively.

4. Deduce from Ex. 3 that the circum-circles of the triangles BOC,
COA, AOB are equal, each being equal to that of the triangle ABG.

ﬁ)et S be the circum-centre and A’, the mid-pt. of BC. Then, SA’
Jparl to AO and=3A0. Produce SA’' to P, making A'P=SA’
(=3A0); then P is the circum-centre of the ABOC. Also, POAS being
evidently a par™, PO=8A=circum-radius of AABC; hence etc.]
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5. If O is the ortho-centre and S the circum-centre of the triangle
ABC and if A, B, C' are the circum-centres of the triangles
OBC, OCA, OAB, show that O is the circum-centre and S the ortho-
centreof the triangle A'B'C’. [Apply Ex 3, 4.]

6. Show that the angles of the pedal triangle of the triangle
ABC are supplements of the angles 2A, 2B, 2C.

7.. Qonstruct a triangle having given a vertex, the circum-centre
and the ortho-centre.

8. Construct a triangle having given the circum-centre, the
ortho-centre and the middle point of the base.

III. Simson’s Line or the Peial Line.

If perpendiculars be drawn to the sides of a triangle from any
point on the circum-circle, then the feel of these perpendiculars

lie in one straight line.

From any pt. P on the circum-® of the A ABC, let PD, PE,
PF be drawn _L* to BC, CA, AB respectively.

Join DF, FE.
It is required to prove that DF, FE are in one str. line.
Proot. Join PA, PB.

Since the ¢/ PDB=the ,PFB, each being a rt. £, the
quadl, pro8 is cyelic.
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Also, since the £*PEA and PFA .are Supplementary, . each
being a rt. £, the quadl. PFAE is cyclis.

Now, the quadl. PBCA being cyclic, the /PBC=the
LPAE ;

and, the quadl. PFAE being cyeclic, the £ PAE = the
/ PFE.

Hence, the £ PBD=the £ PFE.

But, the quadl. PFDB being cyclic, the 2’ PBD and PFD
are supplementary :

.. the £* PFE and PFD are supplelaentary; .. DF, FE are
in one str. line.

Q.E. D.

28. Detfinition. The line DFE is called pedal line of
the point P with respect to the triangle ABC.

EXERCISE 17

1. If the feet of the perpendiculars from a point to the sides of a
triangle be collinear, prove that the point lics on the circum-circle of
the triangle.

2. From a point P on the circum-circle of a triangie ABC, PLand
PM aredrawn perps. to thesides BCand CA; if LM, produced, meets
AB (produced if necessary) at N, show that PN is perp. to AB.

3. From a point P on the circum-circle of a triangle ABC, PL is
drawn perp. to the side BC and is produced to meet the circum-circle
at Q ; show that AQ is parallel to the pedal line of P.

4. If,inatriangle ABC, the pedal line of a point P meets the side
AC, the angle which the pedal line makes with AC is complementary
?{)‘yhat the arc BP subtends at any point on the circumference.

6. The angle between the pedal lines of any two points P and Q
on the circum-circle of a triangle is equal to the angle subten& by
the are PQ at the circumference.
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EXERCISE 18
(On the Inscribed and Escribed Circles of a Triangle.)

1, If |be the in-centre and 1y, I,, 1, be the three ex-centres of a
triangle ABC,

prove that

(©) A, 1, iy are collinear;
(i!i) B‘l ‘l |9 » »
(':'ii) C1 ‘) ll ) ”
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2. Prove that

(§) s A, 1y lie on a str. line;

(M) Ig, C, Iy 9 [TI]

(%7‘) '17 B, 's » Hon » s
3. Shew that I, A, 1,8, 1,C are at right angles to 1415, 1515, 151,

respectively.

4. Show that the triangle ABC is the pedal triangle of the Al;1,1,.
5. Show that the angles of the triangle I41,1; are

o A O_E O_E
90°- 3, 90° =5, 90°—<.

6. If the in-circle of the AABC touch the sides BC, CA, AB at
L, M, N respectively, and if 2s represent the perimeter of the triangle,
prove that
(7) AN=AM=s-a;
(2) BN=BL=s-b;
(#%¢) CL=CM=s—e¢, where a, b, ¢ denote thelengths
of the sides BC, CA, AB respectively.

7. If the escribed circle opposite to the vertex A touch BC at D
and AB and AC produced at F and E respectively, show that AF=
AE =gemi-perimeter of the triangle.

8. 1f S represent the area of the triangle ABC, and r, v, 7, 7
denote the in and ex-radii of the triangle in order, prove that

. .. S . ... S .. S
(4) r=—§—; (4¢) ra=gT (2e3) Te= Ty (20) Ty=s,
Prove that
1,1 1
it

9. Show that the ortho-centre of a triangle 18 the tr-centre of its
pedal triangle.

10. Given the base and the magnitude of the vertical angle, find
the locus of the ex-centre opposite to the vertex.

11. In the diagram of Ex. 1, show that 11, 11,4, I}, are each bisec-
ted by the circum-circle of the triangle.

12. Construct a triangle of which the three ex-centres are given
in position. .

13. Given the vertical angle, perimeter and radius of the inscribed
“wijrle ; construct the triangle.

14. Given the vertical anple, the in-radius, and the lengph of the

perpendicular from the vertex to the base, construct the triangle.

16

=1
-1
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IV. Nine-point Circle,

In any triangle, the middle poinfs of the sides, the feet of
the perpendwculars from the vertices to the opposite sides, and

the middle points of the lines joining the ortho-cenire to the
vextices are cuncyclic.

A
N\ E
AL~ N
g 4 N
C B’
F N !
' © ]S !
K
. 7
N ’
8 D>~---"K o}

In the above diagram, O is the ortho-centre and S the
circum-centre of the AABC; A, B',C’ are the mid-pts. of
the sides opp. to A, B, C; AD, BE, CF are the .L* from A, B, C
to the opp. sides ; and L, H, K are the mid-pts. of the lines
OA, OB, OC.

1t is required to prove that the nine poinis A', &, C', D, E, F,
L, H, K are concyclic.
Proof. Join SA, SA', SO, and LA’ cutting SO at N..
Now, SA’ is || to AO and =}A0 ;
.. SA'isequal and || to LO.
Hence L, 0, A, S are the consecutive angular pts. of a
parallelogram.
Hence LA’ and OS bisect each other at N.
Thus LA’ is bisected at the mid-pt. of 08 ; and similarly,
HB' and KC’ are each bisected at the mid-pt. of Os.
Now, LDA’ ’Geing a rt, £, the ® described on LA’
diameter passes through D.
ND = NL = NA’, each pf them being a radius of this ©,.
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Again, since SA’ is equal and § to AL.
SA=AL.

Hence, if R stands for ‘‘the eireum-radius? of the A ABC,
we have ND=NL=NA'=1R. (SA being R.)
Similarly, NE=NH=NB'=1R, }
and NF=NK=NC'= iR.

Thus, the nine pts. D, L. A", E, H, 8, F, K, C’ are each at
a distance=4R from N, the mid-pt. of 0OS;

and .. they all lie on the O of the © whose centre is the
mid-pt. of OS and radius=}R. Q.E.D.

29. Definition. The circle passing through the mid-points
of the sides of a triungle is called the nine-point cirele of
the triangle, from its property of passing through nine particular
points connected with the triangle. The centre of the nine-
point circle may also be couveniently called the “nine-point
centre.”

0Obs. It may be easily seen from the above theorem that

(i) the nine-point centre is the middle point of the line joining
the circum-centre to the ortho-centre ;

(ii) the radius of the nine-point circle is equal to half the
circum-radius.

COR. 1. The nine-point circle of each of the iriangles BOC,
COA; AOB s the same as that of the triangle ABC.

COR. 2. IfP 4s any
point on the circum-circle of
the triangle ABC, the mad-
point of OP is on the nine-
point circle.

If L is the mid-pt. of
OP; join NL. Then NL is
I to SP, and = 48P =% R.
Thus NL is = a radius of
the nine-pt. ©®, and .. the
pt. L lies on that ®.
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COR. 8. Given the base and the veriical angle of a triangle ;
as the triangle changes its position the cenire of the nine-point
circle moves along the circumference of a circle whose centre ¢s
the mid-point of the given base.

In the figure of the proposition, suppose XBC to be any other
position of the triangle, the base BC remaining fixed and the
vertical £ BXC being=the £/ BAC. Then X must be on the are
BAC of the ciroum-7%. of the AABC. Now, if N’ be the nine-pt.
centré of the AXBG, we must have N'A’=48X=4SA. Thus,
N and N’ are both at the same dlatance from A’, which proves
the corellary.

EXERCISE 19

1. Show that the circum-centre, the centroid, the ortho-centre
and the nine-point centre are collinear.

2. If I, 14, 1, 1; be the centres of the inscribed and escribed
circles of the triangle ABC, prove that the circunm-circle of the
triangle ABC is the nine-point circle of each of the triangles

Hyly, Hyly, Dyly, T,

3. If O be the ertho-centre of the triangle ABC, in which
AB > AC and L, U, M be the middle points of BC, AO, AC, prove
that

£LLUD=/LMD=C-B,

4. Lines are drawn through the middle points of the sides of &’
triangle ABC perpendicular to the bisectors of the opposite angles.
Prove that the triangle A'B’C’ formed by these lines has the same
nine-point circle as the original triangle.

[If L, M, N be the mid-pts, of BC, CA, AB, prove that LMN is
the pedal triangle of A’'B'C’].
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V. Locii.

1. Given the base and the vertical angls of a iriangle, prove '
that the locus of its ortho-cent¥e is a cirgle of which the cenire is
a known point on the perpendiculgr bisector of the given, base.

B'D\JA' c
P

Let BC be the given base of a triangle ABC having its verti-
cal £ A of given magnitude.

It is required to find the locus of the ortho-cenire, O.

Proof. Let AD be the L on BC, O the ortho-centre, S the
circum-centre, and A’ the mid-pt. of BC.
Join SA’ and produce it to P making A'P=SA’.
Jain SA, PO.
Now, SA’"is || to AO and =3}A0:
SP is equal and || to AO.
Hence, PO = SA.
Now, the base BC and the vertical £/ BAC being given, the
circum-centre and the circum-radius are the same for all tri-

angles described on BC and havmg the vertical angle equal to
the 2BAC.

8 is a fixed point, and therefore, also, P, for BC is fixed.

Also, PO=SA=the circum-radius, which is also of constant"
length. °

Hence, the locus of O is a circle whose centre is the fixed
point, -® on the perp. bisector of BC and whose radius is equal
to the constant circum-radius. Q. E.D.
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Second Method.

Join BO, €O, and produce them to meet the opp. sides
CA, AB at E, F respectively.

Then /BOD=9)"—Z0BD=90°— ZEBC=/C}
similarly, £cob=/B.
. /BOC=/B+/C=180°— 2 A,and .. known.

Hence, the locus of O is a circle passing through B and €
and having its centre on the _L.bisector of BC. Q. E.D.

2. Glven the base and the vertical angle of a triangle, to find
the locus of the centroid of the triangle. -

A

Let ABC beany A standing on the given base BC and
having the vertical 2 BAC of a given magnitude.
It is reqd. o find the locus of G, the centroid of the A ABC.
Proot. Let A’ be the mid-pt. of BC, and @ the centroid ;
then G is & pt. on AA’ such that AA'=3GA’".
Let s be the circum-centre ; join SA’, SA.
Draw GQ || to AS, meeting SA’ in Q.
Now, since AS is par’ to GQ and AA'=3A’G,
AS=3GQ.
GQ=4}AS. .
- Let XBC be any other position of the A, the base BC remaig-
ing fixed and the vertical / 8XC being=the /2 BAC.

Then, X must be on the arec BAC of the circum-@ of the
A ABC.
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Now, if @’ be the centroid of the AX&C it can be shown, as
before, that G'd=4xs.

Thus, -GQ=aG’Q feach of them being =43A), which shows
that G and G’ are on the O of a ® of which the centre is the
pt. Q, and the radius =}SA.

Thus, the reqd. locus is a circle whose centre is Q and
radius equal to }SA. Q. E.D.

8. Given the base and the vertical angle of a triangle, to find
the locus of its in-centre.

A

8 X c

Let ABC be any triangle standing on the given base BC and
having the vertical £ BAC=a given £ P; also, let 1 be the in-
centre of the AABC. Join BI, Cl and Al ; produce Al to meet
BC at X.

It is required to find the locus of 1.
®
Proof. The /BiIC=the 2 BIX+the ZCiX.
Now, the ZBiIX=1A+1B;and the ZCiIX=3A+}C;
the £BIC=3A+iB+3A+iC=A+}(B+C)
=A+3(180°—-A)
=90°+4A=a constant angle, for
the £ A=the £ P=a constant angle.

the ABIC stands on a fixed base and has a constant
vertical angle.

the locus of |isa circle passing through B and C and
having its centre lying on the perp. bisector of BC.
Q.E. D.
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EXERCISE 20

1. Given the base and the sum of the base angles of a triangle,
find the locus of its ortho-centre.

2. Find the locus of the centroid of a triangle which stands on a
given base and has the sum of its base angles equal to a given angle.

3. Given the base ahd the sum of the base angles of a triangle,
find the locus of its in-centre.

1

4. leen the base and the vertical angle of a triangle, find the
locus of its ex-centre which is opposite to its vertes.

5. Show that the locus of the middle points of a system of chords
of a circle drawn through a fixed point, outside the circle, is another
circle intersecting the given onc.

6. Bhow in Ex. 5 that the locus will touch, or will not cut, the

given circle according as the fixed point is on, or within the given
circle.

7. Show that the points of contact of tangents to a series of
concentric circles drawn from a given point outside the circles all lle
on a circle.

8. BACis any triangle described on the fixed base BC and
having a constant vertical angle ; and BA is produced to P, 8o that
BP is equal to the sum of the sides containing the vertical angle.
Find the locus of P.



BOOK IV

THEOREMS ON RECTANGLE AND
SQUARE IN RELATION TO
THE SEGMENTS OF A
STRAIGHT LINE

CHAPTER 1

GEOMETRICAL THEOREMS CORRESPONDING TO
ALGEBRAICAL IDENTITIES

DEFINITIONS AND NOTATIONS

1. A rectangle, of which the adjacent sides are AB and BC,
is said to be the rectangle contained by AB and BC because
on these sides alone, its size and shape depend.

The “rectangle contained by A 8
AB and BC” is written as “rect.
AB, BC”, or, more briefly as
“AB.BC, or, as rect. AC.” Like-
wise, “the square described on a
straight line AB” is briefly writ-
ten as“sg. on AB,” or as ABZ.

D o]

2. If D be a point on a straight line, AB, and within its
extremities, then D is said to
divide AB internally, the parts D
AD and DB, being called the A B
segments of the line AB.

) Similar}y, if D be on the straight line AB, produced, it is
said to divide AB externally,
AD and DB being called the
segments of the line AB.

B [»]
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Thus, it is clear that when D is a point of internal division,
AB is equal to the sum of the segments; whereas in case of
D being a point of external division, AB is equal to the
difference of the segments.

8. If from the extremities of a straight line AB, perpendi-
culars AP and BQ be drawn to an unlimited straight line DE,
then PQ is said tu be the projection of AB on DE.

B8 B

Note. If A is on the straight
line DE, then AQ becomes the
projection.

]




CHAPTER II
RECTANGLES AND SQUARES
THEOREM 49.

If there be two straight lines one of which is divided
tnlo any number of parts, the reclangle contained by the
tivo lines is equal to the sum of the rectangles contnined by
the undivided line and several parts of the divided line.

A a e b F ¢ B e
k ka kb kc k
D G H c Q

Let AB and PQ be two straight lines, of which AB is divided
into any number of parts, say three, viz. AE, EF, FB; and
let PQ, AE, EF, FB contain k, a, b, ¢ units of length respectively ;
then AB contains @+ b+ ¢ units.

It is.required to prove that
rect. AB, PQ=rect. AE, PQ+rect. EF, PQ+rect. FB, PQ
or, AB.PQ=AE.PQ+EF.PQ+FB.PQ,
" i.e. to prove that (@ +b+c)le = ak+ bk + ck.

Through A, draw AD L to AB; from it cut off AD=PQ ,
complete the rectangle DABC havmg AB and AD as ad;aoent s
sxdes

Draw EG, FH par’ to AD meeting DC at G and H
respectively.

.. FH=EG=AD=PQ.
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Proof. The fig. AC=the fig. AG+the fig. EH+the fig.FC...(1)

But, by construction,

fig. AC= rect. AB, AD
i..= AB.PQ and contains (a+b+¢)k units of area ;
fig. AG= rect. AE, AD = rect. AE, PQ
~ 1.6.=AE.PQ and contains ak units of area;
fig. EH= rect. EF, EG=rect. EF, PQ
¢.e.=EF.PQ and contains bk units of area ;
fig. FC= rect. FB, FH= rect. FB, PQ
1.6.=FB.PQ and contains ¢k units of area.

Hence, from (1),

rect. AB, PQ= rect. AE, PQ+rect. EF, PQ++7ect. FB, PQ
or, AB.PQ= AE.PQ+EF.PQ+FB.PQ
i.e., (a+b+c)k=ak+bk+ck.
Q. E.D.

COR. If a straight line be divided internally into any two
parts, the squarec on the whole line is equal to the sum of the
reclangles contained by the whole line and each of the parts.

Let AB be the str. line, divided A a c b 8
internally at C into AC and CB,
which contain @ and b units of ,
length respectively.

Describe the sq. ABDE on AB
and draw CF, through C, parallel
to AE or BD, meeting DE at F. "

a(a+b) |b(a+b)

a+bd
Q4D

Proof. Evidently, the figures
AF, CD are each a rectangle, € F D

the sq. on AB=rect. AC, AE + rect. CB, CF )
=AC. AB+ CB.AB [ CF=AE=AB]
or, AB%=AC.AB+ CB.AB,
i.e., (a+b)2=a(a+b)+b(a+b)
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COR. 2. . If a straight line be divided iniernally into any two

parts, the reclangle contained by the whole line and one of
the parts is equal to the square on that port together with the
rectangle contained by the two pails.
Let AB be the str. line, A 2 c L
divided internally at C, into
two parts AC, CB, contain-
ing a and b units of length
respectively,  Describe a
square ACFE on AC; draw
BD L to AB, meeting EF
produced at D.

E F D

Then, the fig. CD=the rect. CF, CB
=the rect. AC, CB and contains ab units of area;

the fig. AF=the sq. on AC and » a , o » 3
and the fig. AD =the rect. AE, AB
=, , AC,ABand " ala+b) ,, » .

Hence, " the fig. AD=the fig. AF +the fig. CD,
AC. AB=AC?+ AC.CB
ie, a(at+b)=a®+ab.
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THEOREM 50,

If a straight line be divided internally at any point,
the square on the whole line is equal to the sum of the
squares on the two parts together with twice the rectangle
conlained by the parts.

A a c b B

a a® adb |a

G LS H

b abd b b2 b
E a % B D

Let AB be a str. line which is divided internally, at C; and
let the parts AC, CB contain a and b units of length respectively,
s0 that AB contains a+b units.

It is required to prove that
AB?*=AC%+CB?+2AC.CB;

i, (a+b)?=a?+b2+2ab.

Suppose ABDE to be the square described on AB; from AE
cut off AG=AC or a, g0 that GE(=CB) contains b units of
length. Through C and G, draw CF and GH, parallel respec-
tively to AE and AB; and let CF and GH intersect at K.
Then, evidently HD = KF=GE =FD=KH=CB, each containing
b units of length.
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Proof. The fig. AD=the fig. AK+the fig. KD+the fig. CH
< 1 +the fig. GF...... (1)

By construction,

the fig. AD=AB?, containing (a+b)* uniis of area;
o » AK=‘AC2, " a’z ” } 2 Y H
Ny KD=KH2=’052,1) b2 L) " n H )
» » CH=CK.CB ¢
2 =AC.CB » ab noo» o on 3 i
and, ,, GF=GK.GE
= AC.CB, ) llb » ” oy - )
Hence, from (1), AB?*=AC%2+CB%*+ AC.CB+AC.CB
=AC?*+ CB?+2AC.CB,

e (@+b)?=a®+b2+2ab.

COR. If a str. line be bisected, the square on half the line is
equal to one-fourth of the square on the whole.

EXERCISE 1
(Numerical.)

1. Establish the following identities geometrically :—
(i) (3+5)7=3x7+5xT.
(i) B(5+9)=5+5x9.
(i) (34+4)?=32+2x3x4+42
2. The length and breadth of a garden are respectively 100 ft.

and 75 ft.; if the gard.n be divided into two equal parts, lengthwise,
find geometrically, the area of each.
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THEOREM /1.

If a straight line be divided externally at any point,
the square on the line is equal to the sum of the squares
on the two parts diminished by tuice the rectangle

_contained by the parts.

A€----c-cm-m - — e~ »C
a-b B & (4
’ i
]
3 :
8 {a-0)? !
8
|
L E D !
2 i
6% |b ,
.} )
™M [ a----------- > ;(’

Let AB be the straight line which is divided externally at C ;
and let the parts AC, CB contain & and & units of length
respectively ; then AB contains a—b units.

It is requared lo prove that
AB%=AC2?+CB*>—2AC.CB,
6., (a—b)>=a?+b*~-2ab. )

Suppose ABDE to be the square described on AB; from
AE produced, cut off EG=CB=0; through C and G, draw CK,
GK, par! to AG, AC respectively, intersecting each other at K;
produce BD to meet’ GK, at H. Also produce DE, HG to L
and M respectively, making EL=GM=EG=CB, or b. Then,
DL=DE+EL=AB+BC=AC, or a; and similarly, HM= AC,
or a.
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Proof. The fig. AD=the fig. AK+the fig. ME :
—the fig. MD —the fig. HC...... (1)
By construction, .
fig. AD=sq. on AB=AB? and coutamns (2~ b)? units of area;

ﬁg. AK=5q. on AC=AC? , B a? :: ” PR
fig. ME=3q. on EG .
=s8g. on CB=CB? , . b? “ o

fig. MD=rect. DL, LM
=rect. AC, CB=AC.CB and contains ab ,, » w3

fig. HC=rect. HB, CB=AC.CB » ab o o» e

Hence, from (1), AB2=AC?+CB%2—AC.CB— AC.CB
=AC?+CB2—-2AC.CB,
ie., (a—b)*=q%+b%—2ab.

COR. 1. The square on the sum of two straight lines together
with the square on their difference ts equal to twice the sum of the
squares on the given straight lines.

COR. 2. The square on the sum of two str. lines exceeds
the square on their difference by four times the reclangle con-
tained by the lines.

Obs. The two enunciations of Theorems 50 and 51 may be
combined into a single one as :

“If aestraight line be divided at a poinl, the square on the given
line @8 equal to the sum of the squares on the twe parts, so formed,
increased or diminished by twice the rectangle contained by the
parts according as the point of dinision 13 internal or external.”

17
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THEOREM 52.

The difference of the squares on any two straight lines
is equal to the rectangle contained by their sum and
difference.

Edtmmeom-omomen Q----mumnn- >DE === [/ S >L
* F

T

T

IBR. J

1

HG K H M
)

1

.

1o b

)

]

H b C _a-b

S A @------=----- » B

Let two str. lines AB and AC (AB being greater than AC)
be so placed, one along the other, that one extremity of the one
is coincident with one extremity of the other; and let them
contain @ and b units of length respectively.

It is required to prove that
AB2-—-AC2=(AB+AC)(AB—-AC),
ie. a*-b*=(a+b)a->).

Suppose ABDE to be the square described on AB; from AE,
cut off AG=AC or b; through G and € draw GH, CK par®
to AB and AE respectively, intersecting each other at K.
Produce GK to meet BD at H. Produce ED to L, making
pL=AC or b. Complete the rectangle HDLM. Then, evident-
1y, GE=AE -~ AG=AB— AC=CB or a - b ; also, the fig. AK=the
8g. on AC. ‘
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Proof. The rect. HL=DL.LM=AC.¢B;
also the rect. CH=CK.KH=AC.CB.
the rect., tiL =the rect. CH.

AB? —AC2=the fig. AD—~thefiz. AK
=the rect. EH+the rect. CH
=the rect. EH +the rect. HL=the rect. EM
=EL.EG=(ED+DL)AE—AG)
=(AB+ AC)(AB—AC),

te. a®—=b2=(a+b)(a—b).

COR. 1. If a slraight line be bisected, and also divided into
two unequal segments either inlernally or externally then the
rectangle contained by the umequal seqments is equal to the
difference of the squares on half the line and on the line belween
the points of seclion. .

A c D B A c 8B D

Fig. 1. Fig. 2.
For, if the str. line AB be bisected at C and also divided
into two unequal segments at D, then in fig. (1), we have
AD.DB=(AC+CD)CB—CD)
=(AC+CD)(AC—CD), *.© AC=CB;
=AC%?-CD?;

and tn fig. (2),
AD.DB=(CD+AC)YCD—CB)
={CD+AC}{CD—AC), =~ AC=CB:
=CD?—- AC2.

COR. 2. If a straight line be bisecled, and also divided imto
two unequal segments, either internally or exlernally, the
difference of the squares on the two segments is equal to twice
the rectangle contained by the whole line and the line belween the
points of section,

Infig. 1, Cor. I, AD2—DB?={AD+DB)(AD - DB)
=AB(AD—DB)
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Now AD=AC+CD

and DB=CB-CD
AD—DB=2CD, °'.° AC=CB.
.. AD?—DB2?=AB.2CD=2AB.CD.

Similarly, in fig. 2, Cor. 1, since
AD+DB=(AC+CD)+(CD-CB).
=2cD, [*© AC=CB]
AD?—DB?=(AD+ DB)AD — DB)
=2CD.AB=2AB.CD.

EXERCISE 2

1. Illustrate and explain the geometrical theorem corresponding
to the identity
(2a)?=4a’.
2. Tllustrate and explain the geometrical theorem corresponding
to the identity
(3a)?=9a?.

3. Prove geometrically that
(a+b)c+d)=ac+ad+be+bd.

4. Prove geometrically that
(a4b+c)*=a?+D2+c?+2ab+2he +2ca.
5. Prove geometrically that
(a=b)(a—c)=a®—ac+bc—ab.
6. Illustrate and explain the geometrical theorem corresponding

to the identity
(a+b)(b+c)=ac+bla+b+c).

7. If AD be the perpendicular to the hypotenuse BC of a
right-angled triangle ABC, prove that
AD?=BD.DC.

Hence prove that (i) AB*=BC.BD, and (ii) AC?*=BC.CD.

8. ABC i8 a triangle, and AD+is perpendicular to BC. If AD?
=BD.DC, prove that / BAC is a right angle.
9. Cisany pointin a given straight line AB. Deduce from
Cor. 2, Th. 49 and Th. 50 that
AB?+ BC?=AC?+2AB.BC.
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10. If C beé the mid-point of a given straight line AB, and if D is

any point in CB, prove that
AD"+DB’=:"AC’+"CD'

11. If Cis the mid-point of a given stxmght iine AB, and if D is
any point in CB produced, prove that
AD®*+DB?=2AC?+2CD*.

12, Cis the mid-point of a given straight line AB. If a point D
moves from B to A, prove that the area of the rect. AD.DB gradu-
ally dnereases until D coincides with C, when it has its greafest value.
and thereafter gradually dimineshes.

13. In the previous case, prove that AD?+ DB? gradually deim:-
nishes until B coincides with C, when it hasits least value, dand
thereafter gradually increases.

Hence show that if the sum of two straight lines be given, the
least value of the sum of the squares on the lines is equal to half
the square on the given sum.

14. AB is a given straight line. If a point C moves from B to A,
prove that AB%+ BC? is always greater than 2AB.BC, except when
C coincides with A ; and that in this case AB?+BC?*=2AB.BC.



CHAPTER II1

RECTANGLES AND SQUARES IN RELATION TO
TRIANGLES

THEOREM bB3.

I um obtuse-angled ftriangle, the square onm the side
opposite to the obluse angle is equal to the sum of the
squares on the other two sides together wilh twice the
reclangle contained by owme of these'two sides and the
projection. on it of the other.

B c D

Let ABC be a A, obtuse-angled at C; and let AD be L
to BC produced, so that CD is the projection of AC on BC.

It is required to prove that
AB*=BC?+CA?+2BC.CD.

Proof. BD2=(BC+CD)?*=BC?+CD2+2BC.CD. Th. 50.
To each of these equals add DA2.

Then, BD?+DA2=BC?*+CD2?+DA2+2BC. cp.

But BD2+DAZ=AB?, } Th. 31.

and CD*+ DA2 = AC?,

AB? = BC? + CA? +28C.CD. e
Q. E. D.
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THEOREM &4.

In any treangle the squm‘e on the sides opposite to an
ucute angle is equal to the sum of the squares on the
other two sides diminished by, twice the tetangle contained
by one of these two sides and the projection on it of the

other.

B Db ¢ © B !

Let ABC be any A, acute-angled at C; and let AD be L
to CB, or CB produced, so that CD is- the projection of

AC on BC.

It is required to prove that
AB*=BC?+ CA?~-2BC.CD.

Proof. Since BD is the difference of the two str. lines BC,

CD, we have :
BD2=BC2+CD2—-2BC.CD. Th. 51.
To each of these equals add DA2.

Then BD?+DA2=BC2+CD2+DA%-2BC.CD.

But BD?+DA2=AB?, } Th. 31,

and CD2+DA?=AC2,
AB”=.BC:2+C:A2 -2BC.CD.
Q. E. D.

Note. Comparing Theorems 31, 53 and 54, we come to t.he
following conclusion :(—

_i

¢

The squarc on a side of o triangle is greater than, equal to, or less,

than, the swm of the squares on the other two sides, according as the
angle contained by those sides 18 obtuse, right, or acute ; the difference
i the cases of imequality being twice the rectangle contained by one
of the two sides and the projection on ¢t of the other.
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Apollonius’ Theorem.
THEOREM 0&5.
The sum of the squares on any two sides of a triangle
s equal lo twice the square on half the third side together
with turce the square on the medion that bisects the third
side.
- ‘ A

8 D E C B D € E

Let AD be the median which bisects the side BC of a

AABC.

It is required to prove that AB®+ AC? =2BD*+92DA>.

Proof. Let AE be L to BC, or BC produced; then in the
above diagrams, if the ~ ADB is obtuse, then the £ADC is
acute. 4

Hence in the A ABD,

1
)

AB*=BD*+DA%?+28D.DE ; Th. 53.
and in the AADC, :
AC?=CD?+DA%~-2CD.DE Th. 54.

=BD?+DA2-2BD.DE, ‘. CD=BD.
Hence by addition,
AB2+AC2=2BD?+2DA%
Q. E. D.
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Pappus’ Theorem.
THEOREM' 56.

If a straight line is draww from the verter of an 4sos-
celes triangle to any point in the base, or the base produced,
the difference between the squares on this line and one of
the equal sudes of the triangle is equal to the rectangle
contained by the segments of the base.

A A

i :

1 ]

] '

] ¥

1 1

: '

H ]

| ' )
B E D c B D c E

Fig. 1. Fig. 2.

Let ABC be an isos. A and E be a point on the base BC, or
BC produced.

1t s required to prove that AB*~AE?=BE.EC.
From A draw AD L to BC.

2N
Proof. AB®=AD*4BDf and AE?=AD*+DE®.
®. if E be an internal puint as in fig. 1,
AB®-~ AE?=BD*—DE?=(BD— DE)(BD+DE)
=BE(CD +DE). [ BD=CD]
=BE.CE.
Again, if E be an external point as in fig. 2,
AE2—AB2=DE?-BD?=(DE +BD)(DE -B8D)
=BE(DE—CD)
=BE.CE.

COR. 1. The difference of the squares on the two sides of any
triangle is equal to twice the rectangle contained by the base and
the projection on the base of the median fo it.
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EXERCISE 3

1. The numerical measures of the sides of a triangle are 7, 9 and
11 ; prove that the angle opposite to the greatest side is neither right
nor obtuse.

Construct the triangle, taking one-tenth of an inch as the unit
of length.

2.. The numerical measures of the sides of a triangle are 8, 13
and 17 ; show that the angle, opposite to the greatest side must be
obtuse.

Construct the triangle, taking threc-tenths of a centimetre as the
unit of length.

3. ABCis an acute-angled triangle. Thé perpendiculars from
A, B, C upon the opposite sides mcet at O. Prove that
OA?+0B?+0C? < }(AB2+BC*+CA?).

4. The numerical measure of a side of an equilateral triangle
ABC is @. BCis produced to D so that CD=2BC. If = be the
numerical measure of AD, prove that x3="7a2.

5. ABC is an acute-angled triangle ; and BE, CF are perpendi-
culars upon CA, AB. Prove that AB.AF=AC.AE.

6. D is the mid-point of the side BC of a triangle ABC ; and
AE is perpendicular to BC, or BC produced. Use Theorems 53 and
54 to prove that rhe difference of the squares on AB, AC is equal to
twice the rect. BC.DE.

7. Cis the mid-point of a given straight line AB. If a point P
moves on the circumference of a circle of which the centrd is C,
prove that PA?4PB? is always the same.

8. The distance between two fixed points A and B is 6 inches.
If a point P moves so that PA? +PB? is always=>50 square inches,
find the locus of P.

9. Prove that the sum of the squares on the two equal sides of
an isosceles triangle is less than the sum of the squares on the two
sides of any other triangle on the same base and between the same
parallels.

10. ABCD is a rectangle ; and P is any point, either inside or
outside it. Prove that PA24+PC?=PB?+PD?.
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11. Prove that three ti;ncs the sum of the squares on the sides of
a triangle is equal to four times the sum of the squares om the
nmedians. )

12. Tf O is the centroid of a AABC, prove that
3(OA®*4+ 0B+ 0C*)=AB?+BC?4+CA:L,
13. Prove that the sum of the squares on the sides of a quadri-
lateral is equal to the sum of the squares on its diagonals together

with four times the square on the line joining the middle points of
the diagonals.

Hence prove that if the sum of the squares on the sides of a
quadrilateral is equal to the sum of the squares on the diagonals, the
quadrilateral must be a parallelogram.



CHAPTER 1V

'RECTANGLES AND SQUARES IN RELATION
, TO CIRCLES

THEOREM 57.

If two chords of a circle intersect either wnside or out-
stde the circle, the rectangle contained by the parts of the
one s equal to the rectangle contained by the parts of
the other.

Fig. 1. Fig. 2.

_ Let the chords AB, CD of the ©, whose centre is O, interses
inside or outside the © at P.

1t is required to prove that AP.PB=CP.PD.

Proof. Let OH be the L from O upon AB.
' Join OP, OA.
Since OH is L to AB, .. AH=HB.
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(i) When P is inside the @, as in fig. (1),

AP.PB=(AH+ HPYBH~ HP,
=(AH+HP)(AH-HP), °° AH=BH.
=AHZ?- HP?
=(AH?+HO*)~ (HP?+HO0?), adding and

subtracting HO?,
=0A?-~-0P2,
Similarly, CP.PD=0C?-0P2,
Hence, *© OA=0C,tc. OA2=0C?,
we have, AP.PB=CP.PD. e

(i) When P is outside the ©, as in fig. (2),

AP.PB=(AH+ HP)(HP - HB)
=(HP+AH)HP—AH). .. AH=HB;
=HP2- AH?
=(HP2+0H?2) - (AH2+ OH?), adding and

subtracting OH?2,
=O0P2 - 0A2.
Similarly, PC.PD=0P2-o0C>.
Since OA2=0C3,
AP.PB=PC.PD.
Q. E. D.
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THEOREM 58.
[CoNVERSE OF THEOREM 57.]

If two finile strasght lines intersect, either both inter-
nally or both externally, so that the rectangle contained by
the .segments of the one s equal o that contained by the
segments of the other, the exiremilies of the lines are
concyclic.

Fig. 1. Fig. 2.

Let AB and CD be two str. lines which intersect, inter-
nally as in fig. 1, or externally asin fig. 2, at P; and
let AP.PB=CP.CD.

It is required to prove that the pts. A, B, C, D are concyclic.

Proof. If not suppose, the circle drawn through A,B, C
cuts CD, or CD produced, at E.

Then, AP.PB=CP.PE; Th. 57.
but AP.PB=CP.PD Huyp.
A CP.PD=CP.PE

. . PRD=PE, which is impossible unless D and E

coincide,
Hence, A. B, C, D lie on the same cirele.

~ o~
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THEOREM 59

If a tangent and a secant be drawn lo a circle from a
point outside it, the square on the tagert is equal to the
rectangle contiined by the wiole secant and the part of 4
outside the circle.

P

.. Let ABC be a © whose centre is O; from the point P, out-
side the ©®, let PT bo drawn a tangent touching the © at T and
PBA, a sccant cutting the © at B and A.

It is required lo prove that PT®=PA.PB.
Join OP, CA, OT.

Proof. PA.PB=0P2—0A? Th, 57
=0P*—-0T?2 " OA=O0T
=PT?, " OTis L to PT.

Q. E.D.

By the method of Limits.

Let the secant PDC cut the © in D and C. Suppose PC
to be turned about P so that the pts. C and D continually
approach each other.

In every position of the secant PC, we have PA.PB=PC.PD;
hence, ultimately, when the pts. C and D coincide at T and the
secant PDC becomes the tangent PT, we must have PA.PB=PT2,

COR. The two tangents drawn, one to each, of itwo irter-
secting circles from eny point on their common chord produced
are equal,

For, if P be any point on the common chord AB produced,
and if PS and PT be the two tangents, PT2=PA.PB=PS2,
.. PT=PS.
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THEOREM 60.
[ConvERSE oF THEOREM 59.]

If from a point without a circle, there be drawn a
secant to cul, and another line to meet, the circle, and if the
rectangle contained by the whole secant and the part of
outside the circle, be equal to the square on the other line,
then the latter is a tangent to the circle.

Let ABC be a ) whose centre is O ; and from a point, P
outside the @, let PBA he the secant cutting the ® at B and
A, and PT, another str. line meeting the ® at T, such that
PA.PB=PTZ.

It is required to prove that PT touches the ® at T.

Proof. Join OP, OA, OT.
PA.PB=0OP2—0A? Th. 57.
=0P?*—-0T? ' OA=OT, being radis
of the same ©.
But PA.PB=PT?.
S OP?—0TZ2=YTY
or OP2=0T2+PT2.
s, the LOTPisart. /.

Hence, PT touches the =) at T, -
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SECOND METHOD. °

. If PT do not touch the ® at T, let PT produced ‘cut
the ©© again in some other pt. 3. Then PT.PS=PA.PB; but
PAPB=PT?; .. PT.PS=PT2 which is impossible unless S
and T coineide.

Hence PT cuts the © in two coincident points at T ie.
touches © at T,

EXERCISE 4

1. Chords AB and CD of a circle intersect at P. 1f AP=6",
CP=8"and DP=Y", find BP.

2. Chords AB and CD of a circle intersect externally at P. If
PA=8", PB=3", PC=6", find the length of PD.

3. From u point P, outside g circle, a secant PBA is drawn to
cut the circle at B and A. If PT be the tangent to the circle and
PT=6", PB=4", find the length of A B.

4. A chord AB passcs through a given point P within a ecircle
whose centre is O and radius is 5”. If PA=8" PB=2", show that
the length of the chord bisected at P is 8”.

-

5. Show that the tangents, drawn from any point on the common
chord produced, to two intersecting circles, are equal.

6. The rectangle under the segments of a chord through a given
point within a circle is equal to the square on half the chord bisected
at that point.

7. If from the vertex A of a right-angled triangle ABC, right-
angled ab A, a perpendicular AP be drawn to the base BC, show that
(i) BP.PC=AP?, (ii) BP.BC=BA? and (iii) CP.CB=CA".

8. ABC is a triangle in which AX, BY, CZ are the perpendi-
culars from the vertices to the opposite sides. If the perpendiculars
meet at O, prove that

A0.0X=B0.0Y=C0.02Z.

9. A, B, C are three points on a straight line. Find the locus
of points of contact of tangents drawn from A to the circles passing
through B and C.

18
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10. Show that the points from which tangents to two given inter-
secting circles are equal lie on their common chord.

11. Show how to draw from any point P on a chord AB, a str.
line to meet the circumference at R so that PR?*=PA.PB.

12. Prove that each of the common tangents to two ,intersecting
circles is bhisected by their common chord produced.

MISCELLANEOUS EXERCISES

1. Draw figures to illustrate the following identitics :
(i) a(b-ec)=ab-ac;
(ii) (a+d+c)*=a?+b2+c?+2ab+2ac+2bc;
(iii) (a+bd)z+y)=az+ay+bx+by:
2. State and prove the geometrical theorem corresponding to the
identity
(@a+0)® —(a—b)2=4al.
3. State and prove the geometrical theorem corresponding to
the identity
(a+b)*+(a—b)2=2(a®+b2).
4. If a straight line AB be bisected at C and P be any other
point in AB, or AB produced, then PA?+ PB?=2PC?+2CA?.
5. Four points A, B, C, D are taken in this order on a straight
line ; show that
AD?+BC?=AC?+4+ BD*+2AB.CD.
6. C is the middle point of a straight line AB and D is any point
in AB, or in AB produced. If AD>BD, prove that
AD?-BD?=2CD.AB.
7. D is the middle point of the side AB of the triangle ABC, and
CN is the perpendicular from C to AB. If AC>BC, prove that
AC?-BC?=2AB.DN.

8. D is any point on the base BC produced, of a triangle ABC.
in which AB=AC ; prove that
AD?=AB?+BD.CD.

9. ‘A straight line AB is divided at C so that AB.BC=AC?,
Prove that
AB?+ BC®*=3AC!.
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10. Divide a given straight line into $wo parts such that the
rectangle contained by them may be the greatest possible.

11. Prove that of all rectangles wkich have a given perimeter, one
of the greatest area is a square. .

12. Explain how to find a point Y in AB produced, such that the
rect. AY.YB may be equal to a given square one of whose sides is
equal to c.

[Bisect AB at C. Draw BD .L to AB and =¢. Witl centre
C and radius CD, draw a ® to cut AB in Y.)

13. Find a point X in a given straight line AB, or in AB pro-
duced, such that the sum of the squares on AX, XB may be
equal to a given square whose side is c.

[Draw a str. line BY at B making ZABY=45°; with centre
A and radius ~ draw a circle to cut BY 1n Y and Y’; the foot of the
perp. from Y or Y’ is X.]

14. TFind an expression for the length of the perpendicular drawn
from the vertex of a triangle to its base in terms of the lengths of its
sides.

15. Find the area of the triangle whose sides are 10", 17"’ and
21",

16. Calculate the length of the median drawn to the longest side
of a triangle whose sides are 7", 24" and 25".

17. Find the length of the base of a triangle whose sides are 7 em.
and 9 em. and the length of the median bisccting the base is 8 em.

18. Prove that the sum of the squares on the diagonals of a parall-
elogram # equal to the sum of the squares on the sides.

19. Show that in any right-angled triangle the sum of the squares
on the medians is equal to one and a half times the square on the
hypotenuse.

20. If P, Q be the points of trisection of the base BC of a
triangle ABC, prove that

AB?+AC?*=AP?+AQ?+4PQ>.

21. The chord of an arc of a circle, whose diameter is d, is ¢ and

the height of the arc is /. Show that 4k(d—k)=c3.

[Definition : The height of an arc of a circle is the straight
line joining the middle points of the arc to the middle point of the
chord on which the arc stands.]
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22. In a circle of radius r, the chord of an arc is 2m and the

2 2
height of the arcis 4. Show that r="2 .;;h .

23. 1n a circle of radius 7, the chord of half an arcis » and the

2
height of the arc is 4. Show that r= lir—;:—

24. 1f the radius of the circular arch of a bridge be 32 ft. and the
height of the bridge be 12 ft., show that the span of the bridge is
very nearly 50 ft.

25. A brick 4" thick is placed so as to block a carriage wheel. If
the distance of the brick from the point of contact of the wheel and
the ground is 10, find the radius of the wheel.

26. If d denotes the shortest distance from an external point to a
circle and ¢ the length of the tangent from the same point, show that
ad+2r)=t2.

27. C s the centre of a given circle and PQ is any chord through
a fixed point O, within the circle. The tangents at P and Q mcet
at T. Prove that T lies on a fixed str. line perpendicular to CO.
[Draw TN _.L to CO. Join CT mecting PQ at M. Prove that
CO.CN=CT.CM=CP2.]

28. If in Ex. 27, CT meets PQ at M and TN be the perpendicular
on CP, show that the points O, M, T, N lie on a circle.

29. AB is a chord of a circle whose centre is C and tangents at
A, Bmeet in T. Join CT cutting AB at N. Through N draw any
chord PNQ. Prove that the points C, P, T, Q are concyclic.

30. AB is the common cherd of two given circles ; and through
any point in AB, two cherds are drawn one in each circle. Prove
that the four extremities of these chords all lie on a circle.



CHAPTER V
PROBLEMS ON AREAS (Contd.)
I. On Construction of Squares and Rectangles.
PROBLEM 42.

To construct a square equal n area to a given rectangle.

A F B &

o X c

Let ABCD be the given rectangle, of which the side AB
is> the side BC.

It is required to consiruct @ square equal in area fo the
rectangle AC.

Construction. Produce AB to E, making BE =BC.
Bisect AE at F; with centre F, and radius FA, or FE,
describe a semi-circle.
Produce CB to meet the O™ in H.
Then the sq. described on BH is the required squarc.
.Prootf. Join FH.
Now, since the LFBH isart. /.
. BHZ=HF?-FB? Th. 45.
= AF?—FB?
=(AF+FB)(AF—FB) Th. 52.
=(AF+FB)EF—FB)
=AB. BE
=the rect. AC. (*~ BE=BC.)Q.E. F.
COR. Construct a square equal to a given recitlineal figure.
All that we have to do is (i) to construct a triangle equal in
area to the given rectl. figure; and then (ii) to construct a rect-

angle equal in area to the triangle and finally (iii) to construct
a square equal in area to the rectangle.
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PROBLEM 43.

Divide a given straight line internally so that the rect-
angle contained by the two segments may be equal fo a
given squares o sude of the square being less than half the
given straight line.

F*V\HC

Let AB be the given straight line, and CD a side of the given
square.

It is required to find a pt. K in AB so that the rect. AK. KB
may be=the sq. on CD. ’

Constrnction. Bisect AB at E.
With E as centre and EA as radius, describe a semi-circle
Draw AF L to AB, and from it cut off AF=CD.
Draw FH |l to AB, and let H be one of the points where FH
cuts the semi-circle.
Draw HK L to AB; then K is the reqd. pt. ,

Proof. Join EH.
FK is a rectangle; .. HK=FA=CD.
Now, AK.KB=AE2—EK? Th. 52, Cor. 1.
=EH2—EK?
=HK?
=CD?2. Q. E.F.

~ Note. Hence, given the area of a rectangle and the sum of its
adjacent sides, we know how to construct the rectangle.

« If the area be given as equal to that of a given rectangle, we have
first of all to construct a square equal to this rectangle (Problem 42),
and then proceed as above.
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PROBLEM 44.

Divide a given straight line externally so that the rect-
angle contained by the two segments. may be equal to a
given square,

E C

X
{ ! ]
A F ' B "'H D
X

Let AB he the given str. line, and CD a side of the given
square,

It is required to find a point H in AB produced so that
the rect. AH.HB may be=the sq. on CD.

Construction. Draw BE -L to AB. and from it cut off
BE =CD.
Bisect AB at F, and join FE.
Produce FB to H, making FH=FE.
Then H is the required pt.

Proof. AB is bisected at F and divided externally at H ;
. . AH.HB=FH2-FB?
=FE2—FB®
=EB? .
=CD?2 Q.E.F.
Norte. Hence, given the arca of a rectangle and the difference of
its adjacent sides, we know how to construct the rectangle.

If the area be given as equal to that of a given rectangle, we have
first of all to construct a square equal to this rectangle and then
proceed as above.

II. Medial Section.

4. Definition : A %traight line is divided in medial
section when the rectangle contained by the whole line and one
of the parts is equal to the square on the other part.
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PROBLEM 45.

To dwvide a given straight line internally into two seg-
ments such that the rectangle contained by the whole line
and one of the segments 1s equal to the square on the other.

F G
~ ~\
\\

) "

A ! H B
+* | x
x E >
Sk
D K c

Let AB be the given straight line.
It is required to find on iniernal powmt H in AB. so thal
AB.BH = AH?. .
Construction. On AB describe the square ABCD.
Bisect AD at E, and join EB.
Produce EA to F, making EF=EB.
From AB cut off AH=AF; then H is the reqd. pt.

Proof. Through H draw GHK || to FD, meeting DC in K:
and draw FG || to AB, meeting KH produced in G. .
Now FK is a rectangle, which =DF.FQ %¢. =DF.FA;
and FH is the sq. on AH.
Since DA is bisected at E and divided externally at F,
Cor. 1, Th. 52,
DF.FA=EF?—EA%=EB?—EA®
=AB2 ("' the LEAB is right).
Thus, the rect. FK=the rect. AC. :
Taking away the common part AK, we have
the sq. FH=the rect. HC
=the rect. AB, BH (*.© CB=AB).
That is, AH2=AB.BH. Q.E.F.
b. Definition : The point H, so found out, is colled the
point of medial section.
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PROBLEM 46.

To divide a given siraight line externally o two seg-
ments so that the rectungle contained by the whole line and
one of the segments is equal to the square on the other.

. ) B \ P
¥ T
+ = > > 4
X € X
>x
D c H
F G

Let AB be the given straight line.

It 15 required to divide AB externnlly af P. such that
AB.AP=PB".

Construetion. On AB, describe a square ABCD.

Bisect BC at € and join AE. From BC produced, cut oft
gF=EA. On BF, describe a square FBPG.

Then, P is the reqd. pt. of medial section.

Prqof. FB.FC=(FE+EB)(FE— EC)
=(FE+EB)FE—EB). [*° EB=EC]
=FE’—EB?
=EA’—-EB?
=AB®.

Now, PB?=fig. PF=fig. PC+fig. HF
=rect. PB, BC+rect. FC, CH
=PB.BC+FC.FB
=PB.BC+ AB®
=PB.BC+ AB.BC
= AP.BC= AP.AB. Q. E.F,



CHAPTER VI

EASY APPLICATION OF GEOMETRY TO
ALGEBRA.

1. To extract geometrically the square-root of a number.

—
At-=% --g--—» B¢ |20
X

Let a be the given number.
1t vs required to find the value of Na.
Construction. Let AB be a str. line containing « units of
length.
Produce AB to C, making BC=1 unit of length.

On AC as diameter, describe a semi-circle to meet the perp.,
through B, to AB at D.

Then, the number representing the length BD is the reqd.
$q. root.

Proof. Evidently, the angle at D, on the semi-circle,
subtended by the diameter AC is a right angle ; the L ADC= a
rt. / ; and DB is perp. to the hyp. AC.

.. BD*=AB.BC=a.
o BD =4a.
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2. Solve the equations x+y=>5b

xy=a.)
. Q Plod . T~ . C
Let AB be a str. line b R ———--
containing & units of - X N
length, and K the str. A \\
line representing the sq. \
root of the number a. * AS 7 P B
X

Draw a semi-circle on AB as diameter.

Through A, draw AQ perp. to AB and=K. Through Q draw
Qc par' to AB, meeting the @ at C. Then, if P be the foot of
the perp. from C to AB, AP and PB represent the roots of the
equations. For, AP+PB=AB=b; and AP.PB=CP?=K*=a.

3. Solve the equations x—y=0)

xy.-_'a)
C
Let AB be the I h
given straight line LT RN 3
- containing b units of K S ,,«‘:,,.’
length,; and K the str. ,'l RN I
- . td ’
line representing the ! R X 7 ¥
sq. root of the num- L i |
‘ber a. A (; ee.--"B P

Draw a semi-circle on AB as diameter, and let O be its centre.
From the perp. BC, to AB, cut off BC=K. Join OC. From 0B
produced, cut off OP=0C. Then, AP, PB denote x and y

respectively.
Prool. PB.PA=0OP2-0B?=0C?-0B?=BC2=K?=gq,
and AP-BP=AB=b.
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Obs. Any quadratic equation may be solved with the help of the
above two ; for, a quadratic equation can always be reduced to one
or other of the forms a=a(b—z)or a=x(x—b) ; and replacing b -«
or, x—b in the above two, by y. the equations reduce to the case of
either Art. 2 or ‘Art. 3.

EXERCIBE 5

1. Construct a square equal in area to a rectangle whose sides
are 8" and 3.

2. A rectangle whose length is 5" is equivalent to a square whose
ﬂiczle”is 2:5". Show by geonietric construction that its breadth is
125",

3. Show, by geometrical censtruction, that the numbers, whose
sum is 13 and product is 42, are 6 and 7.
4. Bolve the equations geometrically (i) z+y=13)
zy =36
(i) =2+y=13
2y =40)
5. Bolve the equations geometrically (i) 2-y=6)
xy=40)
() x-y=6)
zy="2)
6. Extract geometrically the square root of the following
numbers (i) 7; (ii) 8; (iii) 9.
7. Solve the following equations geometrically (i) z?-3z+2=0;
(i) 2?+2x-4=0.
8. Draw a line 25" long and divide it internally so that the rect-
angle contained by the segments contains 1 sq. iuch area.

9. Draw an equilateral triangle on a base 3" long. Censtruct an
equivalent square and show that its sides are each 197" long.

11. On a given straight line AB construct a rectangle equal te
a given square.

12. On a given straight line AB construct a rectangle equal to
a given, rectangle.

13. Show that if a rectangle be equal to a square, the perimeter
of the square is less than that of the rectangle.



CHAPTER VII.
CONETRUCTION OF REGULAR PENTAGON
Lemma.

PROBLEM 47.

To construct an 4sosceles triangle having each of the
angles at the base double of the vertical angle.

Construction. Take any str. line AB and divide it at D so
that AB.BD=AD?>.

With A as centre and AB as radius describe the OHBK.
In this ©® place the chord BC=AD.
Join AC.
Then ABC is the A reqd.

Proof. Join CD, and circumseribe a © a'bout the A ADC.
Since BC*=AD?, .. BC?=AB.BD.
BC touches the © ADC at C. Th. 60.
Hence, the £BCD=the £ DAC, in the alt. segment.
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Hence, the £ BDC=the £ BCA,
because each of them =the sum of the 2 * DAC, ACD.

But the £ ABC=the /BCA; (. AC=AB),
the £ ABC=the /BDC.

Hence, DC=BC=DA;
and .. the ZDAC=the £DCA.

Hence, DC is the bisector of the /Z BCA.
and .. the /BCA=twice the ZBCD
=twice the / BAC. }
Hence the /Z CBA also=twice the £ BAC.

Thus, ABC is the required A.
Q.E.F.

Analysis : Assume ABC to bea A such that each of its
¢2° B and C is double the £ A.

Let D bisect the £C. Then the £BCD=} the /BCA=
the 2 BAC. Hence BC must touch the circum-© of the A ADC
at C. Th. 48, Cor.

. BC2=AB.BD. The /DAC=the / DCA, (because each
of them is 1 the ZBCA); .. DC=DA ; also since the /DBC=
the sum of the /* DAC, DCA=twice the £ DAC=the £/ ABC;
.. BC=DC. Hence BC=DA, and .. ABBD=AD?; which
determines the position of D: Then the position of C also is
determined, because the distance of C from A=AB, and its
distance from B=DA.

Obs. Evidently 5 times the Z A=two rt. £s. Hence the ZA=
one-fifth of two rt. Zs, and .. cach of the /s ABC, ACB=two-
fifths of two rt. Zs=one-fifth of four rt. Ls.
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ReeurLAR PENTAGON
PROBLEM 48.

To construct a regular figure of five' sides (2) in or (%)
about a given circle.

Let the ® with centre O be the given ©.

It is required fo comstruct an equilateral and equiangular
pentagon (1) n or (i) about the circle (O).

Construction. Construct an isosceles A PQR having each
of the £°at Q and R double of the £ at P. DProb. 47.

Draw any radius OA, and then draw the radius OB making
the 2~ AOB=the £ Q.

Now, successively draw the radii OC, OD, OE making the
/. BOC, COD, DOE each = the ~£Q.

(i) Join AB, BC, CD, DE, EA. Then ABCDE is a regular
pentagon inseribed in the given ©.

Proof. Each of the ~£*at Q, R is one-fifth of four rt. £°*.
Prob. 47, Obs.

Hence each of the ~*AOB, BOC, COD, DOE is one-fifth
of four rt. £°.

the £ EOA, which together with these four /* makes
up the four rt. £* at O, must also be = oneifth of four
rt, L°.
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Thus the five £* at O are equal ;

the five chords AB, BC, CD, DE, EA are equal.
Hence, the pentagon ABCDE is equilateral.
Again, the arc AEDC = the arc BAED ;

(.~ each of them = 3 times the arc AB),
the £ ABC = the /£ BCD. Th. 43, Cor. 5.

i

]

Similarly, every two consecutive £* of the pentagon are
equal.

Hence the pentagon ABCDE is both equilateral and
equiangular, and it is also #mscribed in the given ©. Q. E. F.

(ii) Draw tangents to the © at A, B, C, D, E forming the
pentagon HKLMN. Then HKLMN is a regular pentagon
circamseribed ahout the .

Proof. Join OH, OK.

It may be proved, as before, that the five radii OA, OB,
OC, OD, OE divide the four rt. ~* at O into five equal parts.

Alsothe £"at A, B,C, D, E arert. £°. Th. 45.
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Now, since the tangents AH, BH meet at H,

~. AH = BH,.
the / AOH = the ~ BOH, Th. 48
and the ZOHA = the / OHB

Hence, the £BOH = }the £ AOB, }
and the LOHB = 4 the £ AHB.

Similarly, the £ BOK = } the £BOC, }
and the LOKB = % the /£ BKC.
In the A* OBH, OBK, we have
the LOBH = the LOBK; (being rt. £°);
the £ BOH = the £ BOK, (halves of the
equal /* AOB, BOC)
and the side OB common ;
the two A*® are congruent.
Hence BH = BK.ooooivireeiieeeeiaene (a)
and the £ OHB = the £OKB............... ®)
From (¢), HK
proved that NH = 2AH.
o NH = HK, (" AH = BH);
similarly HK = KL, KL=LM, LM=MN, and MN = NH.
Hence the pentagon HKLMN is equilateral.
Again from (8), 2* AHB and BKC arc equal, . e. ZH= /K.
Similarly, /K= /2L=/M=/N.
the pentagon is also equiangular.
Hence, it is regular. Q. E. F.

28H; and in the same way it may be

/|

19



CHAPTER VIII
MIBCELLANEOUS CONSTRUCTIONS

L On Circles.
PROBLEM 49.

1. To construct a circle, with a given radius touchi‘n'gaA
given circle and a given straight line.

Let the © with centre O he the given @, AB -the given str.
line, and K the given radius.

It 48 required to describe a circle which shall «‘.ouch the circle
(0) as well as the straight line AB, and have a radius =K.

Construction. Draw oD -L to AB, and from DO cut off
DE=K; through E draw EH | to AB.

Take a radius 0Q of the given ©® and produce it to N,
making QN=K. Then ON is the sum of the radii of the given
and the required .

With O as centre and ON as radxus deseribe an arc cutting
EH at C.
Join OC cutting the given ® at P, and draw CF L to AB.

Then the © described with C as centre and CP as radius
will be the reqd. ®.
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- Proof. Since OC=O0N, of-which QP= 0Q.
' S CP=NQ=K;
also, since DC is a rectangle, by construetion,

CF=ED=K.

Hence CP=CF; and .. the @ described with C as centre
and CP as radius will also pass through F.

Now, since the two ©* meet at P which is a pt. on the line
joining the centres,

the @ touch each other at P. Th. 47, Note 2.

Also, since AB is -L to the radius CF at F.
AB touches the & at F.
Th. 45, Cor. 2.

Thus, the ©® PFG touches each of the given ©® and the given
str. line, and has its radius=K ;

this is the required @.
Q. E. F.

Note 1. The circle described with O as centre and ON as radius
will also cut HE produced at some pt. With that point as centre
another (© may be constructed satisfying the conditions of the
problem. This is left as an exercise for the student. ’

Notr 2. If the reqd. (© is assumed to be drawn, it is easy to
see that the distance of its centre from O is equal to the sum of
the radii, and the distance from AB=K. Hence follows the cons-
truction.
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PROBLEM 50.

To construct a circle touching a given circle and also
touching a given straight line at a given point.

Let AB be the given str. line and D the given pt. in it, and
let the © with centre O be the given ©.

It is required to deseribe a circle touching the circle (O) and
also touching AB at D.

Construction. Draw OG L to AB cuiting the ® at F, and
produce GO to meet the ® in E.
. (i) Join ED cutting the © at P; join OP.
Through D draw a perpendicular to AB, meeting OP
produced in C.
Then the ® described with C as centre and CP as radius
will be the reqd. ©.

Proof. Since EG and CD are both L to AB,
they are parallel ;
the LOEP = the LCDP; (alt. %)
also, the LOPE = the LCPD. (vertically opp. L°)
But the L OEP = the LOPE; (.~ OP=0E)
the .2 CDP the LCPD;
and .. CP cD.

gnuua
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Hence the ® described with C as centre. and CP as radius
will also pass through D. ‘ .
Again, since the two ©* meet at P which is on the line
joining the centres, they touch each cther at P.

Th. 47, Note 2.
Also, since AB is .L to the radius CD at D,

AB touches the & at D. Th. 45, Cor. 2.

Thus, the © PDH touches the given ©, and also touches
the given str. line at the given pt. D ; -

this is the reqd. ©. Q.E. F,

(ii) Join DF and produze it to meet the © at P.
Join PO. )

A G D B
Through D draw a -L to AB, meeting PO produced in C.

. Then the ® described with C as centre and CP as radius
will be the required ®.

* [The proof is left as an exercise for the student.]

Note 1. Let the required circle be assumed to be drawn, as in
the first diagram ;let C be its centre and P the pt. where it touches
the given . Then OC passes through P, and CD is L to AB. Join
DP and produce it to mect the given & in E ; join EO. Now, it is
easily seen that the LCDE=the LOED; .. EQis| to-CD, and
. EO produced cuts AB at rt. £s. We thus find that the pt. of
contact of the two (s lies on the line DE, where OE 1i8 that radius
of the given (© which, when produced through O, cuts AB at rt. /Zs.
The position of P being known, that of C is found at once, for it
lies on OP produced and also on the _L to AB through D.

Note 2. Let the reqd. circle be assumed to be drawn, as in the
second diagram ; let C be its centre and P the pt. where it touches
the given (. Then CO produced passes through P, and CD is L
to AB. Join DP cutting the given © at F;join OF. Now, it is easily
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"seen that the L CDP=the ZOFP ;.. OF is || to CD, and ... OF pro-
duced cuts AB atrt. £s. We thus find that the pt. of contact of the
two (Os lies on the line DF produced, where OF i1s that radius of the
given ® which, when produced through F, cuts AB at rt. Z8. The

. position of P being known, thatof C is found at once, for it lies
on PO produced and also on the .L to AB through D.

PROBLEM 51.

To construct a circle passing through two given points
and touching a given circl_e.

Let A, B be the two given pts. and let the ® with centre O
be the given ©.

It is required to describe o circle passing through A and B,
and also touching the circle (O).

Join AB and draw FC, the _L hisector of AB.
Then, FC may pass through O or may not.
(i) Let FC not pass through O.

Construction. With any pt. C, on FC, as centre,and CA or
CB as radius, describe a © cutting the given @® at D and E.
Join DE and produce it to meet AB produced at H,

Draw HP to touch the given © at P. Problem 32,
Construct a ® through the pts. A, B, P; then this will be
the reqd. ©. .
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Proof. Since the chords AB, DE of the (©ABD intersect
in H, "
HA.HB=HD.HE. 77! 57.

Again, siftce HP touches the given & at P and HD cuts it
in D and E,

HP2=HD.HE. Th. 59.
Hence, HA.HB=HP?, '
and .. HP touches the ® ABP at P. Th. 60.

Now, the ©® ABP and the given ® have a common tangent
at P,
the two ©* touch each other at P.  Th. 47, Cor. 3.

Hence the ©ABP is the reqd. .
~ [Similarly, if the other tangent HQ to the given ©® be drawn,
it may be proved as above that the © through A, B, Qis
another © satisfying the given conditions.]
:(i1) Let FC pass through O.
Q

S/

Construction. Let FO cut the given ® at P.
Describe a © passing through the pts. A, B, P ; then this
will be the reqd. ®.
Proof. Since FP is the L bisector of AB,
the centre of the & ABP lies in FP.
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i
Hence, P is a pt. on the line joining the- centres of the
two ", ‘
and since the ©° meet at P ; :
they touch each other at P. Th. 47, Note 2.

Hence the ® APB is the reqd. ®. Q.E. F.

[If FO be produced to meet the given @ in Q, it may be
proved as ahove, that the ® through ABQ is another ®
satisfying the given conditions.]

Analysis : Assume the required © to be drawn, touching
the given ©® at P. Then the two ®* have a common tangent
‘at P ; let this tangent meet AB produced in H. '.. HP*=HA.HB,
(Th. 59). Through H let any secant be drawn cutting
the given ® in E and D ; then HD.HE=HP? (Th. 59). Hence
HA.HB=HD.HE, which shows that the pts. A, B, E, D are
concyclic (Th. 58). Hence, if & ® be constructed passing
through A, B and also cutting the given @ in two pts. D, E,
then the pt.in which DE intersects AB is the pt.in which
the common tangent to the given and the reqd. &’ intersects
AB ; whence the construction follows.

If the common tangent at P be || to AB, i will not meet AB
produced.

H

<

Join PA, PB, Sinee PH is || to AB, .. the ZHPB=
the ZPBA; also the ~ HPB=the £ PAB, in the alt. segment.
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Hence the £ PBA=the £ PAB, and:.. PA=PB. Hence P is
on the _L bisector of AB. ' The centre C of the © APB also lies
on the L bisector of AB. Hence both ¢ and P lie.on the L
bisector of AB, and .. PC produced biszets AB at rt. L°.
But CP produced also passes through 0. Hence OP produced
bisects AB at rt. £°. In this case cherefore the L bisector of AB
passes through O and cuts the given ® in the pt, at which the
reqd. ® touches it ; whence follows the construction.

PROBLEM b52.

To construct a circle passing through two given points
and louching a given straight line which is not parallel
to that joining the given points.

B E

c H P D F
Let A, B be the two given points and CD be the given str.
line intersecting the str. line AB, when produced, at H.

It.'is required to draw a circle through A, B and touching the
str. ine CD.

Construction. Find a str. lino EF the square on which is
equal in area to the rect. BH.HA.

From HD cut off HP=EF.

Then the © passing through the pts. A, B, P will be the
reqd. ©.

Proof. Since HP? =HA.HB,
HP touches the ©® at P. Th. 60.
Henoce ABP is the reqd. ©. Q.EF.

NoTte. HP may as well be cut off from HC produced. Thus
there are two ®s satisfying the given conditions.
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II. On Triangles.

PROBLEM 53.

To construct a triangle, having given the bdse, the
altitude and the sum of the other two sides.

.
~~

<
b
—
0
L
A

Let s, b, p (fig. above) denote respectively the lengths of the
sum of the two sides, the base and the altitude of a triangle.
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1t is required to construct the triangle.

Construction. Draw any str. line AB=5b. With centre
A and radius s, draw the © OPE ; draw = str line LM par'to AB
and at a distance ‘p’ from it. From B, draw BN perp. on LM and
produce it to D, making ND=BN. Draw a & DPB through
B8 and D and touching the ® OPE. If P be the point of
contact, join AP and let it cut LM at C. Then, ACB is the
reqd. triangle,

Proof. Because the two * OPE, DPB touch at P, inter-
nally, their centres are collinear with P, the point of contact.

Therefore, the centre of the © DPB must lie on AP.

Also, its centre must lie on the perp. bisector. LM, of the
chord DB.

.. the centre of the ©DPB is the pt. C, at which LM and
AP intersect.

Hence, because AC+CB=AC+CP=AP=s, and the perp.
distance of C from AB=p (for, C lies on LM), the AACB is the
reqd. triangle.

Obs. It may be easily verified that in the abeve construction
if the given altitude be such that the point D (where BD=2p) is
outside the OPE, the point K will be inside the same () ; hence,
the )DPB which passes through D, B and P (the pt. of contact of
the tangent to the (OPE from K) cannot be drawn. Hence the
constguction fails.

Exercise : Show that there are two As satisfying the given
conditions.



CHAPTER IX
MICELLANEOUS PROPOSITIONS
I. On Rectilineal Figures and Circles.

1. If the bisectors of the base angles of a triangle be equal
then the iréangle is isosceles. (B. C. S. Exam.)

M

L

Let ABC be a triangle and BD, CE be the bisectors of the
base £’ B and C. '

If BD=CE, st 13 reqd. to prove that the A ABC 1is tsosceles.

At C draw CN, making, the ZECN=the £BDC; and cut
off from CN, CF=CD. From B and F, draw BL, FM perp'
on FC and BA (produced if necessary) respectively.

Join EF, BF.
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Proof. In the A*BDC, ECF,

BD=CE Hyp.
CD=CF Cons.
and the £BDC= the LECF Cons.

the A’ are ¢congruent.
s, (1) eF=BC; (i) the LDBC= the LFEC.
Now, from the ABOE,
the ext. £/ BOC= the LOBE+ the L OEB
= the £ 0BC+ the £ OEB

[ BD bisects the £ B]
=the / CED+the / OEB, from (it) above
=the £ BED.

Again from the AODC,

the ext. £BOC=the/ ODC+the/Z OCD
=the £/ OCF+the£ OCB
=the / BCF.

the / BED =the / BCF.

the / FEM = supplement of the /£ BED *
=supplement of the £/ BCF =the £BCL.
Hence, in the rt. angled A* FEM, BCL
. BC=EF, [from (%)
~and theZFEM=the/BCL
the A* are congruent.

(iii) EM=cCL; (iv) Fm=BL.
Again, from the rt. £ A* BFM, BFL,
° FM=BL

and the hypotenuse BF is common

.. the A®are congruent,
(v) BM=FL.

from (iii) and (v),
BM—-EM=FL-CL
te., BE=CF.

But CF=CD, by construction.

o BE=CD.
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Hence, in the two A’ BEC, BDC

BD=CE Hyp.
BE=CD

and BC is common ;
the A* are congruent,

. the LEBC=the £DCB

s.e. the 2~ ABC=the £ ACB.

t.e. the A ABC is isosceles.

2. Of all iriangles inscribed in a given acule-angled triangle
it 4s the pedal triangle alome which has two of its sides equally
inclined to that side of the given triangle on which they meet.

A

Let the APQR inscribed
in the acute-angled A ABC be
such that its sides RP, QP are
equally inclined to BC, the
sides PQ, QR are equally in- R
clined to CA,and the sides QR, 4
RP are equally inclined to AB,
as shown in theaccompanying
diagram. X\/X

B P c

It is required to show that the APQR is the pedal triangle of
the AABC.

Proof. Now, the six /* marked at P, Q, R, together with
the ~* at A, B, C make up six rt. 2*; hence, those six 2/ * are
together=4rt. £’. Hence the three ,* AQR, ARQ and QPC
{one being taken from each pair) are together=2rt. ~*; and

. the £ QPC=the £ A, which shows that the quadl. ABPQ is
cyclic. Similarly, ‘each of the quadls. BCQR and CARP is
cyclic. Hence, if AP, BQ and CR be joined, it is easy to see
that the 2~ APQ=the £ ABQ=the £ RCQ=the / APR ; whence
the £ APC=the L APB; and .. APis _Lto BC. Similarly
BQ is L to CAand CRis .L to AB. Hence the APQR is no
other than the pedal triangle. Thus, of all the A’ that can be
inscribed in the A ABGC, it is only the pedal A that has the
above property. Q.E.D.
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8. The circum-circles of the four triangles formed by four
given straight lines, of which notwo are parallel, have one
point common to them all.

"F

A g Tt 2

Let the four str. lines AB, DC, AD, BC form the four
A* ABF, DCF, ADE, BCE. C is clearly one pt. of intersection of
the ®° DCF, BCE ; let their second pt. of intersection be P

It is required 1o prove that P is a pt. on the ©ABF and also
on the ®ADE.

Proot.. Join CP, BP, DP.
The quadl. BCPE being cyclic, the £PBE =the LPCE;

Th. 37.
and the quadl. DCPF being cyclic. the /£ PCE = the £ PFD.

Th. 39, Cor. 1.
Hence, the £ PBE = the £ PFA, _
and .. the quadl. ABPF is cyclic, Th. 40, Cor.
Thus, P is a pt. on the ® ABF. :
In the same way, it can be shown that Pis a pt. on the
© ADE.
COR. 1. If the four given straight lines are: such that the
quadl. ABCD 1s cyclic, then the three pis. F, P, E are éollinear.
For, in that case, the LCDA= the LCBE; .. the 2*
FPC and EPC are together =the £* CBE and-EPC= two
rt. ~*. Hence, FP and PE are in the same str. line.

COR. 2. If from P the L* PH, PK, PL, PM be drawn to the

lines ABE, DCE, BCF; ADF respectwely, then tke four pis.
H, K, L, M are collinear.



304 , . MODERN GEOMETRY

Since Pisaﬁt. on the circum-® of the ABCE, and PH,
PK, PL are the perp’ from P on the sides of the triangle,
.. the three pts. H, K, L lie in one str. line. (Simson’s Line
Page 236). Similarly, the three pts. K, L, M are in one str. line.
Thus, the str. line that passes through K and L also passes
throizgh H and M ; which shows that all the four pts. lie 1n one
str. line,

4. The line joining the ortho-cemtre O of a iriangle ABC

to any point P on the circum-circle is bisecled by the pedal line

of P with respect to the triangle.
: F

A

o

G
In the above diagram, let DEF be the pedal line of
the pt. P.
1t is required to prove that OP is bisecled by the line DEF.

Proof. Produce AO to meet BC in L and the circumfG) in
G. Join PG, cutting BC at H, and the pedal line at K.
Join OH, PC. The line AOL is _L to BC.
Thus, if BO, BG be joined,
the £ GBC=the / GAC=the complement of the s ACB
=the / CBO.
from the A’ LBO, LBG, in which the 2/ BLO
=the /BLG, the £ GBL=the /LBO and BL is
common, we have, OL=LG.
Hence the A* OLH, GLH are congruent }
and ... the / LHG=the ZLHO.
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Now, the quadl. PEDC being cyelic,
the /L EDH=the LEPC
=the complement of the ZPCA
=the complement of the /PGA
=the L LHG
=the LLHO;
.. DF is 1l to HO.

. Again, the / KDH=the £/ LHG Proved above.

=the LKHD}
the / KDP=the £ KPD.

Hence, KH=KD=KP. »

Thus, K is the mid-pt. of the sids PH of the AOPH, and
the line DKF is Ul to the side HO ;

.. the side OP is bisected by the line DEF. Q.E.D.

. P is any point oulside a circle of which the cenire ¢s O ;
PM, PN are tangents to the circle, and MN the chord of conlact.
If OP intersects MN at R, then OR.OP=0M?2.

P M
Vi

N

Proof. BSincethe /* OMP, ONP are supplementary, each
of them being a rt. 2/,
the quadl. OMPN is cyelic.

Hence, the Z OMN=the /£ OPN Th. 87.

‘ =the ZOPM. Th. 46, Cor,

Hence, OM touches the @ circumscribed about the A PMR

at M; Th. 48, Cor.
.. OR.OP=0M?2, Th. 59.

20
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Obs. PM being=PN, the L bisector of MN passes through P;
for a similar reason, thel.L bisector of MN passes through O. Hence
OP is the L bisector of MN. Thus, the chord of contact of tangents
drawn 1o a circle from an external point is bisected perpendicularly
by the line joining that point to the centre.

6. Detinition: If two points are so related to a circle that
they lie in a straight line passing through the centre, and the
rectangle contained by their distances from the centre is equal
to the square on the radius, then each of these points is said to
be the inverse of the other, with respect to the given circle.

Thus, in the preceding diagram, the points R and P are a
pair of inverse points with respect to the circle whose centre is O
and radius=0M. ’

Obs. If A and B are a pair of “nverse points with respect to
a circle whose centre is P and radius= PQ (that is, if P, A, B are
collinear and PA.PB=PQ?), and if
through A a straight line HK be
drawn L to the line PAB, then the
point B is said to be the pole of the
line HK, and the line HK, is said to
be the polar of the point B. Also, if
LM be drawn through B perpendi-
cular to the line PAB, then A is the
pole of the line LM, and the line LM
is the polar of the point A. Thus,
in the preceding diagram, the point
P is the pole of the line MN and MN
is the polar of the point P,

II. Orthogonal Circles.

7. Detinition : Two circles are said to be orthogonal, or
to intersect orthogonally, when the two tangents-at either
point of intersection are perpendicular to each other.

In the diagram of page 305, M is a pt. of intersection of the
given ® and the © about the APMR; also MP and MO.
which are the tangents at M to those two (©°, respectively, are
L to each other, Hence the given © and the © about the
O PMR intersect orthogonally. Similarly, the given © and the
© about the A PNR intersect orihogonally.
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1. The angle between the tangenis to any two intersecting
circles at one of their points of intcraection is equal to the angle
between the tangents at the other woint, ‘

Let ABC, DBC be any two (97, intersecting each other at B
and C; and let the tangents at B and C to the two &®* intersect
at E and F respectively, as is shown in the diagram,

It is required to prove that the L EBF=the /ECF.
Join BC.

Proof. Since the tangents at B and C to the ©BDC
intersect at E,

EB=EC.

the £ EBC=the LECB.
. Similarly, FB=FC.

the / FBC=the /FCB

the / EBC+the /FBC=the LECB+the LFCB
i.e. the / EBF=the / ECF.

COR. 1. EF bisects the angles BEC, BFC.

COR. 2. If the @' ABC, DBC be orthogonal to each other,
the four poinis E, B, F, C are concyclic.
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2. If two circles infersect orthogonally, the tangenis at
their poinis of tntersection to esther of them pass through the
centre of the other.

Let ABC, DBC be any two (@, intersecting orthogonally
at B, C and let P and Q be their centres, respectively.

1t is required to prove that (i) the 1angents at B and C to
the ©DCB pass through P ;
and (i) the tangents at B, C lo the © ABC pass through Q.

Proof. Because BL is atangent at B to the ®ODBC, and
BM is prep. to BL through the pt. of contact,
BM must pass through the centre Q of the ©®DBC.
But BM is a tangent to the ®ABC; .

. the tangent at B to the ©®ABC passes through Q, the
centre of the ®DBC.

Bimilarly, the tangent BL to the ®DBC passes through P,
the ceutre of the ®ABC.

In like manner, it can be shown that the tangents at C to
either of the two O' pass through the centre of the other.

COR. The angles subtended by the common chord of any
two orthogonad circles at their centres are supplementary.

.
oo
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3. The square on the distance between the centres of any two
orthogonal vircles is equal to the swin of the squares om their
radiz. :

Let P, Q be the centres of two orthogonal circles ABC,
DBC, which intersect at B and C.

It 1s required to prove that sq. on PQ=sum of the squares
on the radis of the two ",
Join PQ, PB, QB.
Proof. Since the " intersect orthogonally,
PB, QB dre tangents to the two (°, one to each ; and they
include a rt. £ between them. Prop. 2, p, 308.

- the APBQisart. £* A, of which PQ is the hypo-
tenuse.

PQ*=PB?+ QB*? Pythagoras’ Theorem.
. =sum of the squares on the radii of the
two (©°

because, PB and QB are the radii of the two -,

Obs. 1If d be the distance between P and Q, and r;, 3 be the
radii of the two circles, the above relation is :—-
A=y 24r,?;
or, 2d*=2(r *+7r,?)
=(r1 +7'9)’+(1‘1 _"'2)z
e, >(r,+7r,)?%;
whence, 74 +7r3;<a/2.d,

7.e, the sum of the radii of two orthegonal (®* is less than
+/2-times the distance between their centres.
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III. Maxima-Minima.

1. Of all triangles that can be inscribed in an acute-angled
triangle, the pedal triangle is that which has the least perimeler.

Let ABC be an acute-angled A.

It is required to show that the pedal triangle of the AABC
has the least pertmeter.

Proof. Now, of allthe A*thatcan be inscribed in the A ABC,
either the pedal A, or some one of the others, must have the
least perimeter. Let PQR be any of the inscribed A’ other
than the pedal A, as in the above diagram. Since PQR
is not the pedal A, it must have af least one pair of sides
that are not equally inclined to that side of the AABC on
which they meet ; let RP, PQ be that pair. Suppose then that
S is the pt. in BC such that RS, sQ are equally inclined
to it ; then RS+SQ is < RP+PQ, and .. the perimeter
of the ARSQis < thatof the ARPQ. The APQRis .. not
one having the least perimeter. Hence, the A of minimum
perimeter is clearly no other than the pedal A ; or, which is
the same as, it is the pedal A that has the minimum peri-
meter.’
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2. Of dll triangles standing on the same base and having

the same vertical angle, the isosceles s that which has the greatest
area and the greatest perimeler.

Let the isos. AAPB stand on the base AB; and let AQB
be any other A on the same base, having the vertical £ AQB=
the £ APB.

(?) It is required to prove that the area of the AAPB is
greater than the area of the AAQB.

Proof, Since the £ APB=the / AQB,
the four pts. A, P, Q, B are concylic. Th. 38.
Let O be the centre of the (® passing through these four
points, and draw OC, QD L to AB.
Then OC is the L bhisector of AB ; Th. 33.
apd since PA=PB, .. OC produced must pass through P.

Draw OH _L to QD produced ; join OQ.
Now, in the rt. £*¢ AOQH, the hypotenuse 0Q>QH.

Hence OP>QH, }
and, CH being a rectangle, CO=DH;
PC>QD.

Now, the area of the AAPB=1 the rect. AB.PC;
and that of the A AQB=1 the rect. AB.QD.

Hence the area of the A APB> the area of the A AQB.
Q. Ee
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0

(3) It is required to prove that the perimeter of the A APB
greater than the perimeter of the A AQB.

A B

Proof. Produce AP to C making PC=PB, and AQ to D
making QD==2QB.
Join CB, DB, CD.
Since AP=PB=PC, .. the ® described on AC as diame-
ter will pass through B ;
.. the LABCis art £.

Now, since PC=PB, .. the /PBC=the £ PCB,
and .. the £ APB=double the £ ACB;
similarly, the £ AaB=double the / ADB. }

Hence, the £ ACB=the £/ ADB;

and .. the quadl. ACDB is cylic.
Tk. 38.
Hence, the £/ ADC=the £ ABC
=art. £. Th. 41.

Now, in the rt. 24 AADC,
the hypotenuse AC > the side AD;

AP+PB > AQ+QB.

Hence the perimeter of the A APB is > the perimeter of the
AAQB.

Q.E. D.
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3. Of all triangles that can be inscribed in a gvien circle, that
which has the greatest avea, or the greatest perimeter, is equilateral,

Let ABC be the given ® of which the centre is O.

(8) It is required to prove that of all A" that can be ins-
cribed in the DABC, that which has the greatest area is equila-~
teral.

Proof. The A which has the greatest area must be either
equilateral or non-equilateral.

Let ABC be any non-equilateral A 1nscr1bed in the given .,

It must then have at least one pair of unequal sides ; let AC,
CB be that pair.

Draw OD L to AB, and produce DO to meet the ® in P.
Join PA, PB.
Now, PD is the L hisector of AB.
PA=PB.

Hence, of the two A* APB, ACB, which stand on the same
base A8 and have equal vertical angles, the A APB is isosceles.

Hence the area of the A AP8 is greater than that of the
A ACB.

Thus, so long as the A ACB has got a pair of unequal sides,
another triangle of greater area can always be found.

Hence, t‘he A of maximum area inscribed in the 3 cannot
be non-equilateral ;

it must be equilateral.

(¢1) To prove that of all A* that can be inscribed in the
®ABC, that which has the greatest perimeter is equilateral.

[The proof is similar to the above and is left as an exercise
for the student.]
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4. Two circles whose centres are O and P cut each other at
the points A and B ; of all the lines drawn through A or B and

terminated by the two circumferences, the greatest is that which
is parallel to OP.

E
H/RA/B\K
; N
M
E
o P

Let HK be the line through A || to OP, and let EF be any
other line through A, as in the above diagram.

It 1s required to prove that HK is > EF.

Proof. Draw OC, PD L to HK ; OL, PM _L to EF, and
PN L to OL.

Since OC is L to HA.
- HA=2AC. Th. 33.
Similarly, AK=2AD ;
HK=-‘.ZCD.}
In the same way, EF=2LM.

Now CP and NM are evidently rectangles ;
CD=0P, }
and LM=NP.

But, in the rt. £ AOPN,
the hypotenuse OP > the side NP ;
. CD>LM,and .. HK > EF.

Q.E. D.
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IV. Radical Axis.

1. Find the locus of points from which tangenis to two given
non-intersecting circles ars equal.

Let there be two non-intersecting circles whose centres are

Cc and ¢/, and whose radii are 7 and 7/, respectively, as shown
in th(- diagram.

pf se P to be such a point that the tangents PT, PT’

drawn from P to the circles, are equal.

It is required to find the locus of P.
Form P, draw PN L to cC’. Join CT, CP, C'T/, C'P.
Bisect CC’ at O.

P.roof. Because the £ * CTP, CNP arert. /°
PT2=CP2—-CT?=(CN%2+PN23)-
Again, . the-£*C/T'P,C/NParert. /*,
PT'?=C'P*-C'T'?*=(C'N*+PN?)~7'2,
CN?+PN? ~7%=C'N*+PN? - 72,
[ PT=PT"]
8.6. CN2 — C'N2=7r2—7'2, taking away PN2 from both sides.
oo (CNAHC'NXCN=-C/N)=7r2=12 e 1)
But CN+C/N=CC’; and CN - c'N=(co+0N)—(c’o— ON)
=2.0N, " CO=C'0.
S Q@) becomes 2cc’. 0N=r2—r” .................. (2)
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Similarly, if P’ be another point such that tangents to the
two (©° from P’ are equal and if P/N’ be the perp. to CC/, it
may be shown that
: 2CC.ON'=72—9'2 i, (3)

from (2) and (3), ON=ON/, which is impossible, unless
N and N’ coincide.

Thus, PN, PN’ are both perp’ to CC' through the same
point, N, which is impossible, unless PN, P’N coincide entirely.
: P’ must lie on PN.

Hence, all points from which tangents to the two ©" are
equal, lie on the same str. line vix. l;he perp. through N to CC/,
the line of centres of the two &°.

Hence, the required locus is a str. line perp. to the line of
centres of the two circles.

8. Definition : The locus of points from which tangents
to two given circles are equal is called the radical axis of the
two circles.

It is clear from what has been shown in the last proposition
that the radical azis of two given circles is at right angles to the
line of their centres.

2. The radical axis of two given intersecting circles is the
same as thewr common chord,

Let there be two
intersecting circles
whose common
chord is AB; and T
of which the centres
are C, ¢’ and radii r!
arer, r’ respectively.
1t is required to
show that the radical
axis of the circles
will coincide with
AB.




RADICAL AXIS 317

Proof. Let P be any point outside the two given ®° such
that the tangents PT, PT’, drawn from P to the two ©* are equal.
If PN be the perp. from P to CC’, then, by the last proposition,

2CC.ON=72 -2, where » is the mid-pt. of CC’.

Let the common chord AB meet CC’ at N/, so that AN’ is L
to cC’. Suppose P’ to be any point in AB. Join CP/, C'P’.

Now, CP'2—CA2=AP.PB=C'P'2—C'A2,
S CP2—C'P2=CA?—C/A%=r2—12 ... .........(Q)

But CP'?=CN2+P/N'? and C'P'?=C'N24+P/N"2
(1) becomes CN'2—C/N/2=r2—¢'2;
or, (CN'+C'N)(CN'—C'N)=r2—¢'2
or, 2CC.ON'=r2—7"2,

Hence, 2CC’.ON=2CC’.ON’, (each=r2—71'2),

.. ON=ON/, which is impossible, unless N and N’
coincide,

the perp. drawn to CC’ from the point P meets cC’
at the same point where the common chord meets it.

Also, since the common chord, also, is perp. to CC’, P must
be a point on the common chord, AB, produced.
[ ]

Similarly, all points from which tangents to the two circles
are equal lie on the common chord produced.

Hence, the radical axis of two given circles is the same as
their common chord.

0bs. Although 70 tangent can be drawn to any two intersecting
circles from any point on their common chord, and as such it does
not satisfy the condition of being a radical axis, the entire straight
line obtained by producing the common chord bothways is stell called
the radical axis of the two circles.
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8. The radical azes of any three mon-intersecting circles,
{aken in pairs, either meet in a point or are all parallel.

/
/
™M 1
/,
Q
/
/
/
. ]
B /
\/
Ny A
\\
Y

|
o\
L
c N
N
Fig. 1.
c 2ad A

N t" L

Fig. 2.
Let X, Y, Z be the centres of three non-intersecting circles ;
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and let the radical axis of the circles X, Y be AL, that of Y, Z
be BM and that of z, X be CN.

1t s required to prove that (i) if two of the radical aves, say
AL, BM, meet at a point O, then the third ome, CN, must pass
through O

or, () ¢f AL, BM be parallel, CN s also par to them.

Proof. (i) First suppose AL.BM meet at 0. Draw OP, 0Q,
OR tangents to the cireles X, Y, Z respectively.
Then, *.© Oisapt. on AL, .. OP=0Q;
also, *.° Oisa pt. on BM, .. 0Q=O0R.
OP=O0OR ; and these being tangents to the circles X, Z,
O is a point on the radical axis of the circles X, z.
2.. O is a point on CN.
AL, BM, CN all pass through o.

(ii) Sccondly, suppose AL, BM are par’,
Since the radical axis of any two circles is at right angles
to the line of their centres,
AL is L to XY ; and BM is L to YZ.

Hence, since AL, BM are par!, the str, lines XY, YZ, both
of which have the pt. Y common, are in one and the same str.
line.

X, Y, Z lie on the same str. line.
Again, since the radical axis, CN, of the ®* X, Z is L to X2,
AL, BM, CN are all parallel because they are perp’
to thé same str. hne

Obs. If the circles be such that only one of them intersects the
other two, which are themselves non-intersecting, the truth of the
above theorem may be established in a similar manner.

But if the circles intersect each other, two by two, the above
theorem reduces to one which proves that the common chords of
three circles, which intersect each other th pairs, are concurrent.

9. Detfinition : The poiut at which the radical axes of any
three circles, taken in pairs, meet (if at all), is ealled their

radical centre.
The pt. O in fig. 1 is the radical centre of the ®° X, Y, 2
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4. To construct the radical axis of two giwen circles, which
do not intersect.

P T

Let TAB, T'A’B’ be the given circles, which do not intersect ;
and let their centres be O and O’ respectively.

It vs required to construct their radical axis.

Construction. Draw any other © BAB’ to cut the given

©*at A,Band A, B". Join AB, A'B’; and produce them to
meet at P.

Then the str. line through P at right angles to 00’ is the
reqd. radical axis.

. Proof. Let PT and PT’ be the tengents from P to the
given (»°.
Then PT2=PA.PB; and PT2=PA’.PB’.
But, BA and B’A’ are chords of the ®BAB’ and are produced
to meet at P ; . PA.PB=PA’.PB.
¢ PT?=PT"?
PT =PT/,
te. P is a pt. on the radical axis.
10. Definition : If there he a system of circles such that

the radical axis of any two of them is the same for any .other
Ppair, the circles are said to be eo-axial,
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MISCELLANEQUS EXERCISES

1. Show that the middle points of the chords of a circle which
pass through a given point all lie on the circumference of another
circle. ' o ‘ :

2. If a quadrilateral be ciréumscribed about a givén circle,
prove that the sum of any pair of opposite sides is equal to the sum

of the other pair. Hence prove thai any parallelogram circum-
scribed about a circle is a rhombus.

3. Prove that the triangle formed by joining the three points in
which the in-circle of a triangle meets the sides, is acute-angled.

4. The diagonals AC, BD of a parallelogram ABCD intersect at
O. Show that the circum-circles of the triangles AOB, COD touch
each other at O.

5. Show that the greatest quadrilate.al that can be inscribed in
a circle is a square.

6. On the sides BC, CA, AB of a given triangle ABC, any three
points D, E, F respectively are taken. Prove that the circum-circles
of the triangles EAF, FBD, DCE meet in a point.

7. If the in-circle of a triangle ABC touches the sides BC, CA,
AB at D, E, F respectively, prove that BC+AF=CA+BD=AB
+ CE=the semi-perimeter of the triangle ABC.

8. With the vertices A, B, C of a triangle as centres, construct
three circles each of which shall touch the other two.

9. Prove that the sum of any three alternate angles of a hexagon
inscribed in a circle is equal to four right angles.

10. AB is the commeon chord of two circles, and P is any point
on the 8ircumference of one of them so that the straight lines PAQ,
PBR meet the circumference of the other in Q and R. Prove that
the arc QR is of the same magnitude for different positions of P.

11. The opposite sides of a cyclic quadrilateral are produced to
meet in P and 'Q, and about the triangles so formed without the
quadrilateral circles are described, which meet in R. Prove that the
points P, R, Q are collinear.

12. ABC is a triangle; BCA’, CAB/, ABC' are equilateral
triangles so that the points (A, A’), (B, B’) (C, C') are on opposite
gides of BC, CA, AB respectively. Prove that the circum-circles of
the three equilateral triangles meet at a point which is also the point
of concurrence of the lines AA/; BB', CC'. )

21
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13. If an equilateral triangle be inscribed in a circle, and the
adjacent arcs cut off by two of its sides be bisected, prove that the
line joining the points of bisection is trisected by the sides.

14. Pis any point on the circum-circle of a given triangle ABC;
PA’, PB’, PC’ are chords of the circle perpendicular respectively to
BC, CA, AB. 8how that the triangles ABC, A’B'C are congruent.

15. If S be the circum-centre of a triangle ABC, and if the
perpendicular from S on BC meets the circum-circle in Kand L, L
being on the same side of BC as A, prove that AK and AL bisect the
interior and exterior angles at A. Also, if | be the in-centre, prove
that K is the circum-centre of the triangle BIC.

16. ABC is a triangle ; C is the point of intersection of the per-
pendiculars AD, BE, CF upon the sides of the triangle; G, H, K
are the middle points of the sides, and L, M, N the middle points of
the lines OA, OB, OC. Prove that each of the angles LHG, LKG,
is a right angle ; and hence prove that the circle passing through the
points, G, H, K also passes through the six points (L, D), (M, E),
(N, F).

17. Given one angle, of a triangle, the side opposite to it, and
the sum of the other two sides, construct the triangle.

18. ABC is any triangle, inscribed in a circle, and AP, BQ are
chords of the circle parallel to BC, CA respectively. Prove that
PQ is parallel to the tangent at C.

19. AB is the diameter of a semi-circle, D and E are any two
points on its circumference. AE, BD intersect at M ;and AD, BE
produced intersect at L. Prove that LM produced cuts AB at
right angles.

20. BCis a given arc of a circle whose centre is O; Ais any
point in BC. AD, AE are drawn perpendiculars to OB, OC. Prove
that the line DE is of constant length.

21. Prove thatan equiangular polygon irscribed in a circle has
its alternate sides equal. Hence show that an equiangular pentagen
inscribed in a circle is also equilateral.

22. If any number of triangles be on the same base, on the same
side of it, and have equal vertical angles, prove that the bisectors
of.the vertical angles are concurrent.

23. If two circles intersect and if one of them passes through the
centre of other, prove that the tangents to the latter at the points of
intersection will meet on the former.
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. 24 ItP b‘e any point on the circle circwnseribed about a given
equilateral triangle ABC, prove that one of the lines PA, PB, PC is
equal to the sum of the other two.

25. O is the circum-centre of a triangle ABC, and D, E, F are the
feet of the perpendiculars from A,.B, C on the opposite sides. Show
that OA, OB, OC are resp&ictivcly perpendiculars to EF, FD, DE.

26. Right-angled triangles are described on the same hypotenuse.
Show that the locus of the centres of the in-circles is a quarter of
the circumference of a circle of which the common hypotenuse is
a chord.

27. Construct a triangle, having given one side and the radii of
the in-cirele and circum-circle.

28. ABCDE is a regular pentagon inscribedin a circle, and AC,
*BD intersect at O. Prove that AO=DO, and that BC?=AC.CO.

20. ACDBis a semi-circle. AB heing the diameter, and the two
chords AD, BC intersect at E. If a circle be circumscribed about
the triangle CDE, prove that it will cut the former at right angles.

30. 1fl be the in-centre, and 14, 1, l,, the cx-centres of a given
triangle, prove that; is the ortho-centre of the triaugle 1y, Iy, Iy,
Hence show that the circum-circles of the four triangles
Hyty, Hyly, Hyly and 141,10, are equal to one another.

31. The diagonals of a given quadrilateral ABCD intersect at O.
Show that the centres of the circles circumseribed about the triangles
OAB, OBC, OCD, ODA are at the angular points of a parallelogram.

32, If a line BC of constant length have its extremities on two
fixed str. lines AX, AY, prove that the circum-radius of the AABC is
of the same length for all positions of BC. Hence prove that, as BC
changes®its position, the circum-centre of the AABC moves on the

O of a Q.

33. In the precedinfg example, show that the distance of the
circum-centre from the line BC is the same feor all positions of BC.
Hence prove that, as BC changes its pesition, the ortho-centre of the
triangle ABC moves on the circurnference of a circle.

34. ABC is an equilateral triangle inscribed in a circle whose centre
is O, and BO is produced to meet the circumference in D. Prove
that the arc AD is one-sixth of the whole circumference. Hence
prove that AD=AO, and that AB?=30A".

35. PM, PN are tangents to a circle, of which the centre is O, and
MN the chord of contact. PEF is any straight line cutting the circle
at E, F. OS is drawn perpendicular to EF and produced to meet MN
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produced in Q. Prove that OS..OQ=(radius)“, and hence prove that
QE, QF are tangents to the circle.

36. Through a given point without a given circle draw a straight
line so that-the part intercepted by the circumference may be equal to
a given straight line not greater than the diameter.

37. The internal and cxternal bisectors of the angle A of a triangle
meet the base BC in E, E’ and the circum-circle in D and D’. Prove
that D is the ortho-centre of the triangle EE'D’.

38. From S, the circum-centre of the triangle ABC, perpendiculars
SA’, 8B/, SC' are drawn to the sides, and these perpendiculars are
produced to P, Q, R respectively so that SA’=A’P, SB'=B'Q and
SC'=C’R. Prove that S is the ortho-centre of the triangle PQR, and
hence show that A* ABC, PQR have the same nine-peint circle.

39. Construct a triangle, having given the ortho-centre, the
circum-centre and one angular peint.

40. AB and AC are two given str. lines in which B and C are two
given pts, BD is drawn L to AC, and DE _L to AB; in like manner
CF is drawn _L to AB, and FG to AC. Prove that EG is || te BC.

41. If the centres of two circles which touch each other external-
Iy be fixed, prove that the external common tangents of the two
circles will also touch the circle of which the straight line joining the
fixed centres is the diameter,

42. AB, AC are the equal sides of an isosceles triangle ABC. P is
a point on AB, and Qa point on AC produced such that BP=CQ.
Prove that, for all positions of PQ, the circum-circle of the triangle
APQ passes through a fixed point on the bisector of the angle BAC.

43. ABC is a triangle, and BE, CF are the perpendiculars from B
and C upon the opposite sides. If K be the mid-pt. of BC, prove that
KF=KE, and that each of the /* KFE, KEF is equal to the ZA.

44. If two circles touch each other internally, prove that any
chord of the greater circle which touches the smaller is divided
at the point of contact into segments which subtend equal angles at
the point of contact of the two circles.

45. PA, PB, PC are any three chords of a circle. Prove that the
circles described on these chords as diameters will intersect again in
three peints which are collinear.

46 A series of circles touch a fixed straight line at a fixed
point. Show that the tangents at the points where they cut a
parallel fixed straight line all touch a fixed circle.
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47. AD, BE, CF are the perpendiculars of the triangle ABC.
Prove that the feet of the L* from D on AB, AC, BE, CF are
collinear. ;

48. Osthe ortho-centre of a AABC, and P, Q, R the circum-
centres of the A* BOC, COA, AOB respectively. Prove that O is
the circum-centre of the APQR. Prove also that.each of the quadls.
OPCQ, and OQAR ORBP is a rhombus, and that the A* ABC,
POR arc congruent.

49. Having given the base and the vertical angle of a triangle,
prove that the nine-point circle touches a fixed circle whose radius
is equal to that of the circum-circle.

50, A man standing on the deck of aship in the middle of a
calm ocean looks around with a telescope. Show that the distance
from him of the farthest object he can see on the surface of the
ocean is very nearly ./} mile, where 1 4nch is the height of the
observe’s eye above the water, assuming the radius of the earth to be
4000 miles.

51. If from a point P on the radical axis of two given circles a
tangent PT be drawn to one of them, prove that the circle whose
centre is P and radius is PT cuts the two given circles orthogonally.

52. Any circle which cuts two given non-intersecting circles
orthogonally, pass through two fixed points. [a ® whose centre is
C and radius is » is sometimes denoted by (C, r).}.

[Let P be the centre a(® cutting the given ©* (C,r), (C',7')

P

orthogonally ; and let it cut CC', the line of centres at L, L',
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Since PT, PT' touch the given %)’ and PT=PT, .'. Pis on the
radical axis PX. Since, CT touches the ® TLL', .. CL.CL'=CT?*
=%, Now X bisects LL',

XC?1—-XL!*=CL.CL'=7?
XL2=XC2~-7r2,
L,L’ are fixed points.

53. Ip the diagram of Ex. 52, show that C'L. C'L'=7r'2,

54. If two circles touch, show that their radical axis is the
tangent at their point of contact.

55. Show that the radical axis of two circles bisects their
common tangents. )

56. Find a point, by geometric construction so that the tangents
drawn from it to three given non-intersecting circles are equal. What
is the case of failure ?

57. If PT, PT' arc tangents from any point P to two circles (C, r),
(C, 7') and PM s the perpendicular from P to the radical axis of the
circles, then .

PT?—PT'*=2CC’. PM,
it being assumed that PT>PT'.

Proof. Let the radical axis
meet CC' at X. Draw PN per-
pendicalar to CC'.

Because /* PTC, PNC are
right angles,

. PT34CT?=CP?
=CN?*+PN?,

S PT24r2=CN?2+PN3,
Similarly,

PT/*4+77=C'N*4+ PN?;
S PTE—-PT'24+7249'2=CN?-C'N2.
Also, since MX is the radical axis,
72 —-r"2=CX?=C'X?*=20X.CC' ;
and  CN?-C'N?=(CN-C'N)(CN+C'N)=20N, CC';
- PT?—PT'?4+20X.CC’'=20N.CC’;
<. PT?—PT2=2XN.CC’'=2CC/, PM.

58. Asa particular case of (57) let P be any point on the circle

(C', 7). In this case PT' vanishes, xnd we have
PT?=2CC' PM.
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CALCUTTA
COMPULSORY PAPER

1925
1. (i) Prove that the sum of any two sides of a triangle is greater
than the third side.
(ii) Two sides of a triangle are2 and 3; show that the third sideis
less than 5 but greater than 1.

2. (i) Prove that any pair of opposite angles of a cyclic quadri-
lateral are supplementary.

(ii) Show that the internal bisectors of the angles of any quadri-
lateral form' a cyclic quadrilateral.

3. FEither, (1) 1f two chords of a circle intersect outside the
circle, show that the rectangle contained by the parts of the oneis
equal to the rectangle contained by the parts of the other.

(ii) Deduce from this that the two tangents to a circle which can
be drawn from an external point are equal.

1926

1. Either, (i) If the sides of a triangle are equal, prove that the
angles opposite to them are also equal.

(ii) Prove that the angles at the base of an isosceles triangle
are acute.

Or, (i) Prove that the diagonals of a parallelogram bisect each
other.
(ii) If the diagonal AC of a parallelogram ABCD bisects theangle
A, show that it bisects the angle C and the parallelogram is a thombus.

2. REither, (i) Prove that the sum of the angles of a triangle is
two right angles.
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(ii) The sum of the base angles of a triangle is 108° and their
difference is 12°. Find all the angles of the triangle.

Or, (i) .Prove that equal chords of a circle are equidistant from
' the centre.

(ii) ABand AC are two equal chords of a circle ; show that the
bisector of the angle BAC passes through the centre.

_ 3. PBither, (i) Prove that the two tangents drawn to a circle
from an external point are equal and subtend equal angles at the
centre of the circle.

(ii) Show that the centre of any circle touching two intersecting
straight lines lies on the biscctors of the angles between them.

Or, Bisect a given arc of a circle (statement, as well as justi-
fication, of construction is required.)

1927

1. Etther, (i) Prove that any two sides of a triangle are
together greater than the third side.

(ii) Prove that the sum of the distances of any point from the
three angular points of a triangle is greater than half its perimeter.

Or, (i) Prove that the oppositc sides and angles of a parallelo-
gram are equal to one another.

(ii) One angle of a parallelogram is a right angle. Prove that it
is a rectangle.

2. (i) Prove that the angle in a semi-circle is a right angle.

(i) A circle is described on the hypotenuse of a right-angled
triangle as diameter. Prove that the circle passes through the
opposite angular point.

3. Bisect a given arc of a circle. [Only the traces of cons-
truction are required.]

1928

1. Either, (i) If one angle of a triangle be greater than ano-
ther, prove that the side opposite to the greater angle shall be greater
than the side opposite to the less.
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(ii) Hence deducec that the hypobeuuse is the greatest side in a
triangle.

Or (i) Prove that the thtee interior a.ng'ﬂs of a triangle are
togenher equal to two right angles,

(ii) If one angle of a triangle is equal to the sum of the other two,
the triangle is right-angled.

2. (i) In equal circles, prove that the arcs which subtend equal
angles whether at the centres or circuferences shall be equal.

(i) Two equal circles intersect at A and B ; and through A any
straight line PAQ is drawn terminated by the circumferences. Show
that BP=BAQ.

3. Prove that the angle at the ccntre of a circle is double
the angle at the circumfcrence standing on the same are.

1929

1. Either, (i) Prove that if two straight lines intersect, the verti-
cally opposite angles are equal.

(i) Two straight lines AB and CD intersect at E. If the bisec-
tor of the angle AEC be produced, prove that it will bisect the
angle BED.

Or, (i) Prove that two triangles are equal in every respect, if
two angles and the adjacent side of one triangle are respectively
equal to two angles and the adjacent side of the other.

(ii) ® The triangle ABC has the angles at B and C equal. Show
that the bisectors of these equal angles terminated by the opposite
sides are equal.

2. (i) Prave that if two tangents are drawn to a circle from an
external point they are equal.

(ii) If the circumference of a circle is divided into three equal
arcs, the tangents drawn to the circle at the points of section fc.tm
an equilateral triangle.

3. Draw a tangent to a given circle from an external point.
(Traces of construction must be given, but no justification is
required.)
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1980

1. Etther, (i) Prove that the three angles of a triangle are
together equal to two right angles.

(ii) Find in degrees each angle of a polygon of five sides. Give
reasons for your answer.

Or, (i) Prove that the area of a triangle is half the area of a
parallelogram on the same base and of the same altitude.

(i) ABCD is any parallclogram and O is any point within it.
Show that the sum of the areas of the triangles AOB and COD is
equal to half the area of the parallelogram.

2. KEither, (i) Establish geometrically the algebraically formula
a®=b?=(a+b)(a~b).

(i) In a triangle ABC, AD is the perpendiculardrawn to the base
BCand O is the middle pomnt of BC. Prove that the difterence
AB*~AC?=2BC.OD.

Or, (i) Prove that the tangent at any point of a circle is at right
angles to the radius drawn through the point.

(ii) The radius of a given circle is 1'5 inches. Prove that all points
from which the tangents drawn to the circle are of constant length
2 inches lie on a circle. Draw a diagram as accurately as you can.

3. Construct a triangle whose basc will be 6 centimetres and
the other two sides 3 and 5 centimetres respectively. Measure as
accurately as possible the altitude of the triangle.

[ Traces and statement of construction are required.]

1981

1. Either, (i) If two angles of one triangle are respectively equal
to two angles of another, and the side adjacent to the angles in one
equal to the side adjacent to the equal angles in the other, prove that
the two triangles are equal in all respects.

(ii) A diagonal of a parallelogram is bisected, and through the
point of bisection a straight line is drawn to be terminated by one
pair of opposite sides. Show that the straight line is bisected at the

point.



UNIVERSITY MATRICULATION PAPERS v

Or, (i) Prove that’any two sides of a.triangle are together
greater than the third side.

(i) Prove that the differenée of any two sides of a triangle is less
than the third side.

2. Either, (i) Prove the geometrical proposition corresponding
to the algebraical formula (a+6)*=a?-+b*+22b.

(ii) Prove that the squarc on a straight line is eqnal to four
times the square on half the line.

Or, (i) Draw two tangents to a circle from an external point.

(i) A quadnlabcral is described tou(,hmg a circle. Prove that
the sum of any pair of opposite sides is equal to the sum of the other
pair.

3. Construct a triangle, given the base, one sidc, and the area.

1932

1. EVther, (i) If one side of a triangle is produced prove that
the exterior angle is greater than either of the interior opposite
angles.

(ii) Show that it is impossible to draw three equal straight lines
from a given point to a given straight line.

Or, (i) Prove that, if a straight line cuts two parallel straight
lines, the corresponding angles are equal.

(ii). Prove that, if the three sides of one triangle are parallel to
the three sides of another triangle, the corresponding angles are equal.

9. FEither, (i) Ifa straight line drawn through the centre of
a circle bisects a chord which does not pass through the centre, prove
that it cuts the chord at right angles.

(ii) Show how to construct a circle of given radiusto pass through
two given points. When is this construction impossible ?

Or, (i) Prove that the tangent at any point of a circle and the
radius through the point are perpendicular to one another.

(ii) Show how to draw a tangent to a given circle parallel to.a
given straight line. How many such tangents are possible ?
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3. (i) Construct a square on a given finite straight line. (Give
only the traces of all your constructions, using a hard pencil, a
straight ruler, and & pencil conipass only).

(ii) Divide the area of a given square into parts from which two
equal squares can be made up.

1938

il
1. Either, (i) Show that in a right-angled triangle the square
on the hypotenuse is equal to the sum of the squares on the other
two sides.

(ii) Prove that in an equilateral triangle four times the square on
the perpendicular drawn from a vertex on the opposite side is equal
to three times the square on any side.

Or, (i) Show that in an obtuse-angled triangle the square on the
side subtending the obtuse angle is greater than the sum of the
squares on the other two sides by twice the rectangle contained by
one of those sides and the projection of the other side upon it.

(ii) Prove that a triangle whose sides are 2, 3, and 4 inches is an
obtuse-angled triangle.

2. Either, (i) Show that equal chords of a circle are cquidistant
from the centre.

(ii) Find the locus of the mid-points of chords of constant length
in a circle.

Or, (i) Bhow that there is only one circle which passes through
three given points not in a straight line.

(ii) Prove that two different circles cannot cut each other at
more than two points.

3. (i) Describe a parallelogram equal in area to a given triangle
and having one of its angles equal to a given angle. (Traces only
are required.)

(i) Construct a rhombus equal in area to a given rectangle and
baving a side equal to a side of the rectangle. (Traces only are
required.)
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1932

1. Hither, (i) Any two sides of a triangle are together greater
than the third side.

(ii) Show that any two sides of a triangle are together greater
than twice the median bisecting the third side.

Or, (i) The three angles of a triangle are together equal to two
right angles.

(ii) ABCis an isosceles triangle of which the side AB is equal to
the side AC, BA is produced to D so that AD is equal to AB.
Prove that BCD is a right angle.

2. Either, (i) In any triangle, the square on the side subtending
an acute angle is equal to the sum of the squares on the sides con-
taining that angle diminished by twice the rectangle contained by
one of those sides and the projertion of the other side upon it.

(ii) The sum of the squares on the sides of a parallelogram is
equal to the sum of the squares on the diagonals.

Or, (i) The angles which a tangent to a circle makes with a chord’
drawn from the point of conta:t are respectively equal to the angles
in the alternate segments of the circle.

(i) A tangent is drawn parallel to a chord ; show that the inter-
cepted are is bisected at the point of contact.

3. Take a straight line AB 2'5" long. At A make an angle BAC
equal sto 60°, and at B draw BC perpendicular to BA, meeting AC
in C. Bisect AC at D. Measure BD.

[No proof is required bul traces of eonstruetion must be left on the
paper. Only ruler and compass are lo be used.]

1933

1. Either, (i) If two angles of a triangle ars equal, the sides
opposite to these angles are also equal.

(ii) Prove that the hypotenuse of a right-angled triangle is
double the median which bisects the hypotenuse.
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Or, (i) Equal triangles standing on the same base and on the
same side of it are between the same parallels.

(ii) Prove that the line joining the middle points of any two
sides of a triangle is parallel to the third side.

2. (i) Enunciate and prove the geometrical theorem correspond-
ing to the algebraical identity

a?=b%=(a+b)(a-b)

(ii) If a straight line is bisected and .alse divided into two un-
equal segments, the rectangle contained by these segments is equal
to the 'difference of the squares on half the line and on the line
between the points of section.

3. Eitker, (i) The tangent at any point of a circle is perpendi-
cular to the radius through the point.

(ii) Find the locus of a point which moves in such a manner
that tangents from it to a fixed circle are of the same constant
length.

Or, Bisect a quadrilateral by a straight line drawn through an
angular point.

[ Traces of construction as also proof are necessary.]

ALLAHABAD
1931

1. (i) If there are three or more parallel straight lines, and the
intercepts made by them on any transversal are equal, then the
corresponding intercepts on any other transversal are also equal.

(i) In a triangle ABC, if a set of lines Pp, Qq¢, Rr.....drawn
parallel to the base, divide one side AB into equal parts, they also
divide the other side AC into equal parts.

(i) Prove that if opposite angles of a quadrilateral are supple-
mentary, its vertices are concyclic.

(iiy ABC is an isosceles trlangle, and XY is drawn parallel to the

base BC cutting the sidés in X and Y, show that the four points
B, C, X, Y lie on a circle.
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3. (i) Show thatin any triangle the sum of the squares on two
sides is equal to twice the squares on balf the base together with
twice the square on the median which bisects the base.

(ii) In any triangle the differénce of the squgre3 on two sides is
equal to twice the rectangle contained by the base and the intercept
between the middle point of the base and the foot of the perpendi-
cular drawn from the vertical angle to the base.

4. (i) Prove that the distance of each vertex of a triangle from
the orthocentrc is double of the perpendicular drawn from the centre
of the circle circumiscribed round the triangle to the opposite side.

Or, (ii) Construct a triangle, having given a vertex. the ortho-
centre, and the centre of the circle circumscribed round the triangle.

1932

1. Prove that two tangents can be drawn to a circle from an
external point. Further prove that these two tangents are equal
and subtend equal angles at the centre.

2. (i) In a right-angled triangle, prove that the square on the
hypotenuse is equal to the sum of the squares on the ovher two sides.

(ii) ABC is a right-angled triangle, A being the right angle ;
and the sides AB, AC are intersected by a straight line PQ at P
and Q respectively, and BQ, PC are joined. Prove that BQ?+PC?
=BC*+PQ".

3. ™ If two chords of a circle are equal they are equidistant
from the centre ; conversely, two chords which are equidistant from
the centre are equal.

(ii) If a chord of a circle subtends a constant angle at the centre,
show that the locus of its middle point is a concentric circle.

4. Prove the concurrence of—

Either, (i) the perpendiculars drawn from the vertices of &
triangle to the opposite sides;

Or, (ii) the perpendiculars drawn to the sides of a triangle from
their middle points. ‘
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1932

1. [Either, (i) Prove that the sum of the angles of a triangle is
equal to two right angles.

(ii) Show 'that the angle contained by the bisectors of the adjacent
apgles A sud D of the quadrilateral ABCD is half the sum of the
flmaining angles. :

Or, {i) If two triangles have three sides of the one equal to three
sides' of the other, each to each, then the triangles are equal in all
respects

{(ii) ABC is an isosceles triangle in which AB=AC ; if the bisec-
tors of the-angles B and C mect in O, show that AO hisects the
angle A.

2. Either, (i) Enunciate and prove the theorem which corres-
ponds to the formula

(a+d)a-b)=a?-1".

(i) The straight line AB 18 bisected at C and produced to D.
Prove that AD*-DB?=4AC.CD.

Or, (i) Prove that the tangents drawn to a circle from an exter-
nal point are equal and subtend equal angles at the centre.

(i) Find the locus of points from which pairs of equal tangents
can be drawn to two intersecting circles.

3. Draw a parallelogram ABCD in which the two adjacent sides
AB=35 cm., AB=77 cm., and ZA=60°. From the angles A and
B draw perpendiculars to BC and AC to mcet them (produced if
necessary) at E and F respectively. Bisect AB at G. Measure the
lengths EG and FG.

[ Traces of construction only are required.)

———

1938

1. A straight line intersects two parallel straight lines. Describe
experiments to establish any relation that exists between (1) the
alternate angles, (2) the corresponding angles, (3) the interior
angles on the same side of the intersecting lines,

State the general truths you may deduce from these experiments.
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2. Construct & triangle whose base is 6% ¢m. and one of the
angles at the base is 60° and the sum of the other two sides is 10 cm.
Measure the lengths of these two sides separately.

[Traces of constructions only are requrired.)

3. (i) A chord is drawn from $he point of contact of a tangent
to a circle. Prove that the angle between the tangent and the chord
is equal to the angle in the alternate segment of the circle.

(ii) Two circles touch internally at A. PQ, a chord of the outer,
touches the inner at R. Prove that AR bisects the angle PAQ.

Or, (i) Prove that, in an obtuse-angled triangle, the square on
the side opposite to the obtuse angle is greater than the sum of the
squares on the other two sides by twice the rectangle contained by
one of the two sides and the projection on it of the other.

(ii) D is a point in the base BC of an isosceles triangle ABC.
Prove that AB*=AD”+BD.CD.

4. Explain what is meant by ‘the locus of a point’.

Find the locus of a point which moves 8o that its distances from
two fixed points are always equal.

BOMBAY
1932

les(a) DProve that if two right-angled triangles have their
hypotenuses equal, and one side of the one equal to one side of the
other, the triangles are congrucnt. (Name the triangles LMN and
FGH.)

(6) ABCD is a rhombus whose diagonals intersect at O.
On AB draw a semi-circle AEB, remote from the side on which
ABCD stands. 1f a chord AE equal to BO is placed in the semi~
circle AEB, prove that BE is equal and parallel 1o AO.

2. (a) Provethat in any triangle the sum of the three angles
is equal to two right angles. (Do not take it for granted without
actually proving that the exterior angle is equal to the sum of the
two interior and opposite angles.)

22
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() ABC is a triangle in which AB is equal to AC. /B is
bisected by BD cutting AC in D. BD is equal to AD. Prove that
L A=36°and AD=BC. :

3. (a) - Construct a parallelogram ABCD such that its diagonal
AC=4 cm. and side AB=4.5 cm., and its area is 12 sq. cm.

(b) Construct a triangle ABC such that BC=4 cm,

£ A=60° and AC+AB=06 cm. Measure AB and AC.

4. (o) Two equal triangles are on equal bases in the same
straight line and on the same side of it. Prove that they stand
between the same parallels.

(b)) R is the mid-point of the side AB of a triangle ABC.
P is any point on AC. BP is produced to a point S such that the
triangle RPS is equal to the triangle RCP. Prove thatCS is parallel
to AB.

5. (a) Prove that in any triangle the sum of the squares on
any two sides is equal to twice the square on half the third side
together with twice the square on the median bisecting the third
side.

(b) P and Q are the mid-points of the diagonals of a
quadrilateral. Prove that the sum of the squares on the four sides
of the quadrilateral exceeds the sum of the squares on the diagonals
by 4PQ*.

6. (a) If a straight line joining two points subtends equal
angles at two other points on the same side of it, prove that the four
points lie on a circle.

(b) AD, BEand CF are the altitudes of an acute-angled
triangle ABC. Prove that LAFE=/BFD and prove hence or
otherwise that £ DFE is the supplement of twice the angle AUB.

7. (a) If a straight line touch a circle and if from the point of
contact a chord of the circle be drawn, prove that the angles between
the tangent and the chord are equal to the angles in the alternate
segments.

(b) Two circles touch each other internally at A. P is any
point on the common tangent at A. The other tangent from P to
the inner circle touches it at Q and cuts the outer circle in R and
S. Prove that AQ bisects the angle RAS.

8. (a) Copstruct a triangle whose perimeter is 11 cm., and
whose three sides are in the ratios of 2:3:4. Rtate briefly the
main steps of your construction.
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(b) Describe a circle with a radius of 3 em. and construct
tangents to it from a point 5 cm. apart from the cenére of the circle.
Calculate the length of each tangent and measure the angle included
between the tangents,

1938

1. (a) If two sides of a triangle are equal, prove that the angles
opposite to these sides are equal. State the converse of the theorem.

() ABCD is a trapezium in which AB is parallel to DC
and AD is equal to BC. Prove that the angle ADC is equal to the
angle BCD.

2. (a) If two triangles have two side” of the one equal to two
sides of the other, each to each, and also the contained angle of the
one equal to the contained angle of the other, prove that the
triangles are congruent. Name the triangles CDE and FGH.

() 1If the bisector of the vertical angle of a triangle bisects
the base, prove that the triangle is isosceles.

3. (a) Prove that the locus of a point which is equidistant from
two intersecting straight lines consists of the pair of straight lines
which bisect the angles between the two given lines.

(6) Construct a quadrilateral ABCD such that /D=60°,
LA=/£C=90° and BA=BC=3 cm. Measure BD. fState your
construction.

4. (a) Ilustrate geometrically a? —b?=(a+b)(a—b).

™) ABC is a triangle right-angled at B. BD is drawn
perpendicular to AC meeting AC in D. BE is drawn to meet the
hypotenuse in E so that L EBC=ECB. Prove that BC®*-AB?
=2DE.AC.

5. (a) Prove that the perpendiculars of a triangle meet in a
point. (Ortho-centre.)

(6) Prove that these perpendiculars bisect the angles of the
triangle formed by joining the feet of these perpendiculars.

6. (a) Prove that the angle which an arc of a circle subtends at
the centre is double that which it subtends at any point on the
remaining part of the circumference. Hence deduce that angles in
the same segment of a circle are equal.
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. (b) TInscribe in a circle of radius 3 cm. a triangle whose angles
are 40°, 60° and 80°. Measure the side opposite to the angle of 60°.
State your construction.

7. (@) If two circles touch, prove that the point of contact lies
on the straight line through the centres of the circles.

(b)) Two circles touch externally at C. Through C lines ACD
and BCE are drawn making equal angles with the line joining the
centres, so that A and B lie on one circle and E and D on the other
circle. Prove that AD=BE and AB is parallel to ED.

8. Two circles of radii 3 cm. and 4 cm. have their centres P and
Q respectively 5 cm. apart from each other, and intersect each other
at Cand D. If CD intersects PQ in X, prove without measuring
that (i) £PCQ and /PDQ are right angles, (ii) XQ=3%cm,,
PX=¢ cm,, (ii} CD=2¢ cm., (iv) the length of the tangent to either
circle from a point on CD distant § en. from C or D is 4* cm.

MADRAS

1931

1. (i) Show that the sum of any two sides of a triangle is
greater than the third side.

(ii) If D is the middle point of the side BC of the triangle
ABC, show that AB+AC > 2AD.

2. (i) Prove that the diagonals of a parallelogram bie~st each
other.

(ii) Prove that any-straight line drawn through the middle
point of a diagonal of a parallelogram bisects the area of the
parallelogram.

3. (i) Enunciate and prove the geometrical theorem correspond-
ing to the algebraical identity a*-b6%=(a+b)(a—0b).

(ii) . AD is the perpendicular on the side BC of a triangle
ABC and E is the middle point of BC. Show that AB!*~AC?
=2.BC.ED.

4. The sides of a quadnla’r,eral taken in order are 34, 15, 23,
and 2'6 inches. The angle between the first two sides is 73°. Draw
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the quadrilateral. Construct a square equal in area to the quadri-
lateral and measure its side.

5. (i) If the opposite angles of a quadrilateral are supplemen-
tary, prove that it can be inscribed in a circle.

(i) ABCD is & rectangle in which AB=3", BC=2". Eand F
are points on BC, CD such that CE=1" and CF=2". Prove that
ABEF is cyclic.

6. (i) AB and CD arc two chords of a circle intersecting at O.
Prove that the rectangles OA.OB and OC.OD are equal.

{ii) If two circles are concentric, show that the difference of
the squares on the tangents from an external point to the two circles
is equal to the square of the tangent from any point on the outer
circle to the inner.

7. A circle of radius 2" is described with the centre at the origin.
Describe another eircle of radius 1" to touch the former externally
and the z-axis.

PUNJAB
1933
ParT L

1. Draw a triangle whose sides are respectively 31,42 and 53
inches. Describe the inscribed and circumscribed circles, . and
measyLe the distance between their centres.

2. The transverse common tangents of two circles of radii 1
inch and } inch respectively are at right angles to each other. Cons-
truct the circles, explaining clearly the steps of construction.

"3, (a) If thesides of a convex polygon are produced in order,
prove that the sum of the angles so formed is equal to four right
angles.

() If each angle of a rectilineal figure is equal te seven-
eighths of two right angles, find the number of its sides.

4. (a) Prove that, in any triangle, the sum of the squares on two
sides is equal to twice the square on half the base together with
twice the square on the median which bisects the base.
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(b) Bhow that three times the sum of the squares on the
sides of a triangle is equal to four times the sum of the squares on
the medians of the triangle.

5. (@) - Prove that the locus of a point which is equidistant from
two intersecting straight lines consists of a pair of straight lines.

() A chord of a circle is of constant length, but its position
changes. A point is taken on it at a fixed distance from one of its
~ends. Prove that this point always lies on a fixed circle.

Part I

6. Inscribe an equilateral triangle in a circle of radius 26 c¢ni.
and censtruct a square equal in area to the triangle. Measure
the side of the square.

7. (a) Prove that the opposite angles of a cyclic quadrilateral
are supplementary.

(b) If a side DC of a cyclic quadrilateral ABCD be produced
to T, show that the exterior angle BCT is equal to the opposite in-
terior angle BAD. What does this proposition become in the limit
when D coincides with C ?

8. (a) Prove that if two chords of a circle intersect inside the
circle, the rectangle contained by the parts of the one is equal to the
rectangle contained by the parts of the other.

(b) Show that if two chords of a circle bisect one another
they must be diameters.
9. (a) If two triangles have one angle of the one equal to one
angle of the other and the sides about these equal angles prppor-
tional, show that the triangles are equiangular.

~ (b) Hence, prove that if from a point O outside a circle two
stralght lines OAB and OT be drawn to meet the circle in A, B and
T such that OT?=0A.OB, then OT will be a tangent to the circle.

10. (a) Two circles touch internally at A, and a chord APQ is
drawn cutting them in P and Q. If the tangent at P meet the
outer circle in H and K, prove that HQ=KQ,

() If L, M, N be the feet of the perpendiculars from the
vertices A, B, C respectively of an acute-angled triangle ABC to the
opposite sides, prove that AL bisect the angle MLN.
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1933
Parr 1

1. The sides AB, BC of a triangle ABC are «'8and 2-1 inches
respectively and the angle BAC is 30 degrees. Construct two
different triangles with the given data. Measure the length of the
perpendicular from B to the opposite side and verify.

2. (a) Prove that in a right-angled triangle the square des-
cribed on the hypotenuse is equal to the sum of the squares des-
cribed on the other two sides.

() If ABC be an equilateral triangle, and AL the perpendi-
cular from A to BC, show that AL?=3BL?2,

3. (a) Show that if two angles of a triangle are unequal, the
greater angle has the greater side opposite to it.

(b) Hence, prove that the sum of two sides of a triangle is
greater than the third.

(c) If AD be the wedian, bisecting the base BC of a triangle
ABC, show that the sum of the sides AB and AC is greater than
twice AD.

4. (@) Prove that the perpendiculars from the vertices of a
triangle to the opposite sides meet in a point (called the ortho-centre).

Also prove that the distance of each vertex from the ortho-centre
is twice the perpendicular distance of the cirenm-centre from the
side opposite to that vertex.

Or, (b) Prove that an angle in a semi-circle is a right angle.

If Al:,.BM, CN be the perpendiculars from the vertices of a
triangle ABC to the oppesite sides meeting in O, prove that
OA.OL=0B.OM=0C.ON.

[Hint : Prove ABLM concyelic, etc.]

Part 1L

5. (@) Draw two circles of radii 3 cm. and 4'5 cn., whose centres
are 57 cm. apart. Draw their common chord and a common tan-
gent. Measure the length of the common chord.

(b) Bisect a given triangle -by drawing a straight line paral-
lel to the base.
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6. (a) If two triangles are equiangular, prove that the side oppo-
site to the corresponding angles are proportional.

(b) ABCD is a parallelogram. Through C a straight line MN
is drawn outside the parallelogram, and AL, BM, DN arc drawn per-
pendiculars to MN. Show that BM+DN=AL.

[Hint : Through B draw a straight line parallel to MN, ete.]

7. (a) 1If a straight line touch a circle, and from the point of
contact a chord be drawn, prove that the angles which this chord
makes with the tangent are equal to the angles in the alternate
segment. .

(b)) Two circles touch internally at P, and a straight line
ABCD meets the outer circle in A and D and the inner circle in B
and C. Provethat ZAPB=/CPD.

8. () Ehow that the angle which an arc of a circle subtends at
the centre is double that which it subtends at any point on the
remaining part of the circumference.

If any number of angles be inscribed in the same segment of
a circle, prove that their biscctors pass through a common point.

Or, (b) Prove that the interior angles of a triangle are together
equal to two right angles.
If two straight lines are perpendicular to two other straight

lines, each to each, show that the acute angle between the first pair
is equal to the acute angle between the second pair.
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TO=
NUMERICAL EXERCISES
BOOK 1

EXERCISE 2. [Pages 10—20.]
1. () 150°; @) 13°; () 113°;  (iv) 60%;

(v) $ofart. Z; (vi) 64°37'; (vii) 154°9°25" ;
(viii) 44°28'13"; (ix) 3ofastr. £. 2. (1) 60°;
(i) 45°; (iii) 30°; (iv) sofart. £; (v) 3ofart. Z;
(vi) ¢ofart. £ (vii) 54°10°; (viii) 28°2745";
(ix) 8°4213". 8. () 135°; (i) 120°; (i) 94°25.
& (i) 60°; (i) 73°; (i) 45°. 5. (i) 30°; (i) 45°;
(ii) 80°. 8. 180°; 90°. 10. 60°.

EXERCISE §. [Page 21.]
LAOG=30°; £BOC=/DOA=150°.
L AOC=60°=/BOD ; 2 DOA=120°
LAOC=/BOD=45°; L COB=/DOA=135".
£BOC=/B0D=90°,

ol A o

EXERCISE 11. [Page 48]

5. *ZBQP=60°= LAQR; Z BQR= £ AQP=120°; ZCRQ=120%;
LDRQ=60"; LCRS=60°; (DRS§=120°; ZESR=120°;
LF8R=60°; LEST=60°; LFST=120°

EXERCISE 18. [Page 58.]*
2. 45° 459 90°. 4. 90° 8. 'yes.

¥

EXERCISE 14. [Pages 60—63.]
1. B4°emch. 2. 36° 8. 60°. 4. 120° 5, 20°40°, 120
8 () 9°; Gi) 77°; (i) 49° 9. B5l°, 74¢ B5°
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EXERCISE 15. [Page 67.]
1. (i) 6rt. £s; (i) 14 rt. Zs; (ili) 12rt. Zs; (iv) 18rt L«
(v) 26rt. £s. 2 (i) 3; (i) 4; (i) 5; (iv) 6; (v) 12
3. (i) 40°; (i) 30°; (iii) 24°; (iv) (25%)- 4. (i) 18;
(i) 10; (iii) 9; (iv) 4;(v) 3.5 (i) 3; (i) 4; (ii) 5;
(iv) 10; (v) 12 6. The least /£ =60° ; the other four
Lsareeach=120°. 7. 3. 8. 4.

EXERCISE 18, [Pages 89—90.]

1. (i) 60°,120° 120°; Gii) 135° 45°,45°; (ii) 150% 30°, 30~

2. /BAD=73°; /BCD=75°; ZADC=/ABC=105°
MISCELLANEQUS EXERCISES [Pages 113—116.]

17. 80°,60°,40°. 18. 60°,30°,90° 19. 40. 20. 14. 21. 21

BOOK II

EXERCISE 1. [Page 121.]
3. 10 sq. cms.

EXERCISE 2. [Pages 129—131.] )

1. 42sq.cms. 2 12. 8 57 4 R5sq. ft. 5. 5ems.
6. 135 sq. ft. z.e,, 15 8q. yds. 7. (i) 70sq cmsgi,

(i) 68sq. ft.; (iii) 10sq. yds. 8. (i) 70sq. cms.;

(ii) 115 sq. ft.; (iii) 702sq.ft. 9. (i) 25 sq.inches;

(ii) 49 sq. cms. ; (i) 9 sq. yds. 10. (i) 24'5sq. ft.;

(ii) 72 sg. cs. ; (iii) 84 sq. yds. 31, 4y ft.
82. (i) 80 sq.ft.; (i) 96sq ft.; (i) 45 sq. cns.

EXERCISE 4. [Pages 148—150.]
1. () 5; (i) 13; (i) 17; (i) 26; (V) 25;
(vi) W41 2., 20248, nearly. 2. (i) 24
(i) 245 (iv) 73 (v) 83, nearly. 4. 131
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5 35ft. 8 25ft. 7. 60ft. 8 One foot.
9. (i) 5657 feet nearly. (ii) 32/Dems. (ifi) 1542 yds.;

(iv) a2 ft. 10. (i) 13 ft.; (ii) 17 cws.
(iii) Ja"™+b? cms, 11, 2408q. ft. 12, 375 cm.
18. 51 em., each. 14, 72 ft. ; 1512 sq. ft.

15. 1299 ft., ncarly ; 97425 sq. ft.

MISCELLANEOUS EXERCISES. [Pages 155—157.]
80.. () a?+b7; (ii) iab; (i) abJa®¥b7; (iv) 4 NaT+br.
39. (i) 848q.cm.; (ii) 30sq. ft.; (i) 4859 sq. cm. ;

(iv) 24°./89sq. ft. 40, 8isq.ft.; 672 ft. 41. 324 sq. ft.

BOOK III

EXERCISE 2. [Page 167.]
4. 27D inches.

EXERCISE 8. [Page 170.]
2. 8inches.

EXERCISE 11. [Page 214.]
2. Two solutions. 6. Four solutions. 10. Four solutions.

EXERCISE 12. [Page 219.]

N =The reqd. distances are each=487 cms. nearly. 10. Two
solutions, 18. Therc is only one transvers~ common tangent
(vix. the one at ther pt. of contact because the two ®s in this case
touch externally )

EXERCISE 14. [Page 227.]

2, 257 4. 173", nearly.

EXEECISE 15A. [Page 231.]

§Jircumscribed regular hrxagon =4 x inscribe regular hesacon.
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BOOK IV

EXERCISE 1. [Page 255.]
2. 3750 sq. ft., each. :

EXERCISE 4. [Pages 273—274.]
1. 4" 2. 4", 8. 5.

MISCELLANEOUS EXERCISES. [Pages 274—276.]

10., When the two parts are equal. 14 %«/é(s_ —a)(s=b)(s~0),

where a, b, ¢ denote the sides of the A, s its semi-perimeter (a being
thejbase). 15. 84 sq.inches. 16. 12:3"”. 17. 2", 25. 143",

EXERCISE 5. [Page 284.)

4. (i) 7,6;6,7. (i) 85;5,8. 5. (i) x=10,y=4;
(z=—-4,y=-10) ; (i) =12, y=6; (x=-6, y==12).
6. (i) 264, nearly; (ii) 282, nearly ; (iii) 3. 7. (i) L 2;

(i) 1236, or (-—3236), nearly.












